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Abstract

In a long-run principal-agent relationship the principal may be able to dnave precise
inference on the agent’s performance by pooling observations actrdsple periods. This pa-
per studies the factors that determine the optimal pooling of performancenation, including
the verifiability of evaluation, the risk attitude of the agent and whether thet dgees limited
liability constraints. Pooling benefits the principal by minimizing dexdgebetween the payoff
of the principal and the reservation utility of the agent; the wedge may betacerued to
the agent or a deadweight social cost or the sum of the two. The spseifige determines
the effectiveness of pooling and the form of optimal compensation polieydetUalternative
informational structures, optimal contract may display a variety of featsueb as deferred

compensation, bonuses, deferred punishment, and sticky wages.



1 Introduction

In a long-run principal-agent relationship the principaybe able to draw more precise inference
on the agent’s performance by pooling observations acrod$he periods. In this paper we study
the factors that determine the optimal pooling of perforogainformation, by identifying two func-
tions of a review phase that spans multiple periods. Theifiraninformational function The
key is whether there is any gain from gathering informatigara longer period of time, which in
turn depends owhatinformation need be gathered for designing incentive emtét The second
function isconsumption allocationBy allocating wage payments across periods, the principg m
take advantage of intertemporal substitution and econesnizcentive provision. The interaction
between these two functions depends on several factoreatémtdynamic contracting, including
the verifiability of performance evaluation, the risk aitie of the agent and whether the agent faces
limited liability (or wealth) constraints. In some casesrthis perfect harmony between the two
functions and the longer the review phase, the better ofpthneipal. In other cases, consumption
allocation may interfere with information gathering and grincipal has to strike a balance between
these two functions; then there can be an optimal reviewtheng

The main findings of this paper are summarized as followseifggmance information ipub-
licly verifiable (Sectior2), whether the agent earns rent becomes central to whetber it any
benefit from pooling information across periods. When thie-nisutral agent faces limited liability
and hence must be incentivized by rewards, the principah@aimize the rent paid to the agent by
pooling performance information across periods. The ideale explained as follows. Suppose
the principal divides the total duration into two separatg@ew phases. To minimize incentive cost,
in each review phase the principal should only reward thataghen she sees an output signal that
is most likely if the agent chooses the principal’s preféragtion rather than something else. In
particular, in each review phasevery (expected) dollar cost spent on rewarding the agemgdbor
the principal an incentive benefit equal te-1;, wherer; < 1 is the minimum value of a likelihood
ratio between defection and conformity. By pooling informaatacross two review phases, the prin-
cipal can raise the benefit-cost ratio from-1; to 1—ryro. Therefore, there is increasing return in
incentive provision as the review phase grows longer, aagtmcipal can efficiently motivate the
agent by evaluating and rewarding him until the end of thati@hship. Deferred compensation is
a necessary feature of the optimal wage policy.

By contrast, when the risk-neutral agent does not face larigility, information pooling and
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deferred compensation have no effect and the principal st €ach period separately without
loss. When the agent earns rent but is risk averse, it become=asingly costly, due to inefficient
consumption smoothing, to motivate the agent using defeewards farther into the future. Then
an optimal review length exists.

If performance information iprivately held by the principal (Section 3), the roles of risk aver-
sion and limited liability are completely reversed. To siblihe principal’s private information about
the agent’s performance, the principal is essentiallyireduo put aside a fixed amount of money
and the mechanism freely allocates the money to the risksaegent across periods for both in-
surance and incentive purposes. Due to her own incentil@garg the principal pays a deadweight
social cost in addition to what is received by the agent. WitHimited liability, there is perfect
harmony between consumption smoothing and informatiotiqpgacross periods, and as a result
the longer the review phase the better off the principal.

The intuition can be illustrated as follows. If the prindipiavides the entire duration into two
review phases, then in each review phase every unit of sooslthe principal pays brings an
incentive benefit equal to — 1, wherer; > 1 is the maximized value of the likelihood ratio of
signals between deviation and conformity. The benefit-cagb when compensating the agent
based on pooled signals is at leegb — 1, which is larger than eaah— 1. Therefore, to minimize
the social cost, optimal contracts should pool the agertfopmance information over the entire
duration. At the same time, since the social cost need onpalzbat the end of the relationship, the
principal can smooth the agent’s consumption and pay the seage until the last period, which
is perfectly consistent with insuring the risk-averse agegainst consumption shocks. Optimal
compensation policy thus features deferred punishmensticiy wagesver time; the stickiness is
especially robust as it is derived under arbitrary asymiegetn productivities across periods.

Finally, if evaluation is private and the agent is protedbgdimited liability (Section 4), then
deferred punishment won’t work and the principal can notagisvgain by pooling performance
information across periods. In the previous two cases, timeipal benefits from pooling because
it reduces either the agent’s rent or the social cost. Buterctirrent situation the principal needs
to minimize thesumof the agent’s rent and the social cost. For this purposeptineipal should
reward any signal that indicates conformity and punish (liyholding rewards) any signal that
indicates deviation, not just the ones that are most inftuaa Unfortunately, different pooled

signals are better at detecting different deviations andrder of informativeness may not exist



among pooled signals even if it exists for signals withinividbal periods. As a result, pooling
may not always provide the informational gain needed forarefficient incentive provision and
hence may not benefit the principal.

In summary, pooling works to minimize tiveedgebetween the payoff of the principal and the
reservation utility of the agent; the wedge may be a rentesztto the agent or a deadweight social
cost or the sum of the two. The specific wedge determines feetikEness of pooling and the

forms of optimal compensation policy.

Literature review The basic idea that repetition generates better inferisringortant in reality
and certainly is not new in the literature. In some studieghas issue the principal uses law-
of-large-number type arguments to generate better infeeon the performance of the worker
(e.g.Radner1985. The reliance on limiting arguments, however, providestkd insight on the
structure of optimal contracts when the number of periodsisvery large, an arguably relevant
case in reality.

In a seminal paper, Abreu, Milgrom, and Peart@91) study repeated partnerships with imper-
fect monitoring and show that when signals are public butoéserved by agents withtaperiod
lag, the average incentive cost per period due to signal ifegtgons are reduced to the order of
1/t of the original level when there is no reporting lag. Thegenious idea, equally applicable to
a small number of periods, is to “reuse” a single punishmettieaend of &-period review phase
to enforce action choices acrosstafieriods, which economizes the incentive cost compared with
reviewing performance on the basis of individual periéds.

In an interesting paper, William Fuch2d07) applies the idea of Abreu, Milgrom, and Pearce to
repeated principal-agent contracting with private eviadua a model first introduced and analyzed
by Jonatharievin (2003 [MacLeod, 2003 extends Levin’s analysis to a risk-averse agent in a
static model]. Fuchs finds that the principal can benefit faetaying the release of the agent’s
performance evaluation, and more importantly derivest#igestion for the optimal use of efficiency

wage and termination in the infinite horizon settfng.

1Radner(1985 and Holmstrém and Milgrom(1987) are precursors studying dynamic principal-agent problem
Compte 1998 andKandori and Matsushim@ 998 extend the idea of Abreu, Milgrom and Peart89%]) to repeated

games with imperfect private monitoring.
2We discuss further the relations and differences betwesprisent paper and these other treatments in Section 3,

where private evaluation is considered.



The contribution of this paper is to demonstrate the benéfiptimal information pooling in
broader settings and to delineate the factors that influgreceffectiveness of pooling; by so doing
it shows how pooling can generate rich features of optimatre@ts. From the perspective of
the current framework, the studies of Abreu, Milgrom, andrée (991 andFuchs(2007) both
focus on the use of punishment as incentive devices and In fyters the benefit of pooling is
driven by a specific wedge, the social cost, between the fsapbthe principal and agent; also,
the results in these papers are derived in stationary emvieots. The present paper poses the
problem in general nonstationary settings and under sesdéeanative informational structures that
are common in dynamic contractidgrhis generalization clarifies and unifies the different wiays
which informational gain can be achieved through pooling iakdemonstrates the different features
that optimal contracts may display as a result. Specificallyexplained in the above, optimal
contracts are heavily influenced by a set of factors certralage contracting; depending on the
specifications of these factors there may be either defeengdrds or deferred punishment; sticky
wages over time may occur for quite different reasons: deetsumption smoothing in the private
evaluation case and as a result of deferred compensatiba public evaluation case; moreover, the
reusability of rewards or punishments suggested by Abrelgrén and Pearcel©9]) hinges upon
the way in which informational gain is realized through pogland it may not have any benefit
when there is no such informational gain.

The remaining sections analyze public evaluation, prigagduation, and private evaluation with

limited liability, in that order. Proofs omitted in the texte given in the Appendix.

2 Public Information and Deferred Rewards

2.1 The Model

A principal hires an agent to operate a projecttfor 1 periods. At the beginning of date= 1, the
principal offers a contract to the agent - its details willdmelled out below. If the agent accepts
the offer then he works for the principal throughout thgeriods. In particular, in each periad
the agent privately chooses an effort lesgfrom some finite sef\;, which generates some benefit
or outputy; for the principal. Outpuy; is stochastic and is drawn from some finite ¥et= [ .

3Nonstationarity however makes it difficult to study the gesb when the time horizon is infinite. See Abreu,
Milgrom, and Pearcel@91) and especiallfruchs(2007) for an analysis of the infinite-horizon situation.
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according to a probability distributiop; (yr|ar), with pr(yr|a;) >0forallt=1,...;t, ally; € Y;
and alla; € A;.

The agent and principal both maximize sum of expected digeolutilities, and their period-
T utilities are given respectively bw; — g;(ar) andy; — wg, wherew; is the wage payment and
or(ar) > O is the effort cost.

There is a lower bound on wage payment, which is normalizemto: w; > 0, V1. This may
be a legal minimum wage, an ongoing market wage, or a hisityridetermined wage level in the
organization. Whatever the reason, the effect of such a wage i that the principal can only
count on bonuses as incentive devices. The agent’s remervatlity at the time of signing the
contract is also normalized to zero.

The principal’s objective is to implement her most prefdredfort levels in the periods with
minimum cost. Specifically, in every periadhere is an effort leved; € A; that the principal would
like to implement* To make the problem nontrivial, assume that forrakty(e;) > 0 and there is a
least costly actiom, such thag(a,) = 0.

Assumption 1. For all 7, there is an output signa} € Y; such that for alb; # e;:

p(zcler) _ p(yrler)
p(zclar) — plyrlar)

This assumption is satisfied genericallyAif contains just two effort levelsyork andshirk for

> , forall y; € Yg, with strict inequality for somg;.

example). It is slightly more general than the standard rtamelikelihood ratio property, under
which signalz is the highest output level.

An immediate consequence of Assumption p(g;|e;) > p(z|ar), Var # er.

The principal can choose when to reveal the agent’s perfocenanformationy; and in this
section the information is verifiable by a court upon its aske

Let y' = (y1,...,Yr) be the sequence of output realizations up to datether sequences are
similarly defined. A contract then specifies a plan of wagenpaytw(y") > 0 for all y' and all
T =1,....t and a plan for the principal to release performance infoionat

Given a wage plamv(-) and an information disclosure plan, at each datnd given a wage
pathw’ = (ws,...,w¢), the agent forms a belig; (y' |w") over the set of all possible-period

output historieg/’. For instance, if wages are independent of output reatimatand the principal

4As an example, the agent may be a CEO, divisional managezsearch head, whose best effort is critical for the
benefit of the principal.



does not reveal any information, then the agent’s beliehés dame as distributioR; (y'|e") =
p1(yiler)--- pr(yr|er). To induce the agent to choose effort sequegica contract needs to satisfy
the sequential incentive constrain{SIC): given any wage patt', T < t, and given the belief
B:(y" |c') and the continuation wage plan, the agent should find it ggtiochoose the continuation
effort sequencée;1,...,&).

The complex plans for information release are of no use t@timeipal. Intuitively, letting the
agent know more about his past performance beyond whatveged by the wage plan only serves
to add more history-dependent sequential incentive caingtrto the principal’'s problem without
any extra value. This consideration leads to the followrigxed program, which ignores the (SIC)
constraints altogether.

Program (P)

max — ; 3" tw(y )P(y|€)

subject to:

w(y') >0, Wy

¢ cargmaxy 5" w(y)P(y|a’) - G(&), 1)

whereP(y'|a') = p(y1|a1) - - p(yt|a) andG(al) = gy (ag) + - - - + 6 1gi (&) is the agent’s total effort
cost discounted to date one. In this program all wages adegp#tie end of periotland the principal
minimizes the expected wage payment subject to the onlytiveeconstraint that effort sequence
¢ is optimal for the agent at date one.

If W(-) is any wage plan that in conjunction with some informatioscthisure plan satisfies
the sequential incentive constraints, then by postponiht@rim wages to date with proper
discounting we obtain a wage plav- ) that satisfiesk). Therefore, all feasible wage plans in the
original problem remain feasible so the principal’s optic@st will not go up in Program (P).

Given an optimal solutiow*(-) to Program (P), if the principal does not divulge any infotioma
about output history until the end of datghen the agent will not have any incentive to deviate from
e; in any periodr. This is because when the agent deliberates at timel after having chosen

the required efforts in the past, the only difference withdil is that all benefits and costs are



discounted less heavily, which amounts to multiply all gé/by a constant and therefore does not
affect his original incentives. Thew*(-) together with the no-early-disclosure policy solves the

original problem. We summarize this observation in theoiwlhg lemma.

Lemma 1. The principal can restrict attention to plans that withholerformance information and
pay the agent until the end of date t.

2.2 Deferred Rewards

The interesting questions are whether the principatristly better off by deferring the release of
performance information and what the optimal wage corgreik like. We first answer the latter

in the following proposition.

Proposition 1. There is a solution to Program (P) of the following form:

0 if Yt £ Z
for some effort sequencé (by, ..., Iy) # €.

+ — _G(e)-G(b) if Vi —

The argument for this result, which illustrates how incessi are provided efficiently in the
repeated setting, can be sketched as follows. Considerectioh of problems that further relax
Program(P). In every such relaxed problem, the principal minimizesdkpected wage payment
subject to the constraint(y') > 0, Vy*, and a single incentive constraint ensuring that the agent
prefersé to a specific effort sequeneé.

We may, without loss of generality, focus on effort sequemtavith G(al) < G(&').> To moti-
vate the agent to chooskovera!, rewards should be given to him when there is evidence that he
has chosen the former. If the principal pays the agent orlardehen observing a signgl, her
expected cost equaR(y'|€') and the benefit of incentivizing the agent equ(gt|€') — P(y!|al).

By Assumption 1, the cost-benefit ratio is minimized when igea y' = Z. Therefore an optimal
contract is to reward the agent only wheris observed at the end of peribavith a bonus equal to

G(¢) —G(a)
P(Z|e)—P(Z|a")

w(a) =

SIf G(é) < G(a!) then the solution is trivial:w(y') = 0, ¥y!. Namely, the low-cost effort sequenekcan be
implemented without any incentive pay.



Definew(a') = 0 if G(a') > G(&') and letW* = maxy W(a!) andb' € argmax W(al). Then we
obtain the solution to Progra(®) given in Propositiori.

We now show that it is strictly beneficial for the principaldelay the release of performance
information to the last date. Specifically, consider théofwing alternative review strategies: the
principal chooses a sequence of datestl < ... <t <t; at the end of datg the principal eval-
uates the agent’s interim performances in dates+1,...,t; and compensates the agent based on
the evaluations. This is a common practice in performaneduation. The agent knows nothing
about the output realizations within a review period betbeefinal date of that period. Therefore,
effectively the principal divides the problem inkoseparate problems; each corresponds to a par-
ticular review period. Each of these problems can then blyzedin the same way as we studied
Program (P). Le€(s, 1) be the minimum cost, discounted to period 1, that the praiaieeds to
pay in order to implement effort sequen@g; 1, ..., €r).

Proposition 2. For all t > O, the principal strictly prefers to delay the release of peniance

information to the last period t in the sense that
C(0,t) <C(0,t1) + - - - +C(tk, t)
forall 1<t; <..<tgy<twithk> 1.

If the contract given in Propositioh is the unique optimal contract then delaying the review
to the final period is strictly better because the optimaki@mt can not be replicated by any short-
term contracts. Propositidhdirectly verifies the superiority of pooling by showing eigdiow the

incentive cost can be reduced.

Proof. It suffices to prove the result for two separate review phaseke general case then follows
by induction. Suppose that the principal divides tliates into two subperiods: the first from date
1 to some date <t and the second from—+ 1 tot.

By Propositionl, if the principal reviews the agent only at the end of petigithen an optimal
scheme is to reward the agent only for sighiakith a bonus equal to

. GE) -G
Y = pEle) —PEm

for some effort sequend® = (by, ..., by) # €.
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For ease of exposition, decompose each action seqabinde (al,a?), wherea® = (ay, ...,ar)

anda’ = (ar;1,...,a), and define the following probabilities
PL=P(z1,...,z|e}) and P, = P(z,1, ..., z|€?)

Q1 =P(z,....z|b') and Qo = P(z;1, ..., z|b?).

By Assumptionl, P, > Q; whenevern' # €. Let G(€),G(b') be the costs of the respective effort
sequences discounted to period 1; for insta{e?) = 8'e; 1+ --- + 0 q.
If G(¢) > G(b') for bothi = 1,2, then the cost for implementirg) satisfies

PLP:(G(e") + G(€?) — G(b") — G(b?))
PP, —Q1Q2
_ PR(G(e) —G(bY)) | PiPy(G(e) — G(b?))
PP, — Q1Q2 PP, — Q1Q2
_ PuGIe) (b)) | R(G() - G(b?))
PL—Q1 P,—Q2
<C(0,7)+C(1,t).

C(0,t) = PLRW* =

The first inequality follows fron, > Q; and the second follows because

R(G(¢) - G(b'))
R—-Qi

is the expected cost (discounted to period 1) for implemerdiagainst thenly deviationb' and it

is no more than the cost required to impleméragainstll possible deviations.
If G(b!) > G(e') (e.g.bt =€), then

P>(G(¢?) — G(b?))
Po—Q2
sinceC(0,7) > O forall T = 1,...,t. The result is the same @(b?) > G(&?). O

C(0,t) < < C(1,t) < C(0,1)+C(1,t)

The general intuition for this result is simple: working @né single pooled incentive constraint
(¢ againsth!) instead of two separate constraingsggainsto' for eachi) gives the principal more
leeway in choosing wage plans. This extra latitude is indesekficial : When implementing each
€ by rewardingz’ or 2~ 7, a dollar of (expected) reward money the principal spendsgbran

incentive benefit (in terms of adding slack to the incentiwestraint) equal to

P-Q . Q
B ''nm
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and it is lower than the benefit-cost ratio when rewardingdhe signal(zf,2-7), which equals

PP~ QuQ _, Q1 Q2
PP )

The essential idea is that the product of the Iikelihoocbsa& . % is no less than the individual
ratios (givenR, > Q). This result reflects the complementarity between theviddal effortse; in
raising the probability of receiving the rewarel(Z|e): each additional choice @ has a greater
impact if the agent has already chosen such efforts in otbeogls. Abreu, Milgrom and Pearce
(1991 attribute this result to the “reusability” of rewards (¥hactually consider punishments):
rewards paid for the joint signdk’,Z7) provides incentives simultaneously for effort sequences
el ande? and hence reduces the expected cost compared with sepanatalating each individual
effort sequence. Note that for this reusability to workyéhghould be informational gain by pooling
observations across periods. Section 4 describes whergauthimay not be available.

This result offers an alternative and complementary exgilan for the use otleferred com-
pensationa practice widely documented and studied (see Prendet@®§ Section 3.1 for a good
review). The leading incentive-based explanatiohayean1981) uses efficiency wage theory with
the threat of firing: older workers are willing to exert efféor fear of losing the rents associated
with their jobs. These rents are also attractive to youngekers because exerting effort increases
their chances of surviving in the firm long enough to recehent. As a result, the compensation
profile should be tilted towards later stages in a workensite, which provides incentives for both
young and old workers (see also Akerlof and Katz, 1989). énpgtesent model the worker can not
be fired and the benefit of deferred compensation comes freraffitient pooling of performance

information across periods achieved by delaying its relelsfact, we have the following:

Observation 1. If performance information can not be hidden from the ageemnthe principal can

not gain from deferred compensation.

The reason is that when the principal wants to induce thetsfép in every period the same

amount of rent must be paid to the agent regardless of thadioficompensatiof.

5The idea may be formalized as follows. Suppose the prineipdlagent both observe the realized outguin
every period and the principal makes wage payments in the&®odt. Fors=1,...,t, let R(es,...,&) > 0 be the
agent’s payoff net of effort costs (i.e. rent) that the pipathas to pay for implementing effort sequereg ..., &). Let
U (y1) be the agent’s expected payoff conditional on first-periafhot beingy;. Since the principal wants to implement
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Since delaying performance review is better for the priakiwill the agent’s rent decreasetas
increases? Will the rent vanish as» «? We may get a glimpse of the answers to these questions
by inspecting the optimal bonus, given in EB).(The principal’s cost for implementing and the

agent’s rent are respectively given by

cit) = PEIE)GE) ~ (b)) _ G(e) - G(b)
P(Z|e) — P(Z|b!) 1_%\%%

Based on these calculations, we have the following:

Observation 2.

a. If the likelihood ratio';—g[“—g—)) — 0 ast — o thenC(t) — G(&¢') — G(b"). Since the agent’s

rentR(t) = C(t) — G(&') is nonnegative and goes t6G(b!) ast — «, then the binding effort
sequencé! must be the minimum effort sequence, i&b!) = 0. In this case, as— o, the
agent’s rent vanishef(t) — 0.

b. If the binding effort sequendé differs from the minimum effort sequence tas- o, then

t
E—%ﬁ‘%—; mustnot converge to zero and the agent will receive positive renh gt — .

When will either of these scenarios arise depends on the gaeasof the model, in particular
on the discount factor. To gain a sharper insight on this tipresnext we specialize the model to a

stationary binary choice setting.

(e, ...,&) regardless of;, we must havé) (y1) > R(ey, ...,&). Then, to motivate the agent to choasen period 1, we

must have
> (U(y1) —R(ez,....&))p(ys]e1) —g(er) = R(ey)
Y1

whereR(e;) is the rent paid to the agent for induciegin the one-period problem. Since
R() =Y U(y1)p(yiler) —gler)
Y1

we haveR(¢') > R(e;) + R(e, ....,&). By induction,R(¢') > R(e1) +.... + R(&). Thus the principal must pay the agent
as much rent as she would when dealing with each period separa
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2.3 Rent extraction ast becomes large

Assume in this section that the agent has the same feasibleeshin each period{0, 1}. Low
effort costs the agent nothing but high effort casts 0. The finite set of output signal¥, is also
stationary over time. There is a sigrzat Y such thatp(z|1) /p(z/0) > p(y|1)/p(y|O) forally €Y,
with strict inequality for somg. For convenience, lgi= p(z|1) andg= p(z|0); then0< gq< p< 1.

The principal’s objective is to implement the effort sequed = (1, ...., 1) with minimum cost.
By Propositionl, an optimal scheme for the principal is to reward the agerdgrau$ at the end of
periodt if and only if the realized output path B= (z,...,z). The optimal bonusV*, given in Eq.
(2), depends on the binding effort sequebkte

To find a binding sequende, consider a collection of relaxed problems as follows. Fer
1,.....t, the agent is only allowed to choose between effort sequéranel the sequence that differs
from € onlyin the initialk < t periods. By the previous argument, the optimal boM(k), valued

at date 1, is determined by the following incentive constrai

1-8" 1-9"k
t t—k.k _ sk
(P =P W) =3 —5C- 0 ——5c

and hence

(1—3%¢
(1-9)p'(1-0K)’

Note that if the agent deviat&dimes but not all in the initiak periods then he is worse off than

W(k) =

where 6 = % (3)

if he deviated in the initiak periods; this is because the chances of getting the bonlus game for
all k-deviations but deviating in the initial periods saves gftmsts due to discounting. Therefore,
W (k) is the minimum bonus needed to motivate the agent not to také deviations. It follows
that the optimal bonus is given by

W* = W(k). 4
e, W) (4)

Once a binding effort sequence involvikginitial deviations is found, the principal’s expected

wage payment and the agent’s rent can be calculated resggcts

(1-0)c
(1-90)(1—6%)

Ct) =W(k')- pt =
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The following proposition characterizes the valu&kofind the conditions under which the agent’s

rent disappears ds— .
Proposition 3. Let8 =qg/p € (0,1).

(@) If & > 6 then for t sufficiently large, the binding sequenée=(0, ..,0); moreover, the prin-

cipal’s cost goes tqf—5 and the agent’s rent goes to zero asteo.

(b) If & = O then the agent is indifferent betweenaad every effort sequence that involves any
k=1,...,tinitial deviations and the principal’s cost equaj$ for all t; moreover, as t- o,

the agent’s rent goes to zero.

(c) If & < 6 then the binding sequencé imvolves exactly one deviation in the first period;
moreover, for all t> 1, the principal’s cost equalg®y and hence the agent receives positive

C C
rent 8 15 even as t— oo,

As discussed earlier, efforts in each period are complesngrio each other for raising the
probability of receiving the reward. Therefore, workingeiach additional period brings larger extra
return to the agent. On the other hand, efforts in differetquls have different utility costs due
to discounting, which makes exerting additional effort mmoostly: from the ex ante point of view,
effort in periodt has the lowest present-value cost so it is the easiest teaéndine marginal cost
of effort monotonically goes up as we go backwardly from @eti toward period 1. These are
two opposite effects on the agent’s overall marginal reftom effort. When discounting is not too
heavy, the first effect dominates as the marginal cost oftgffwes up relatively slowly. As a result,
the agent’s marginal return of effort increases with toffalrélevel and his utility is convex in effort
level. Hence, to induce effort in all periods it is esserfalthe principal to prevent the agent from
shirking inall periods. By contrast, when discounting is sufficiently he@¥gufficiently small),
the second effect dominates and the agent’'s marginalyutiditreases with total effort level. Then
the last unit of the effort is the hardest to induce and theggpal need go no further than deterring a
single deviation by the agent in period one. As we shall s¢ledmext section, the aforementioned
two effects always work in the same direction for the privataluation case, independent of the
discount rate. But regardless of which effect dominategetie always a synergy for incentive
provision by pooling information across periods.

The current model is related to multitask principal-agemtopems, for which the effort sub-

stitution problem has been a prominent source of concerogbmal contracting (see Holmstrém
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and Milgrom,1991and Laffont and Martimor2002. MacDonald and Marx20017) study a multi-
task principal-agent problem in which the tasks are complaary for the principal but the efforts
are substitutes for the agent. In the current model, alth@ifprts are not physically transferable
between different periods they can be thought of as sutesifor the agent because their present-
value utility costs satisfy a convex structure due to distimg.” In MacDonald and Mar2001),

in order to overcome the effort substitution problem (orexde specialization problem as they call
it) optimal contracts induce the agent to view efforts irfafiént tasks as complements. This is also
true in the present model when the discount faétor 0; but it is not true ford < 8: given the
optimal contract, efforts are still substitutes for the ratgdn fact, we shall see in the next section
that efforts willalwaysremain substitutes for the agent in the private evaluatase dut thisloes
not prevent the principal from reaping the benefit of pooling.

The result that the principal is always better off by delgyihe release of performance infor-
mation implies that there is no optimal contract if the nelaship lasts indefinitelyt = . The
principal however can get arbitrarily close to her limitipgyoff by rewarding the agent with a large
prize but with vanishing probability. It has the flavor of &&time achievement award” and is op-
posite to the model of Mirrleesl874) in which the principal can get arbitrarily close to her best

outcome by punishing the agent severely but with a very spnabability.

2.4 Discussions

It should be stressed that information pooling has no beinetfite current setting if the agent does
not face limited liability constraints. The optimal cordtaas is well-known lones 1990, is to
“sell” the firm to the agent at a fixed price. The agent then bexothe residual claimant and hence
has the right incentive to work. It can be done on a periogened basis or with some information
lag without affecting the outcome, because agent’s renbeagliminated in either case.

With limited liability, there are still other factors thatay limit the usefulness of pooling. If
the agent is very averse to risk then pooling informatioros€periods may not be useful for the
principal as the skewed and risky bonus scheme can be toly.cé¢so, ast becomes large, the

"The caveat is that the agent should increase his total éffmkwardly from period toward period one; a reverse
order would make efforts technologically complements far &gent. The former is the relevant order in the current
setting because ex ante the agent is free to choose whenrteéirets and he rationally chooses the less-costly ones
first.
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required bonus may become very large, which can be beyorgtithepal’s ability to pay® A third
factor is the bargaining power of the agent. Since longeevephase decreases the agent’s rent, the
agent may demand more frequent reviews if he has some beagg@ower, which will put a limit
on how long the principal can delay the release of infornrmatithe discussion so far has been under
the condition that there indeed is some informational gaamfpooling observations across periods
(Assumptionl). Failure of such a condition would of course restrain thefuisess of pooling.

In the next section we investigate yet another factor: thecpgral’s evaluation of the agent’s
performance may be subjective, non-verifiable, and evemtari We will see that it has completely

different implications for limited liability and risk avsion.

3 Private Evaluation and Deferred Punishment

In the preceding section, it was assumed that performantdeaneasured objectively and can
be verified by a court. A®rendergasf1999 points out, however, in many cases some aspects
of a worker’s performance are hard to measure objectivedya eesult, firms frequently resort to
subjectively determined measurements to evaluate a weljkérperformance. In this and the fol-
lowing sections, we analyze the implications of private@afion on the nature of optimal dynamic
contracts.

The basic setting is very similar to that in Sect@®rwhich we recapitulate as follows. In each
periodt = 1,...t, the agent chooses some hidden actgfirom some compact sé&; C [1; the
action generates some stochastic beryeffor the principal, which is drawn from some finite set
Y; C 04 according to a probability distributiop; (yr|ar) > 0,Vy;. Different from in the previous
section, the realized outpyt is privately observed by the principal; this is to capture the idea of
subjective evaluation.

The agent maximizes the sum of expected discounted ibitiel has a per-period utility func-

tionu(cr) —g(ar), where eithen(c) = cforce O oru: (0,0) — [J is concave, continuous, strictly

80f course, in any realistic setting the agent’s job tenut@riged by factors such as turnover or retirement, so it
would be quite rare that the length of a contract is so longitmaquires bonuses that are beyond the principal’'s means.

Thus this may not be such a key factor in restricting the |ipais ability.
9We have not considered other more intuitive reasons. Somidavor of a more frequent review: for instance,

performance review can provide feedbacks to the agent amceHeelps on-the-job learning. Others are in favor of a
longer review phase: for instance, the agent’s presentteffay have impact on future outputs.
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increasing and ligy,qu(c) = —co.

Therefore, different from in the last section, here the &gan be risk averse and is not protected
by limited liability. The latter captures the idea that thinpipal can punish the agent for poor
performance. For instance, the agent may be required to fiae ar be punished via non-pecuniary
means (e.g. loss of reputation) for unsatisfactory peréoe (sedacLeod(2007) for a survey of
the use of reputation in contract enforcement); or the jolp heave a “lock-in” effect: if the agent
is terminated after a period of time he may have difficulty iingda comparable job and hence will
suffer losses. We will reinstate limited liability in Semti4.

As before, the principal would like to induce the agent toadea desired sequence of actions
e = (e, ...,8) with minimum cost on wage compensation. The general meshmtiie principal
uses can be described as follows. In each periothe principal reports the realized output to a
planner; based on the reported output history the planiex thg principal to pay some amount
w(y") and then pays the agent sor{g’) < w(y"). There is no storage or borrowing by the agent,
soc(y") is his consumption. The important feature of this mechanssthatthe planner need not
reveal the principal’s reports to the ageritherefore, upon receiving(y") the agent can only infer
but are not sure what the reports are, unless the compemgéaio is such that(y") # c(y") for all
yr £V

A mechanism needs to satisfy incentive compatibility arasiieility constraints as follows: (i)
the principal should have incentive to truthfully repor thutput realizations; (ii) for aft, given a
consumption path’ = (cg, ..., ¢;) and based on the specified consumption plan the agent forms
a beliefB;(y"|c") over the set of-period output historieg’; given this belief and the consumption
plan, the agent should find it optimal to choose the continonatequencée; .1, ...,&); (iii) budget
constraint:c(y’) < w(y"), vy" andvT; (iv) participation constraint of the agent (to be giveretat

Compared with the case of public evaluation, an additionghttelling incentive constraint
for the principal is added. Since the planner has no additiorstrument to elicit the principal’s
information, for the principal to tell the truth all the tinteer payoff has to be independent of her

report at any history. This observation is summarized dsvial.

Lemma 2. A wage plan W) is incentive compatible for the principal if and only if tieezxists some
constantwv such that for all output path'y

wi(yh) + OWa(y?)... + 8w (¥) = W. 5)
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Therefore, the principal can just set aside some amount ofesn@ at the beginning and dis-
tributes it to the agent over time so as to motivate the agechoosed. The sequential incentive
constraints for the agent may seem quite daunting, espewia¢n compared with the previous case,
because with a risk-averse agent consumption allocatisb it informational and risk-sharing ef-
fects. Fortunately, much of the perceived complicationswout to be superfluous.

Consider the following relaxed problem for the principal.

Problem Q: max—w

w.c(-)
subject to:
t

571y P(V'e") — G(e') > U IR
T;Z y))P(y'[e") — G(e") > (IR)
d carg maxi Z 5" u(c (yh))P(y'|at) — G(&) (ICA)

a =1y

w> e (yh) + ..+ 8 e (y), W (BC)

where agairP(y*|a’) = %, pr(yslas) andG(a’) = gi(a1) + ... + 87 1gr(ar). (IR) is the agent's
participation constraint arid is the agent’s reservation utility at the time of signing teatract in
period one. Once the contract is signed the agent works éopttimcipal throughout theperiods.
In Program(Q), (ICA) relaxes the sequential incentive constraint of the ageatdingle ex ante
constraint in period = 1; (BC) relaxes the original period-by-period budget constsaiata single
budget constraint in terms of the sum of all future paymeise next proposition significantly
simplifies Problen{Q).

Proposition 4. The principal can restrict attention to contracts of theldaling form that do not
reveal the agent’s performance information until the engh@fiod t: the agent is paid a constant
amountc in periodsl,...,t — 1 and the same amount in period t except after some specificoutp
histories Y at which some lower payments are made.

Proof. Suppose&(w, c(-)) is a solution to PrograniQ). The key is to observe that for all action

sequencel,

5" tu ; ST tu(c(y)) p(Yes1) -+ PO).- (6)
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Hence the agent’s expected utility from consumption isgive

t t t
Z Z 8" tu(c (y"))P(Y") = T;; 5" tu(c(y))P(Y) = ;T;{W*U(cr(yT))P(f)},

where the last equality is by changing the order of summaiaiine

t

U = 5 8" tu(er(y"))

=1

as the sum of discounted utilities along every output gatiThen the participation constrainf)

and incentive constraintCA) respectively become

;th)P(yWet)—G(e‘) >U, (7)

;U [Py'|€) —P(y|a)] = G(€) - G(@), va. (8)

Thus, consumption plag(-) matters only to the extent that it affects the plafy').

We now construct another solution (@) that fully delays information release to peribdLet
C=(1-9)w/(1— &") be the per-period consumption when the total ameuistdistributed to the
agent evenly across periods, i1 T & --- 4+ 6'~1) = w. The new plan is to first set

E(y") =¢, forally' and allt.

This perfect consumption smoothing across time maximizesagent’s utility along every output
pathy! , i.e. U(y!) = (14 ---+ 3" 1u(€) > U (y!). If for someyt, U(y') > U (y'), then reduce the
periodt consumptiore(yf) by some amount so thek(y) = U (y). In the end (y!) = U (y) for all
y'. The new plan is feasible because both constraiftarfd 8) and the budget constraint remain
satisfied and it does not increase the principal’s spendimg,must solve Progratf®).

Moreover, under the new plan, the agent’s consumption isteon till the last period so the
agent’s beliefs about output histories are solely detesthiny his actions: nothing can be learned
from consumption. Therefore the agent’s sequential ineembnstraints are also satisfied; hence

the new plan also solves the original problem. n

The principal, due to her own incentive problem, is esséyntrequired to put aside a fixed

amount of money for compensating the agent. The mechaneslyfallocates the money to the
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agent across periods for both insurance and incentive pagpoWhat matters for the agent’s ex
ante incentive is his total paydff (y!) along every output patif; the maximum of suclJ (y!) is
achieved by perfect consumption smoothing across peramystower payoff may be referred to as
a punishment. Absent limited liability, a punishment cainbeded out to the agent in any particular
period. But to provide incentive iall periods, the punishment has to be deferred to the last one.
Thus,insurance and incentive provision are in perfect harmonglifout the last period-®

This result shows that optimal wages atekyat some fixed level even if there are arbitrarily
asymmetric productivity shocks across periods. This isangtform of low pay-performance sen-
sitivity and it is consistent with the empirical findings dmeented inlensen and Murph§1990. It
also suggests that empirical studies may find more suppomdentive theory by looking at pay-
performance relations at the actual times of performangewe which may span long periods of
time.

To obtain a sharper characterization of the optimal cotgranake the following assumption

about the information structure.

Assumption 2. For everyt = 1,...,t, there is an output signa} € Y; such that for alb; # e;:

p(z:|er) < p(yz|er)
p(zclar) — p(yrlar)

In contrast to Assumptioh, which assumes there iggaodsignal for detectingonformityto action

for all y;, with strict inequality for somey;.

er, Assumptior? requires that there existtad signal for detectingleviationfrom e;.

Proposition 5. Suppose Assumptidhholds. Then there is an optimal contract of the following
form: the agent is paid a constant wageegardless of history for periods < t; in period t the
agent is paid the same wageinless the performance pathz(z, ..., z) has realized, which results
in a wage payment(&) < c. Moreover, lettingi = u(c) and uZ) = u(c(Z)), we have

1-5
1-ot

10Thjs analysis also helps to clarify why delayed performaesgéew may not be useful when evaluation is verifiable

U= (G(€")+U +P(Z|e)K) (9a)

and the agent is risk averse. In that case, the principayspat need not be independent of output realizations and the
agent's consumption profile will in general affect the pijrad's expectedvage payment. Insurance and incentive pro-
vision may not go along as well as they do here: If reportimggidaoo long then since all the variations in consumption

are put off to period the cost for insuring the agent can be very high for the ppiaici
11Both assumptions are satisfied if the agent only has twonaltiee actions in each period or if the monotone

likelihood ratio condition is satisfied.

21



uiz) =u-o56"K (9b)
where

G(e') —G(b)

Z[0) — P(Z]é) for some effort sequench. (10)

K=
P

While Propositio describes wage stickiness, a form of wage compression iovey Proposi-
tion 5 describes wage compression across performance levelslatter result has been previously
obtained byMacLeod(2003 in a static model (see the discussion below in relation whsu2007).
The underlying logic is essentially the same in the muligmbsetting once the connection to the
static model is recognized through PropositibrEssentially, since signal pathis most informa-
tive about deviations from effort sequenget is most cost effective to punish the agent only when
Z is realized.

We now show that it is strictly beneficial for the principaldelay the release of performance
information to the last date. Specifically, consider théofwing alternative review strategies: the
principal chooses a sequence of datesti < ... <t <t and at the end of datg the principal
evaluates the agent’s interim performances at datest-1,...,t; and compensates the agent based
on the evaluations. The agent knows nothing about the ougjalizations within a review period
before the final date of that period. Denote such a reportiagegly byS(ty, ..., ty).

Proposition 6. For all t > 0, the principal strictly prefers delaying the release of péirformance

information to the last period t to any reporting strategy:S..., ty).

If the contract given in Propositidhis the unique optimal contract then delaying the review to
the final period is strictly better because the optimal @wttcan not be replicated by any short-term
contracts. Propositiof directly verifies the superiority of lagged review by shogviexactly how
the incentive cost can be minimized. The idea can be ske@héallows.

Although the agent does not earn any rent, the principalniesess pays expected social cost
P(€)K over and above the agent’s reservation utiitypecause of the informational constraint on
her own part. This social cost has a close resemblance taydr@’arent in the case of verifiable
evaluation. The important observation is thia¢ expected social cost is positively related to the
principal’s overall costso we may as well regard the social cost as the objective ikatrincipal

seeks to minimize. Suppose the principal dividesttheriods into two review phases: from period
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1to1 and then front +1 tot. In each review phasewhen implementing' by punishing the agent
for signalsz’ or Z2~7, each unit of (expected) social cost the principal spenitgbran incentive

benefit (in terms of adding slack to the incentive constjaqual to

Q-R Q

R R
and it is lower than the benefit-cost ratio when rewardingdhe signal(zf,2-7), which equals

QuQ—PP QA Q

PR, PP
Similar to the public evaluation case, the idea is that treelpet of the inverse likelihood ratios
%—11 . % is no less than the individual ratios (givé€) > B). But contrary to the previous case,
this result reflects a complementarity between individiediationsfrom the desired actions; in
raising the probability opunishment PZ|a'): each additional deviation carries a greater penalty or
alternatively each additional effort brings less utility the agent. Moreover, if the environment is
stationary, then ex ante, efforts in different periods caifferent utility costs due to discounting,
and the marginal cost of effort monotonically increasesh&sagent complies in more periods,
going from period toward period 1. These two effects reinforce each other anddnthe agent’s
overall marginal return from effort diminishes as he exeftsrt in more periods. This explains that
in a stationary setting a single deviation in period 1 is thedbst to prevent, as found in Abreu,
Milgrom and Pearcel@91) andFuchs(2007). In contrast, recall that in the public evaluation case
if discounting is not too heavy it is the hardest to preveet dlgent from deviating iall periods
(Proposition3a) due to the complementarity between individual effefts raising the probability
of reward These differences notwithstanding, pooling is benefinifloth cases.

The analysis in this section is closely relatedrtachs(2007). Fuchs analyzes a stationary model
in which the agent’s effort choice and the output signal at bbinary, and obtains results similar
to Proposition$ and6 here!? The present model generalizes his model in two directioinst, fve
assume that the agent is risk averse and can consume in evarg whereas Fuchs assumes that the
agent is either risk neutral or risk averse but consumeseatrid of the contractual relationship. By
assuming risk aversion and flexible timing for consumptieaare able to provide a justification for
sticky wages over time (Propositial); in contrast, when the agent is risk neutral the wage profile
across time is largely indeterminate. Second, we place morgtry assumption across periods and

12Fychs also characterizes solutions to the infinite-horizsion of the model.
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place weaker assumptions on the signal structure. Thermiregenulation makes the results more
general and also reveals the fundamental conditions (mg@f likelihood ratios) for pooling to
work. This generality also brings out the connections to diff¢rences from the case of public

evaluation.

4 Limited Liability and Private Evaluation

One key element of the model in Section 3 is the principali$itglio punish the agent. In this
section, we show that losing this ability in conjunctiontwirivate evaluation can put some restraint
on the benefit the principal gets from pooling performanéermation across periods. To make the
point as clearly as possible, we consider a stationaryngedis follows.

The principal hires the agent fomperiods. In each period, the agent can privately choose one
of two effort levels:a; = 0 or 1. Low effort costs the agent nothing but high effort sast- O.
There are two output leveld (high) and? (low). Realized outputs are privately observed by the
principal. Letp (resp.q) be the probability that output levelwill occur given effort levela; = 1
(resp. ar = 0). Assume < g < p < 1. The agent is risk neutral and must be paid nonnegative
wages in every period; his reservation utility equals zdfor simplicity, there is no discounting.
The principal’s objective is to implement effort level 1 it periods with minimum cost on wage
compensation.

With both private evaluation and limited liability, the pdipal not only pays rent to the agent
but also pays a social cost, thus combing elements in theque¥wo sections. The analysis is
more complex and importantly, as we show below, pooling natyatways benefit the principal.

The difference in the use of information can be explained#svs. In the previous two sec-
tions, the principal effectively minimizes either the reatid to the agent or the social cost. And
the principal’s cost is thexpected/alue of rewards or punishments. As a result, rewards orspuni
ments can be efficiently used on output signals thatrasstinformative in terms of the value of a
likelihood ratio. Importantly, the extreme vales of theehkood ratio naturally extend to multiple
periods as a result of multiplication, i.e. if two signalsandz, maximize likelihood ratios in two
separate periods then the joint sigal, z2) maximize the likelihood ratio across the two periods.
This structure contributes to the simple form of optimaltcacts in the previous two cases.

In contrast, in the current problem the principal needs toimize thesumof the rent and social
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cost, which equals themaximum sizef the rewards, not their expected value. For this purpdese, t
principal should reward any signal that indicates conftyrand punish (by withholding rewards)
any signal that indicates deviation, not just the ones thataost informative. Unfortunately, a
pooled signal may indicate either a deviation or conforrdigpending on which effort sequence is
referenced to; so a nice order of informativeness amongeplagignals may not exist for checking
against all possible deviations even if such an order efastsignals in individual periods. As a
result, pooling may not provide the informational gain reébr efficient incentive provision and

hence may not benefit the principal. This point is illustdaby the following result.

Proposition 7. Suppose £ 2. If p > % and p+ g < 1 then contracting for each period separately

is optimal so pooling has no advantage.

The result shows that pooling is useless when a single pehieddy provides good information
on the agent’s effort: high output is more likely with highfaet in an absolute sense (> %);
high output is sufficiently less likely with low effortg(< 1— p < % < p). The basic reason is
that rewarding a single success is good for deterring twaatiems but bad for deterring just one
deviation. As a compromise, in the optimum a single sucdessld only be rewarded with half of
the total prize. The result is exactly the optimal contraet treats each period separately.

Despite this negative result, the following propositioantifies two scenarios in which pooling
is useful and optimal contracts resemble what have beerdfpreviously.

Proposition 8. If (a) p' — g > p~t— g or (b) p< { then the principal’s average cost per date
decreases as contract length increases, up to t. Mored@) holds then an optimal contract for
a t-period relationship is to reward the agent a bonus=Bc/(p' — q!) only if the realized output
path is (h,...,h); if (b) holds then an optimal t-period contract is to rewardetlgent a bonus
K= W for all output path except/, ...,¢). In both cases, the principal’'s cost equals the
full bonus.

Here, hypothesis (a) means that the probability of full ssth, ..., h) increases in an absolute
sense when the agent works in more periods, compared withyalghirking. In such a case, the
punishing region includes every pooled signal ex¢épt., h); that is, anything short of full success
indicates a lack of effort by the agent and should be punislyddrfeiting the reward. The optimal
contract resembles that in Section 2. On the other hand,thgpis (b) says that the probability
of success is rather low even with high effort. In this cake,gunishing region only contains the
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signal (¢, ...,¢); that is, anything better than a total failure is indicatbfeggood effort and should be
rewarded with the full bonus. The optimal contract thenmdses that in Section 3. In both cases,
pooling up to length benefits the principal because the stated conditions aessadly satisfied
and hence the above logic works for all lengtk t. For instance, if hypothesis (a) holds, then for a
lengthk relationship the principal’s per-period cost equalépk — g), which decreases as contract
lengthk increases, up tb If hypothesis (b) holds, then for a lengkhrelationship the principal’s
per-period cost equals

C
k(1—p)*1(p—-aq)’

which, givenp < 1/t, also decreases ks long ak < t.

When these conditions fail at sormgooling across more periods may not be beneficial so there
can be an optimal contract length, at least locally. In fdet, conditions in Propositior exactly
nullify both hypotheses in Propositiodi for t = 2, which explains why pooling was not useful
there. The general analysis for- 2 is complex as the rewarding region may include any number

of successes and the binding deviating sequence(s) mayeérany number of deviating periods.

5 Conclusion

Pooling performance information across periods may hedppitincipal to design more efficient
incentive contracts. This paper has studied a set of fattatsletermine the effectiveness of pool-
ing. These factors, including the verifiability of perfornt& evaluation and limited liability and
risk attitudes of the agent, have different requirementtherinformational structure for pooling to
be beneficial for the principal. In each case, the benefit ofipg is driven by a specific wedge
between the agent’s reservation utility and the payoff ef phincipal; different wedges result in
different wage profiles across time. These findings, by wffesome direct links between optimal
wage policies and the characteristics of jobs and employasshed light on the various com-
pensation practices used across jobs and firms, such asetieé@mpensation, bonus pay, deferred
punishment, and sticky wages.
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Appendix

Proof of Proposition 1.

Let w(y') > 0 be a solution to Program(a'). Supposav(y!) > 0 for somey' # 2. Then we can
modify the wage plan as follows: first reduedy') to zero; then to keep the agent’s incentive
constraint intact, we increaséz) by an amount so thatvP(Z |€") = w(y!)P(y!|€}). The agent thus
gets the same payoff and hence the principal’s payoff abgsdhe same when the agent chooses

effort sequencé. If the agent chooses the alternatafehen his payoff would be changed by:

A= vP(Z|a') — P(y!|a")w(y)

@d) P
w(y)P ’)'et( P(Z|E) P<ytret>)

<0

where the last inequality follows from Assumptidn In other words, the agent can not gain by
deviating fromée' under the new wage plan and hence the incentive constraisimesatisfied.
Therefore, we can focus on wage plans that pay positive walyefar output pathz. The optimal

bonus is then determined by the following incentive comstra

w(@)P(Z|e) — G(d) = w(a)P(Z|a) — G(&).
which leads to the solution given in the proposition aftemparing among ak. ]

Proof of Proposition 3.
By Egs. @) and @), to find optimal bonu¥V* we only need to look fok that maximizes

1- oK
Bk = 1- 6%
And the principal’s cost can be written @st) = B(k) 5.
If &> 6thenB(k) <1forallk>1andB(k) T 1ask— «. Therefore ag — o, the binding
sequence must involut) deviations withk(t) — .13 It follows that asg — o the principal’s cost
C(t) — ¢/(1— ) and the agent’s rem(t) — O.

B3In fact, it can be shown thak(k) is strictly increasing irk whenk is large. Therefore, the binding effort sequence
isL = (0,...,0) for larget. Specifically, a sufficient condition fg8(k + 1) > B (k) is 8K — 8k+1 > gk — gk+1 which
givend > 0 is true as long ak is large enough.
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If & =q/pthenW (k) is constant across &lland hence the agent is indifferent betweamd any
effort sequence witk < t initial deviations. The principal’s cost always equpleV(k) =c/(1—9)
for allt > 1. Hence the agent’s reR(t) also goes to zero ds— .

If & < 6thenfork>1,

C1-0% (1-0)(1+..+0%Y) 1-56
B =1~ 1—e)at.+ocn 126 PY

Therefore, the agent’s binding incentive constraint imeslthe effort sequence that has exactly one
deviation fromH in period 1. It follows that the principal’s co8l(t) = <5 for all t and the agent

receives positive rent that &s- o converges to

c C

1-6 1-5
Proof of Lemma 2.
This is most easily seen in the last period. In petiadd given any output patfi -1, in order for the
principal to honestly report the current outputher payment has to be independent of her report,
i.e. there existsu(y'~1) such that(y' 1) = w(y*—1,y), Yy 1, Vy. Similarly in periodt — 1 and
for eachy!~2 there exists som@&(y'~?) so that

W2 =we 1(Y 2y 1) + 0W_1(Y 2y 1) forally, 1.

Applying similar arguments recursively proves the nedgsdicondition 6). For sufficiency, sup-
pose conditiong) holds. Then at every history, the principal’s sum of current and discounted

future payments is the same regardless of his current rgport O

Proof of Proposition 5.
The proof is similar to that of Propositidh By Propositior4, we can restrict our attention to con-
sumption plans in whick(y") = cfor T < t andc(y') < ¢, vy', where the annualized consumption
¢= =5 w. The equivalent utility assignments are="u(C) andu(y') = u(c(y})).

We again consider a collection of problems that relax Prodf@). In each relaxed program, the
agent has just two choices: the effort sequence to be impietg, and an alternative sequence

a'. Thus the principal choosesandu(y') < U, Vy!, to minimizeu, subject to

3 5ty PyIe) + 1 a6 20 1)




;5 uy) (P(y'|€h) —P(y'[a)) > G(€') — G(@') (12)

We can, without loss of generality, focus on effort sequemteavith G(a') < G(&').1# Suppose
there is a solution in whichi(y*) < U for somey! # Z. We show that there is another solution in
which the agent is punished only wh#roccurs. First seti(y!) = 0. Then reducei(Z) by somee

so that

-P(Z|e) = (u—u(y))P(Ye).

Thus the agent’s payoff stays unchanged when he chabseBut if he chooses the alternative
sequencel, his payoff changes by
(Y[a) P(Z[a)
u))POAIE) — eP(A[dl) = (T—uy))P(E) ( ST - (Zt’et>) <0,
Therefore the new plan satisfies all the constraints of thbelpm and does not reduce the principal’s
payoff. We thus found a solution in whialfy') = u(a') for y! # 2 andu(Z) = u(a") — k(a') where
u(al) andk(a') are determined by the participation and incentive congsais follows:

1- o 1 -
13 u(a) — o' tP(é k@) = G(é) +U (13)
(P(Z|a") — P(Z]€"))d' k(a') = G(¢') — G(a). (14)

By repeating this process, we obtaifa') andk(al) for all a' with G(€') > G(a!). Importantly,
by (13), the principal’s average cost per periagial), and the punishment given to the age(g'),
are positively related. Therefore, the two maxima below

0" =maxu(a), k' =maxk(@), st G(@) < G(€)
a a

are simultaneously attained by some effort sequéhc€he profile

- T iy A7
u(yt){ Tk ify =72

then is a desired solution to Progrd@) as given in the proposition. O

M G(¢) < G(a) then the solution is trivial:u(y') = G, vy'. Namely, the low cost effort sequenekcan be
implemented without any incentive pay.
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Proof of Proposition 6.
It suffices to prove the result for two separate review phasethe general case then follows by
induction. If the principal releases all performance infation by the end of periotl then an
optimal contract is given in Eq9J for some effort sequends.

Suppose that the principal divides thelates into two phases: the first from date 1 to date
1< 1 <t and the second from+ 1 tot. Decompose each action sequestato (al,a?), where

al = (ay,...,ar) anda? = (ar41,.--,a ), and define the following probabilities
PL=P(z1,...,z|e!) and P = P(z,1, ..., z|€?)

Q1=P(z,...,z|b') and Q2 = P(z,1, ..., z|b?).

LetU; andU, be the expected utilities, discounted to date 1, that thatagd receive in the
two phases 1 and 2 respectively. To satisfy the participatanstraint at date 1, the principal sets
U, + U, =U. The relative magnitudes &f; andU, are unimportant for the result. Thus, the
principal effectively solves two separate problems.

By Proposition5, the principal’s cost per date for implementiggin phasei equalsu=1(G;),
where

G=r o
1ot
andk; is the size of the punishment. Again, all payoff terms arealisited to date 1.

(G(€)+Ui+PKi), for i =1, tp =t T,

Supposes(€) > G(b') for bothi = 1,2. By fully postponing performance review to date¢he
principal pays an expected social cost equal to
P(Z|€)(G(¢) - G(b"))
PR = = o) - pile)
_ PIP,(G(e) + G(¢#) - G(b") — G(b?))
B QiQ2— PP,
_ PR (G(eh) —G(bY)) | PiPy(G(€) — G(b?))
- Q1Q-PiR Q1 Q2 — PP
_ PL(G(e') — G(bh)) N P2(G(€%) — G(b?))
Qi—P QP
< PK1 + PoKo.

Here the penultimate inequality follows sinQg > P and the last one follows because

R(G(€) - G(b))
Q—-R
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is the expected social cost for implementg@gainst the alternative sequertewhich is no more
than the cost required to implemehtagainsiall possible deviationa'.
If G(b!) > G(e') (e.g.b! =€), then
P>(G(¢?) — G(b?))
PEK=="5 0,
sinceP,K; > 0. The result is the same@(b?) > G(€?).
It then follows that

< PiIK1 < PiK1 4+ PKo

18 g< e+ 8 g < 128 (20 20
1-5 1-5 VT 1ms "o 1-s \1-at T 1=t 2
and hence
1_5t6< 1—6TC_+1—5t—TE
1-6 " 1-6 ' 1-5 7
Namely, the total cost is lower with full delay than that witthermediate review. O

Proof of Proposition 7.
The principal choosew andc(y) € [0,w], Vy = (y1,Y2), to minimizew subject to the incentive

constraints,
z C(y) p(y|e> —2c> Z C(y> p(y‘a) - C(al + 8.2), fora= (17 0)7 (07 1)7 or (07 O)'
y y

First, total success should always be rewarded with theréwiard, i.e.c(h,h) = w, and total
failure should never be rewarded, i.e(/,/) = 0. Otherwise, the incentive constraints can all be
relaxed becausp(h,h|e) — p(h,h|a) > 0 andp(¢,¢|e) — p(¢,¢|a) < O for alla # e.

Lettingx = c(h,¢) andz= c(4, h), the incentive constraints become
pW+ p(1—p)(x+2) — 2¢ > P+ (1 —q)(x+2)

pW+ p(1— p)(x+2) — 2 > paw+ p(1 - g)x+ (1 - p)gz—c
pW+ p(1— p)(x+2) — 2¢ > pqw+q(1 - p)x+ (1 —g)pz—c.
Let x4z = kw, wherek € [0, 2]. Then the first constraint can be rewritten as

w((p+g)+(1-p-qgk) > %- (15)
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And the second and third constraints add up to
2c
W(2p+(1—-2p)k) > —— (16)
p—q
The principal’s cost can not go up if we only consider these ¢oanstraints.
Definef(k) = p+q+(1—p—0q)k andg(k) = 2p+ (1—2p)k. Note thatf(k) —g(k) = (p—
q)(k—1), and givenp+qg < 1 andp > , f(k) increases ik andg(k) decreases ik.
Therefore, fok € [0,1], f(k) < g(k) and hence
S 2c 1 2c 1 B 2C
~p—q f( ) p-q f(1) p-q
Fork € [1,2], f(k) > g(k) and hence
2c 1 2c 1 2c
> > . = )
p—q gk ~p-q 91) p—q

In conclusion, the minimum cost equaﬁ%‘r, which is achieved by using separate contracts for

each period. n

Proof of Proposition 8. (a): Supposep’ — gt > pt~t — L. First consider the relaxed problem in
which the agent has only two choices= (1,...,1) anda = (0,...,0). The principal chooses plan
c(y) < wto minimize costv subject to the constraint that the agent weakly prefe¢esa’:
> (P(yle) = P(yla’))c(y) > tc.
y
We show thatP(y|e) < P(y|d) for all y = (h,...,h) so the principal should pay the agent a
positive amount only iff = (h, ..., h). This is because for evegyin which h occursk < t times,
Pyle) _ p(1-p'* _1-q (1-p"*_
Piyla) di1—a)t™* "1-p (Q-q)t*~
The first inequality is by the following:
k t-1
<9> < (E) P R R (17)
q q 1-p
which follows from Hypothesis (a). Therefore the optimahheB is determined byp' —q')B =tc,

as stated in the proposition.
It only remains to verify that the agent has no incentive toade any other effort sequence
involving high effortin 1< n <t — 1 out oft periods, which amounts to show that, foe 1,....t — 1,

B(p'—p"q") >tc—nc,
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tc (t—n)c
pt _ qt Z pt _ pnqtfn '
To prove this relation, define(n) = p"gt—", and observe that far=1,...t — 1,

B—

(18)

P(n+1)—P(n) > P(n)—P(n—1).

This relation reflects the complementarity between higaredfin each period in raising the prob-
ability of output path(h, ...,h): high effort in each additional period has a bigger impatthén
follows that forn=1,....t — 1,
P(t) — P(0) _ P(t) — P(n)
t t—n '
which implies (8).

In conclusion,B = tc/(p! — ¢!) indeed is the principal’'s optimal cost fortgperiod contract.
Since by 17),

pF—qf>p“t—g¢t vk=1,..t—1,

it follows that the principal’s total cost equaks/(p* — ¢¥) for ak-period relationship and thger-
datecostc/ (pk — qk) goes down as the contract lengtigrows, up ta.

(b): Supposep < % This time, consider the relaxed problem in which the agesth+ 1
alternatives: the principal’'s desired sequeaee(1,....1) andt other sequencegOeach involving
exactly one deviation frore at datek = 1, ...,t. To solve the problem, further relax théndividual

incentive constraints to a single pooled constraint:

> (tp(We) - ZP(y|0k>) c(y) > tc.

y
Consider an output pathin which high output occursn > 0 times. Fok=1,...,t, each probability
P(y|0x) = qp™ (1 —p) " or p"(1— p)*"""1(1—q)) depending on whether signiabr ¢ occurs in
datek. Then

tP(yle) — ZP(ylok) =tp"(1—p)" "= (ngp" (1 p)" "+ (t—n)p"(1-p)" " H1-0q))

=p" H1-p" " (n(p(1-p) —a(1—p) + (t—n)(p(1—p)— p(1—q)))
=p"H1-p" " (p—a)(n—tp)

> 0,
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foralln=1,....t, because < L.
Therefore, the principal should pay the agent the maximumenK for all output path except
(¢,...,0) andK is determined by

—K(1-p'-(1-p"H1-a)=c

which gives rise to the desired expression in the propasitio

To show that the agent has no incentive to deviate fepwe verify that fom=1, ...,t deviations,
~K((1-p'—(1-p)""1-)") > tc—(t—n)c,

which is equivalent to

K — C > nc
C(1-ptil-g)-(1-pt T A-pt"(l-g)"—(1-pt

DefineP(n) = (1— p)'~"(1—q)" and observe that for=1,...,t — 1,

(19)

P(n+1)—P(n) > P(n)—P(n—1).

This relation reflects the complementarity between lowrédfo each period in raising the proba-
bility of the bad output patli/, ..., ¢): low effort in each additional period increases the proligbi
by a greater amount . It then follows that foe= 1, ... t,

which is equivalent toX9).
In summary, the principal’s minimum cost trperiod contracting equals. By similar argu-

ments, fork =1,....t — 1, the minimum cost for &-period relationship equals

C
(1-pkip-q)

To show that the per date cost decreasddmsreases up tg we need only show that fér= 2, ..., t,

k1-p*t>(k-1)(1-p*?

which is equivalent tg < % and it is implied by Hypothesis (b). ]
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