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Abstract

This article studies equilibrium asset pricing when agents have heterogeneous prefer-
ences in a multi-period economy. It is shown that the economy’s stochastic discount factor
(hereafter SDF) is a function of the market return, the squared market return, the cubic
market return, the market aggregate volatility risk, the market aggregate skewness risk, the
market aggregate correlation risk, the market-mimicking aggregate volatility product, and
the market-mimicking squared market product. The SDF has a structural interpretation
in terms of the distribution of investor preferences. This leads to an asset pricing model
in which the expected return on risky assets depends explicitly on the asset’s coskewness,
cokurtosis, and covariance with the aggregate volatility risk, aggregate skewness risk, ag-
gregate correlation risk, and other higher-order related moments. Empirical results indicate
that the risk factors appearing in the SDF have a significant impact on assets’ risk pre-
mia. Their influence depends on the cross-sectional variance of investor risk aversions, the
cross-sectional variance of investor skewness preferences, and the cross-sectional covariance
of investor risk aversions with skewness preferences.
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1 Introduction

As Wang (2003) notes, asset pricing models particularly the Capital Asset Pricing Model
(CAPM) of Sharpe (1964) and Lintner (1965) and its multifactor extensions have been
a key element of finance. The multifactor extensions of the CAPM, to name a few, in-
clude the Harvey and Siddique (2000) market coskewness model, Dittmar’s (2002) market
cokurtosis model, Chen’s (2000) intertemporal CAPM model, and more recently, the Ang
et al. (2006) aggregate market volatility risk model.! The usual approach is to assume the
existence of a representative agent, then use the Taylor expansion series of the representa-
tive agent marginal utility, and then drop all the higher terms that the researchers believe
are unimportant for explaining the expected excess return of the risky assets. Harvey and
Siddique use the third order expansion of the representative investor marginal utility to
derive an asset pricing model in which assets’ risk premia depend on the CAPM beta and
an additional component refereed to as coskewness (the beta with respect to the squared
market return) risk premium. Dittmar (2002) goes beyond the third order expansion of
investor marginal utility and derives an asset pricing model in which both coskewness and
cokurtosis are priced. Ang et al. and Boehme et al. (2007) investigate whether the aggre-
gate volatility risk factor is priced. They empirically show that the aggregate volatility risk
is priced and its price is negative. Ang et al. use Chen’s results to support the theoretical
justification of their empirical model. However, Chen considers an economy in which the
SDF is derived from the Epstein and Zin (1989, hereafter EZ) asset pricing model.> He
then uses a log-linear approximation of the representative investor aggregate budget con-
straint combined with the EZ SDF to derive an asset pricing model in which the asset’s
expected excess return depends on the change in the exponentially weighted forecasts of
future market variance. While the EZ SDF is consistent with an underlying equilibrium
model, Chen’s approximation could not be. Approximating the SDF of the representa-
tive investor’s marginal utility leads to a SDF that is not necessarily consistent with the
optimization behavior of investors. Boehme et al. construct a model where returns are
multivariate normal but investors are uncertain about the first and second moments of

the joint distribution of returns and signals. They assume heterogeneous investors with

'Boehme et al. (2007) also derive a conditional CAPM in which the aggregate volatility risk is priced.
?Note that the Epstein and Zin SDF is a nonlinear function of consumption growth and market return
and does not depend on the market aggregate volatility.



exponential utility function and arrive endogenously at a conditional CAPM where the
market risk-premium, the market volatility, and the systematic risk of individual assets
are all sensitive to information that affects the market’s conditional covariance of expected
return.

The SDF's derived in these papers have no structural interpretations in terms of investor
preferences. More specifically, these studies leave unanswered the question of whether or
how the distribution of investor preferences affects the SDF in equilibrium. Moreover, there
is no a unified framework that delivers a SDF in equilibrium which can be viewed as an
extension of both Harvey and Siddique, Dittmar, and Ang et al. asset pricing models. In
addition, multifactor extensions of the CAPM model do not derive the assets’ risk premia
in an equilibrium model. They leave unanswered the question of whether their findings
are consistent with an underlying equilibrium model. For example, Fama (1991) and more
recently Cochrane (2001) criticize the use of the intertemporal CAPM model as a “fishing
license” to allow a variety of factors into a SDF without verifying whether such factors
are consistent with the optimization behavior of investors. The purpose of this paper is to
close these gaps.

We go beyond the representative agent utility models by allowing heterogeneity of pref-
erences among agents. In particular, without making any assumption about the functional
form of investor utility functions and the distribution of asset returns, we provide a general
framework that maps heterogeneity of preferences into the SDF. Hence, the first contri-
bution of our paper is to provide a structural interpretation to the SDF involving higher
moments. Our SDF is a function of deep structural parameters namely the average value
of investor risk-tolerances (inverse of the Arrow-Pratt measure of investor risk aversions),
skew-tolerances and kurtosis-tolerances, the cross-sectional variances of investor risk- and
skew-tolerances, and finally the cross-sectional covariance of investor risk-tolerances with
skew-tolerances. We extend the frameworks of Samuelson (1970), Judd and Guu (2001),
and Chabi-Yo, Leisen and Renault (2007) to a dynamic market model in which each investor
maximizes his or her expected utility. Our intertemporal portfolio choice is a dynamic
problem in which each investor chooses his or her consumption level and asset allocation
conditional on her current wealth. To make each decision, the investor takes into account
the fact that at any future date, the portfolio weight will be optimally revised conditional

on the available wealth. Our model setup can be viewed as a dynamic extension of Har-



vey and Siddique (2000), Kraus and Litzenberger (1976), Rubinstein (1973, 1974) and is
also related to Brandt et al. (2005). Our approach allows us to derive the optimal shares
of wealth invested in each security, the assets’ risk premia, and the SDF in equilibrium
while other approaches do not. We show that the optimal portfolio demand for stocks
includes a skewness hedging component, an intertemporal volatility hedging component
and other higher-order related intertemporal hedging components. The hedging compo-
nents depend on the correlation between the aggregate volatility risk and risky assets, the
correlation between the aggregate skewness risk and risky assets, and the distribution of
investor preferences.

The paper’s second contribution is that our theoretical analysis reveals that the SDFs
studied by the aforementioned authors omit components pertaining to the cross-sectional
variance of investor risk-tolerances, the cross-sectional variance of investor skew-tolerances,
and the cross-sectional covariance of investor risk-tolerances with skew-tolerances. More
specifically, the SDF derived in this paper involves the market return, the squared market
return, the cubic market return, the market aggregate volatility risk, the market aggre-
gate skewness risk, the market-mimicking aggregate volatility product, market-mimicking
squared market return product, and finally the aggregate correlation risk. Hence, stocks
with different sensitivities to these risk factors have different expected returns.

We derive a structural interpretation of the market prices of the risk factors appearing
in the SDF in terms of the average value of investor risk-, skew-, and kurtosis-tolerances, the
cross-sectional variance of investor risk-tolerances, the cross-sectional variance of investor
skew-tolerances, and finally the cross-sectional covariance of investor risk-tolerances with
skew-tolerances. The fact that heterogeneity of preferences gives rise to additional pricing
factors is related to the general theory of pricing heterogeneity (see Rubinstein (1974),
Constantinides and Duffie (1996), Heaton and Lucas (1996), and more recently Balduzzi
and Yao (2007)). The former focuses on incomplete consumption insurance while we focus
instead on incompleteness with respect to nonlinear risks in a dynamic model. Constanti-
nides and Duffie (1996) find that the cross-sectional variance of consumption growth across
agent gives rise to an additional priced risk factor, but we find that heterogeneity of investor
preferences gives rise to several risk factors.

A third contribution of the paper is that our closed-form formulas for SDFs can be

easily applied to real data to recover the distribution of investor risk-, skew-, and kurtosis-



tolerances without knowledge of the functional form of the investors utility function and
risky assets joint distribution. Thus, this article sheds some light on the ability of the
squared market return, the cubic market return, the aggregate volatility risk, the aggregate
skewness risk, the aggregate correlation risk and other higher-order related moments to
explain risky asset returns. None of the existing literature covers this case.

The remainder of this article is organized as follows. Section 2 describes the basic model
and derives the optimal shares of wealth invested in each security, the assets’ risk premia,
and the SDF in equilibrium. Section 3 develops the empirical implications of the model.
Section 4 specifies the test design and presents the results of the empirical tests. Section 5

summarizes and concludes.

2 The model

2.1 Returns

We consider a complete market economy with a large number of investors with heteroge-
neous preferences and endowments. In this economy, investors are indexed by ¢ = 1,...,
and trade in n risky assets and a safe asset at times 7 = ¢, t + 1,...,7 — 1. We denote
respectively by Rir11, kK = 1,...n, the return from investing $1 at time 7 in each of security
k = 1,..n. All assets are traded in competitive markets without transaction costs and
taxes. We follow closely Samuelson (1970) and Judd and Guu (2001), assuming that the
distribution of the returns belongs to a family PP of “compact” or “small-risk” distributions
defined such as some specified parameter o goes to zero, all the distributions converge to

a sure outcome. The PP family has the following property:

E:Ry.i1— Ry = o’ap, (o) fork=1,...,n,

E; (Riqr41 — Er Ry 1) = o"EYy o fork=1,...n, r>2,

where 7 is a finite number, and Y}, ;41 is a random variable with zero expectation. Given
the scale risk parameter o, there exists a unique random variable Yy -1 such as Ry ;11 —
E. Ry ry1 = 0Yir41. Thus, the random variable Y -1 is well defined. An explanation
may be needed to illustrate why the asset’s expected return is a function of o. Assume

that B Ryry1 = pu. If the p s were not all equal, then the risky asset with the largest



t,, would dominate the rest as o approaches zero, and arbitrage would be possible.? As o
converges to zero, it becomes certain that the distribution of (Rkﬂ_l)k:l,_._n converges to a
sure outcome (Ry) k=1,.n" Any random vector Ry,11 that belongs to P can be decomposed
as follows:

Riry1(0) = Ry + UQCL]W (0) +0Yiraa. (1)

Here, the coefficient ay; (o) is a function of 0. The o parameter, which characterizes
the scale of risk, is important for the analysis. Specification (1) refers to the small noise
expansion and it provides a convenient framework to analyze portfolio holdings and re-
sulting equilibrium allocations for a given random vector Y, 1 = (Yk7+1)l§k§n7 where
E;[Yr41] =0and Var; (Yr41) = 3, is a symmetric and positive definite matrix. Thinking
in terms of Brownian motion, o may be thought as the square root of time, while the drift
and diffusion terms are given by (R + 02ay, (0)) and (0Yyr41) respectively.*

Note that all asset returns are not correlated through o since the correlation between

two assets k and j, Covr (Yir41, Yjrt1) /\/VarT (Yir+1) Vary (Yjri1), is independent of o.
In Equation (1), the term
o2apr (0) = ExRyrpq — Ry

has the interpretation of time-varying risk premium. Note that the return specification
in Equation (1) is similar to Samuelson’s return decomposition, except that Samuelson
restricts the function ay, (o) to constant. In addition, Samuelson assumes that the risk
premium function ay, (o) is not time-varying and is independent of o. Under this assump-
tion, risk premia are proportional to the squared scale of risk. Within a representative agent
framework, Samuelson shows that the optimal portfolio coincides with the mean-variance
optimal portfolio when o approaches zero. Contrary to Samuelson, we assume that ag, (o)
is a function of o. An intuition behind this assumption is that anyone familiar with a
continuous time model will identify (R r+ o2ay, (a)) and (0Ygr41) with the drift and the
diffusion terms of a diffusion process, where the drift term is a nonlinear function of o.
This assumption would allow the following to be derived: the optimal portfolio weights and
the market price of aggregate volatility risk, aggregate skewness risk, aggregate correlation

risk, and kurtosis risk in equilibrium.

3Samuelson (1970) and Judd and Guu (2001) provide an explanation on why the asset’s expected return
is a function of o.

YNote that there are no restrictions on the distribution of Yir+1. Hence, the distribution of Rgry1 is
general and is not restricted to a specific distribution.



2.2 Investor Preferences and Portfolio Optimization

We consider the portfolio choice at time ¢ of investor ¢ who maximizes the expected utility
of wealth at some terminal date T by trading in n risky assets and a safe asset at times
T =1, ..., T'—1. Without loss of generality, we assume that ¢ = 0 and T' = 2. The investor’s
optimization problem is to choose each period [7, T + 1], the level of consumption Cﬁi) and

the asset allocation w(Ti) for the wealth that is not consumed. And since the risky returns

are functions of the scale risk parameter o, then the level of consumption Cg) (o) and the

asset allocation w'”) (o) are also functions of 0. We assume the functions ct? (o), Wt (0),
and ay, (o) are at least r times differentiable in the neighborhood of zero.
In this economy, investors have additive time-separable preferences and the value func-

tion of each investor is:

) T .
v = max  Fy [z Bu; (C@ (0))] i=1,..,1 2)
(W@ @}~ =0

T=0

subject to the sequence of budget constraints
ng (o) = (Wr(i) (o) — C’f) (U)> (w(Ti)T ()RS (0) + Rf) T=0,1

and the terminal condition Wj@ (o) = Ci(pi) (o). R%,; (0) is the vector of excess returns on
the n risky assets from time 7 to 7+ 1, and f3 is a subjective discount factor.® The function
u; (.) measures the investor’s utility of consumption. Without loss of generality, we assume
that the investor’s initial wealth is equal to 1, and the individual asset allocation shares
fulfill the market clearing conditions
I . ) . _
(WT(E) (o) —CW (O‘)) W (0) =0, for r =t,..,T — 1.
i=1
We next assume that all agents have utility functions that exhibit non-satiation (u; > 0),

. . 1" .. n .

risk aversion (u; < 0), a preference for positive skewness (u;, > 0), and kurtosis preference
mn
(u;
time 7, each investor chooses his or her consumption level C’p (o) and asset allocation

Wl (o) conditional on having wealth Wi (0). To make his or her decision at time 7,

< 0). The intertemporal portfolio choice in Equation (2) is a dynamic problem. At

>The upper symbol T refers to the transpose.



investor ¢ takes into account the fact that at any future date 7, the portfolio weight will
be optimally revised conditional on the wealth W;i) (o). If 0 = 0, there are no risky assets
and C’g) (0) represents the optimal consumption for a deterministic problem in which the
investor’s wealth grows at the risk-free rate for the remaining T" — ¢ periods.

We solve the dynamic portfolio choice in Equation (2) by expressing the multiperiod

problem (2) as single-period problems:

Vo(i) =  max ~ max E; <§ B u; (Cg) (O’))) . (3)
{«9@.cP @} | {2 @@} =0

Note that all investors have homogeneous expectations. The source of heterogeneity
in this economy comes from investor preferences, consumptions, and endowments.5 The
feature of the model presented in this section resembles the dynamic extension of Cass and
Stiglitz (1970) with heterogeneous investors. Note that Cass and Stiglitz (1970) is a static
single-period model in which there is a representative investor. The feature of our model
is also related to that of Rubinstein (1974) and Brandt et al. (2005). However, there are
many differences between our model and those of Rubinstein and Brandt et al. First, in
our model investors have heterogeneous preferences, endowments and consumptions, while
Brandt et al. consider an economy in which there is a representative investor. Second,
Brandt et al. assume that the representative investor has a CRRA utility function and
use a Taylor expansion series to derive a recursive relationship that allows them to derive
the optimal portfolio weights. In our model, we assume the risky assets can be specified
as in Equation (1), which resembles the single-factor model conventionally used in finance
theory. As stated above, specification (1) is general, and risky assets can be decomposed
as in Equation (1) without knowledge of the assets’ return distribution. As will be seen
in the succeeding sections, instead of using a Taylor expansion series, we use a small noise
expansion approach proposed by Judd and Guu (2001). The advantage of this approach
is that it is less restrictive than the Taylor expansion series and it allows us to derive the
closed-form solution of investor optimal portfolio weights at the beginning of each period.
Moreover, it allows us to derive the closed-form expression of the asset’s risk premium

and the aggregate SDF expression in equilibrium.” Second, Rubinstein’s framework is a,

SThe case in which investors have heterogeneous expectations is beyond the scope of this paper, and
will be explored in future research.
"It is useful to point out that Constantinides (1982), Ross (1973), and Wilson (1968) have constructed



one-period model, while we are interested in the investor’s dynamic problem. Moreover, to
derive the aggregate SDF, Rubinstein assumes that in equilibrium, all individuals have par-
tially similar economic characteristics such as identical present consumption and identical
future wealth. As will be seen in the succeeding sections, the aggregation results derived
in this paper are obtained without making any assumptions about the investor’s present

consumption and future wealth.

2.3 Notations

The investor’s preferences are characterized by the parameters:

_u(mo) 2y (o) " (W)
I ) M (77 010) R CE )

(o) e (o) (o)
Tic = _W’ Pic= = m, Kie = —3 W,

where 7; represents the risk-tolerance parameter at W2(i) (0) (1/7; is the Arrow-Pratt ab-
solute measure of risk aversion), and p; and k; represent the skew-tolerance and kurtosis-
tolerance at WQ@ (0). WQ(i) (0) represents the optimal wealth for a deterministic problem
in which the investor’s wealth grows at the risk-free rate for the remaining 1" — ¢ periods.
The parameters 7;c, p;. and x;. represent the risk-tolerance, skew-tolerance and kurtosis-

tolerance at Cy) (0). In addition, we define the following quantity:
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an aggregate pricing kernel with weights for individual utilities. Under the assumption of complete markets,
the aggregate pricing kernel is a solution to a social planner problem in maximizing a weighted average of
individual marginal utility functions.



where 7T is the average of investor risk-tolerances, p and & represent the weighted average
of investor skew-tolerances and kurtosis-tolerances respectively, 72 — 72 captures the cross-
sectional variance of investor risk-tolerances, p7—p.7 captures the cross-sectional covariance
of investor risk-tolerances with skew-tolerances, and p2 — p? represents the cross-sectional

variance of investor skew-tolerances. We also define the quantities

1

I I
Z:ITW and p, = 21 (picU?.TEi/Tic) / Z:ITW.
1= 1= 1=

7, =

~1

2.4 Asset Allocations, Volatility Risk and Skewness Preferences

Note that the portfolio weight function w.(ri) (o) is r times differentiable in the neighborhood

of zero. As o approaches 0, the portfolio weight can be well approximated by w(Ti) (o) =
IS

oi ()] (§)V . o . . .
Srwr’ (0) where wr”  (0) represents the jth derivative of the portfolio weight with

§=0
respect to o evaluated at 0. Similarly, the function ag, (o) can be well approximated by
T . . .
agr (o) = ‘;—iaz]T (0) where a,[g}T (0) represents the jth derivative of ay , (o) with respect
J:O b b

to o evaluated at 0. In this section, we assume that » = 1, and then use the first-order
conditions in Equation (3) to derive the optimal asset allocations, assets’ risk premia and

the SDF in equilibrium.®

Proposition 1 In a two-period investor’s problem with heterogeneous preferences and ho-
mogeneous expectation, the optimal shares of wealth invested in risky securities are char-

acterized

e at date 1 by:
wy’ (0) = (¢17a1) W1 + 1,51

with
W) = (Varl (RQ))_l Couvp (Rg, T‘MQ) , S1 = (Varl (Rg))_l Covq (RQ, 7“%42)

and

T _ T o_
w = [Liraa] o 91 = W 0) ) = W0 7

*The case where r = 0, that is w'” (¢) = w{” (0) and axr (¢) = ax- (0) produces an equilibrium model
in which the market return is the only risk factor (the CAPM model).
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here, M1 = RMl — EORMl and TM2 = RM2 — ElRMQ.

o at date 0 by:

wy (0) = oo + VoS0 + L0 (4)
where:
wo =" (Varo(R1))"' Covy (R, man1),
So=  (Varg(R1)) ™! Covg (R1,73/1)
Sow = (Varg(Ry)) " Covg (Ry, Vary (ra)),
with:

(b - Rf Ty,
O owlo T

_ Rf PiTi 7'1/7;?~p picyfT?/i Tuiﬁc
Yo = o (( 7w ) (T ) )
1 <Tvijl:ﬁ) _ Tz’(lfﬂi))
wl) \ T =)

Yoi =

Here, R; = (er>k:1,...n for T =1,2.

Proof. See the Appendix. Il

Proposition 1 shows that at date 1, investors hold two portfolios: the market
portfolio wy; and the mimicking skewness portfolio ;. Note that the return, <] Rg, on
the mimicking skewness portfolio is the payoff that mimics the squared excess market
return r%/n. The share invested in the market portfolio is a linear function of the excess
market return rps;. The economic intuition that could explain this linear relationship is
that the investor observes at time 1 a signal equals to the excess market return. The
investor’s response to the signal is to adjust his or her share as a linear function of the
excess market return at time 1. The share invested in the mimicking skewness portfolio
is time-independent. When the joint distribution of asset returns is normal, the weight <;
of the mimicking skewness portfolio is equal to zero, and investors hold only the market
portfolio.

On the other hand, at date 0, investors hold the market portfolio @wp, the mimicking
skewness portfolio o, and a third portfolio <y y defined by the covariance between the ag-
gregate volatility risk and the basis asset returns. The first two terms in Equation (4) are
called myopic demands because they represent vectors of portfolio weights for an investor
who has only a single-period objective for a short-period investment problem. The first

term represents the myopic mean-variance optimal demand. The second term represents

11



the skewness hedging demand. The sign of the skewness hedging demand depends on the
correlation between the squared excess market return and stock returns via <y, and the co-

efficient 1(;. The third term in Equation (4) represents the intertemporal volatility hedging

1 (Tui(l_p) _ Ti(]-*pi))
wP) \ T = )
The sign of the volatility hedging demand depends on the correlation between volatility

demand, which is determined by <y and the constant ¢q;, =

shocks and returns via <oy, and the coefficient ¢g;. For instance, when ¢, is negative,
positive (negative) hedging demand against volatility risk arises if and only if volatility
shocks and stock returns are negatively (positively) correlated. Note that if there is no in-

termediate consumption 7, = 7,, then the share invested in the volatility hedging portfolio

Ti (pi _ﬁ)

reduces to OIS This implies that investors hold a positive share of the intertem-
1

poral volatility hedging portfolio if the investor’s skew-tolerance is higher than the average
p; > p.? Note also that fg,ﬂRl represents the return on the mimicking aggregate volatility
risk Vary (rpr2). When asset returns are jointly normally distributed, it is straightforward
to show that $p = 0 and the hedging demand for skewness risk is equal to zero.'* However,
the intertemporal volatility hedging demand is not null. In the next proposition, we derive

the risk premium on the risky assets.

Proposition 2 In a two-period investor’s problem with heterogeneous preferences and ho-

mogeneous expectation, the risk premium on asset k is given

o at date 1 by:

E\Rio— Ry = A1Covy (Tyma, Ri2) + B1Covy (r%ﬂ, ng) ,

with:

= || Ry(1-2p) = 5

Ty.T

°In incomplete markets, Chacko and Viceira (2005) examine the optimal consumption and portfolio
choice problem of long-horizon investors who have access to a risk-free asset and a risky asset. They find
that the optimal demand for the risky assets includes an intertemporal hedging component that is negative
when investors have coefficients of relative risk aversions larger than one, and the instantaneous correlation
between volatility and stock return is negative.

1076 see this, note that Covg (Rl,r%m) can be written as o Fy (EBYl)z Y which can be simplified to
o*Eo (@ Y1) (@5 Y1) Y1 . If asset returns are jointly normally distributed, Fo (Y1Yj1Y%,1) = 0. Hence
Eo (w]Y1) @iY1) Y1 =0.

12



o at date 0 by:

E()RkJ — Rf = Z()C'O’Uo (TMl, Rk71) + E()COUO (7“?\/[1, Rk,l) + ﬁoCOUo (Varl (TMQ) 7Rk:,1)
(5)

with

]|
I

A= LRy, Bo= - (YRi+BR), Dy= L2

N
*l\‘
NN

Here, M1 = RMl — E()RMl and TM2 = RM2 — ElRMQ.

Proof. See the Appendix. Il

At date 1, the asset’s risk premium can be decomposed into two components: the
risk-premium due to the asset’s covariance risk, namely, A;Covy (72, Ry 2) and the risk
premium due to the asset’s coskewness risk, namely, B1Cov; (7“%/12, ng). Moreover, the
asset’s covariance risk premium is time-varying and conditional on the market excess re-
turn 7371. Since By < 0, all else equal, assets with negative covariance with the square of
the market return have higher expected returns than assets with positive or zero covari-
ance with the squared market return. This result is consistent with Harvey and Siddique
(2000). When p = 0, the asset’s risk premium equals to the conditional version of the
CAPM with a time-varying parameter A;. All else equal, assets with positive covariance
with the market return have higher expected returns than assets with negative covariance
with the market return if p < % and 7371 > 0. The conditional risk premium is derived
without making any assumption about the time-varying nature of the beta coefficients in
the asset’s risk premium decomposition. A number of studies that investigate the perfor-
mance of the conditional CAPM model assume that the beta implied by the CAPM model
is a linear function of one or more pre-specified conditional variables (for e.g. Harvey
(1996), Ghysels (1998) and, Brandt (1999)). As Wang (2003) states: “while this trade-off
between time-varying risk and expected returns makes such models intuitively appealing,
it is empirically challenging, since there is no theoretical guidance on how betas and risk
premia vary with variables that represent conditioning information” Proposition 1 theo-
retically shows, in a context of an equilibrium model, that the beta coefficient A; is a
linear function of the excess market return. In the case where investors are homogeneous
with respect to their preferences, the parameter A; is still time-varying. It is useful to

point out that the expected value of A; is % since Egripr = 0. Therefore, on average, all
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else equal, assets with positive covariance with the market return have higher expected
returns than assets with negative covariance with the market return. This is consistent
with the unconditional version of the CAPM. On the other hand, at date 0, the asset’s risk
premium is a sum of three components: the risk premium due to the asset’s covariance
risk, namely, AgCovg (Tar1, Ry, 1); and the risk premium due to the asset’s coskewness risk,
namely, BoCovg (r%ﬂ, Rk,1); and the risk premium due to the aggregate volatility risk pre-
mium, namely, DoCovo (Vary (rar2), Ri1). The coefficient By is negative, implying that,
all else equal, assets with a negative covariance with the square of the market return have
higher expected returns than assets with zero or positive covariance with the square of the
market return. Furthermore, our model predicts that, all else equal, assets with a nega-
tive covariance with the market volatility have higher expected returns than assets with
positive or zero covariance with the market volatility if the average value of the investors’
skew-tolerances p is higher than 1. When all investors have a Constant Relative Risk Aver-
sion (CRRA) type of utility function with identical or different risk aversion coefficients
greater than 1, it can be shown that » > 1. As a result, Dy < 0 and our model predicts
that, all else equal, assets with a negative covariance with the aggregate volatility risk have
higher expected returns than assets with positive or zero covariance with the aggregate
volatility risk. Equation (5) generalizes the empirical model used by Ang, Hodrick, Xing
and Zhang (2006, hereafter AHXZ) to examine the pricing of aggregate volatility risk in
the cross-section of stock returns. The AHXZ empirical model assumes that the return
data generating process is a linear function of the market and the aggregate volatility risk
factors (see Equation 3, Page 266). In this paper, we provide a structural interpretation of
the market price of coskewness and aggregate volatility risk in terms of the average value of
investor risk- and skew-tolerances. Our results indicate that the sign of the market price of
aggregate volatility risk depends on the average values of investor preference parameters.
When asset returns are jointly normally distributed, the risk premium due to the asset’s
coskewness risk, BoCovy (T%ﬂ, Rk,1), vanishes in Equation (5), and Equation (5) reduces
to the AHXZ empirical multi-beta pricing model.!!

We next use Proposition 2 to recover the functional form of the SDF.

Proposition 3 In a two-period investor’s problem with heterogeneous preferences and ho-

"'To see this, note that Covg (rﬁm, Rk,l) can be written as 0°Fo (@) Y1)2 Y%,1 which can be simplified to
0'355 Eo (Y1Y] Yy 1) wo. If asset returns are jointly normally distributed, Eo (Y1Y] Yi,1) = 0.
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mogeneous expectation, the aggregate SDF is given by:

mo,2 = Mo,17M1,2

with
]. Zl El 2 2
mi2= 55— 5 TMm2— 5 |[Tm2 — Eler
Ry Ry Ry | ]
1 Ay By Dy
mo1 = R—f — R—erl — R—f [7"]2\/[1 - Egr%/n] - R—f [Vary (ra2) — EoVary (rae)) (6)

where A1, By, Ao, Bo, and Dy are defined in Proposition 2, mi2 and my 2 represent the
SDF for the periods [0,1] and [1,2] respectively, and rpyr1 = Ry — EoRyn and e =
Rpr2 — E1Ryyo.

Proof. See the Appendix. Il

Proposition 3 shows that the aggregate SDF for the time period [1,2] is a quadratic
function of the excess market return. This SDF involves 7,72 and 7’%/[25 hence, covariance
and coskewness remain important elements for asset pricing. More interestingly, the coef-
ficient Ay of the risk factor 79 is a linear function of the excess market return r,71. This
implies that the time-varying market price of covariance risk is also important for asset
pricing. The functional form of the SDF mj 2 clearly illustrates how this article differs
from existing literature. For example, conditional CAPM models allow the CAPM betas
to be a linear function of one or more conditioning variables. This specification makes these
models intuitively appealing. However, there is no theoretical guidance on how betas and
the risk premia change with variables that represent conditioning information. This paper
theoretically derives, in a context of an equilibrium model, the closed-form expression for
the higher-order moment SDF with time-varying coefficients.

On the other hand, the SDF for the period [0,1] is equal to the quadratic function
of the market return augmented with the aggregate volatility risk factor Vary (rp2). The
aggregate volatility risk factor that appears in the SDF is due to the intertemporal volatility
hedging demand. If all investors are myopic, it is straightforward to show that the market
volatility factor vanishes in the SDF specification and the SDF mg ; reduces to the SDF, as
implied by the Harvey and Siddique (2000) market coskewness model. Therefore, the SDF
mo,1 appears as a natural extension of the Harvey and Siddique (2000) market coskewness

model in a context of a dynamic equilibrium model.
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2.5 Aggregate Volatility Risk and Aggregate Skewness Risk

In this section, we consider the approximations W (o) = > #sz)] (0) and a; (o) =

S0

T .
‘Zo j] az’]T (0) with r = 2, and then use the first-order conditions in Equation (3) to derive
]:

the assets’ risk premia and the SDF in equilibrium.!? These approximations involve large
amounts of algebraic manipulation. To simplify this manipulation, we assume there is no

intermediate consumption.'3

Proposition 4 In a two-period investor’s problem with heterogeneous preferences and ho-

mogeneous expectation, the risk premium on asset k over the first period is:

E[)RkJ — Rf = apCovg (TML Rk71) + a1Covg (7‘12\41, Rk71) + asCovg (T%/Il’ Rk,l) (7)
+asCovy (Vary (ryz) , Ri1) + auCouvg (Skewr (Ta2) , Ri1)
+asCovg (raiVary (raz) , Ria) + @gCoug (rg\%, Rk,l)

_ < — S0,9
+a7Covg (7"1\211-7"1\417 Rk71> + agCouvgy (er .er,RkJ)

with:

’I"E\Z)l = Coun <TM2,7"§\}[2> , 7"?\9[1 = fg (Rl — E()Rl), Skew; (TMQ) = Elr?\/m,

T‘EQ = ?{ (R2 - E1R2) 5 Tj\?ff = 68719 (Rl — E()Rl)
and:
1= (Var (Rg)f1 Covy (Rg,rﬁﬂ) ,
So = (VCLT() (Rl))il COUO (Rl, T%/Il) s
Sow = (Varg (Rl))_1 Covg (Ry, Vary (ra)),

where the parameters o;’s are functions of the distribution of investor preference parameters

2Due to space consideration, we report only the assets’ risk premia and the SDF in equilibrium. The
closed-form solution for the optimal asset allocations is available on request. It includes a skewness hedging
component, an intertemporal volatility hedging component and other higher-order related intertemporal
hedging components. The hedging components depend on the correlation between the aggregate volatil-
ity risk with risky assets, the correlation between the aggregate skewness risk with risky asset, and the
distribution of investor preferences (see the proof of Proposition 4 in the Appendix).

3The results with intermediate consumption is similar and is available on request. With intermediate
consumption, the risk premium has the same functional form as in Equation (7), except that the expression
of the market prices of covariance risk @;s are complicated functions of investor preference parameters.
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that is characterized by (7,72 — 72,7, p% — p2, pT — p.7,F):

Ry a = -LR}
Z R} -2 (1 + 3R§c) Rf) Varo (ran)

Q

o

I
A=

el

_l’_
/N
3

5 =2

— _ Ep3 . = B _ 21 2 (P7)
a2 = =3 Rf7 a3 = E=) RZ7 T RI w
— 2 p I 2 pT—p.T — 38R’ SRf(p2fﬁz)
@ “mEtE T wmiE G = SR —ARrL - — o
5 Y i) B O 0 N W G L2 0227 | 5 (-2p)

6 = =3 R2 =3 R2 =2 ) Ry = Ry 72

32 _

as = -—4R (p;), a; = —4(”?”)33

Here, R, = (R’W)kzl,...n forT=1,2.

Proof. See the Appendix H

Equation (7) clearly illustrates how the market return, the squared excess market return
7“12\42, the cubic of the excess market return 7'?\42: the aggregate volatility risk Vary (rys2), the
aggregate skewness risk Skew; (rys2), and the aggregate correlation risk 7‘5\5{)1 influence the
asset’s expected return. The market-aggregate volatility product, namely, 1V ary (rar2);
the market-mimicking squared market product, namely rf\ﬁ}l .rap1; and the market-mimicking
aggregate volatility risk product, namely ri}f a1 also influence the asset’s expected re-
turn. Equation (7) predicts that the market price of coskewness risk @; is negative while
the market price of cokurtosis risk @, is positive. It also predicts that the sign of the
market price of the aggregate volatility risk factor, @3, depends on the average value of
investor risk-tolerances 7, skew-tolerances p, and the cross-sectional variance of investor
risk-tolerances 72 — 72. Further, it predicts that the sign of the market price of the ag-
gregate skewness risk factor, @4, depends on the average value of investor risk-tolerances
T, kurtosis-tolerances &, and the cross-sectional covariance of investor risk-tolerances with
skew-tolerances p7 —p.7 . The sign of the market price of the aggregate correlation risk fac-
tor, ag, depends on the cross-sectional variance of investor risk-tolerances, skew-tolerances
p2 — 72 and the cross-sectional covariance of investor risk-tolerances with skew-tolerances.
Finally, the market prices @7 and ag depend on the cross-sectional variance of investor

risk-tolerances, and are negative. This implies that, all else equal, assets with a nega-

. . . . z g .
tive covariance with the risk factors 7‘3911.7“ 1 and 7 A(/)[’f .rym1 have higher expected returns
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than assets with positive or zero covariance with these factors.!* The SDF implied by

specification (7) is given in the next proposition:

Proposition 5 In a two-period investor’s problem with heterogeneous preferences and ho-

mogeneous expectation, the aggregate SDF for the first period [0, 1] is given by:

1 _
mo1 = R—f + Dora1 + Dy (7']2\41 - Eor]ZVH) + Do (r}o’m — Eor%ﬂ) (8)
+D3 (Varl (TMQ) — E()VCLT’l (TMQ)) + E4 (Skewl (TMQ) — EoSkew1 (TM2)>
+Ds (ranVary (ruz) — EoranVary (ruz)) + De (7” Wi - EOT%)

) < < Y S0,9 <0,9
+Dr (TJ\(/JH‘TMl — EOTA‘}H.TMl) + Dg (T‘Ml 7 — Eorypy .er)

where D; = —g; and ;s are defined in Proposition 4.

Proof. See the Appendix. Il

As shown in Equation (8), the SDF my ; involves several factors. The risk factors rq,
TJQVH, and r?\/n are well-known in the literature involving nonlinear SDF's (see for e.g., Harvey
and Siddique (2000) and Dittmar (2002)). The additional new risk factors are: the aggre-
gate volatility risk, namely, Var; (rpr2); the aggregate skewness risk, namely, Skew; (rar2);
the market-aggregate volatility product, namely, ry1 Vary (rpr2), the correlation risk factor
TE\%, the market-mimicking squared market product ri%l.er, and the market-mimicking
aggregate volatility risk rf\?[’f a1 product.

As shown in Proposition 4, our theory predicts that the cross-sectional variance and
covariance of investor preferences explain the assets risk premia via the parameters 72 — 72,
p2—7p2%, and p7 — p.7 . If the cross-sectional variance and covariance of investor preferences

2 = p2 —p? = pr — p.7 = 0 and the multi-beta

are not important for asset pricing, 72 — T

pricing relationship in Equation (7) reduces to:

E[)Rkﬂ — Rf = apCoyg (T‘Ml, Rkﬂ) + @1 Covg (7‘12\41, Rk,l) + asCovg (7'%/[17Rk,1) (9)
+asCovy (Vary (ryz) , Ri1) + @aCouvg (Skewr (1a2) , Ri1)

+asCovg (ryiVary (rare) , Ri1)

14The case where the portfolio Welght and the asset risk premia functions are approximated by wr Q) (o) =
[4]
J, w” (0) and ag,- (o) = Z (;f anT( 0) with » = 3 produces an asset pricing model in which the
Jj=0 J
aggregate kurtosis risk is prlced Due to space consideration, the result and its proof are available on
request. The result indicates that the cross sectional skewness of investor skew-tolerances, is also important

for asset pricing.
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with:

a = iRy ap = —;%R2>
+ (2122 (1+3R2) B Ry) Varg (ran)
@ - AR mo= gk
@ = 5-%&4 @ = BR;-4RpE + 202

3 Empirical Implications

In this section, we develop the empirical implications of the expected return decomposition
given in Equations (5) and (7), and the SDFs derived in Equations (6) and (8). In the

succeeding sections, we develop the empirical tests of these implications.

3.1 Pricing Coskewness and Systematic Volatility in the Cross-Section

Since the asset k is arbitrary, Equation (5) can be individually applied to Rps1. This is
obviously not a problem since R represents the return on traded assets. On the other
hand, the volatility contract 7“%41 and the volatility of future market return Vary (ras1)
may not be spanned by the traded assets and applying Equation (5) to these quantities
involves the use of the returns r2,, /my, and Vary (rae) /my,, where my, represents the
fair value of the volatility contract and 7y, is the fair value of the volatility of the future
market return.'® Applying Equation (5) to these returns gives a system of equations for the
quantities Ag, By, and Dg. Solving for these quantities and substituting back into Equation
(5) then produces a multi-beta pricing model that involves covariance risk, coskewness risk

and aggregate volatility risk. The above discussion implies that

EoRpe1— Ry = a+B1Eo (Ryis1 — Ry)+BoEo (rip1 — Ry) +BsEoVare (rases2) (10)

where

a = ByRy (1 —mm,) — BsRymy,.

The above model is referred to as the MS 'V model. In the case where o = 0 and 35 = 0,
Equation (10) reduces to the Harvey and Siddique (2000) market coskewness model. When
By = 0, Equation (10) reduces to the Ang, Hodrick, Xing, and Zhang (2006) empirical

'"See Bakshi, Madan and Kapadia (2003) for the definition of the volatility contract.
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aggregate volatility risk model

EoRpiy1 — Ry = a+ B1Eo (Rare+1 — Rf) + B3EoVary (rare+2) - (11)

The model described by Equation (11) is referred to as the MV model. The sample
counterpart of Equations (10) and (11) can be used to estimate alpha and the betas. If the
excess risk factors are important for explaining risky returns, the estimated betas should
be statistically significant. The main prediction from Equation (10) is that stocks with
different loadings on the squared excess market return and aggregate volatility risk have
different average returns. Equation (10) is consistent with the SDF my 41 (with ¢t = 0)

derived in Proposition 3. This SDF can be written in the form
M1 = g + O1fi41, (12)

where f;1 is the J x 1 factor vector, and ©; is the J x 1 coefficient vector. Nonzero
elements of O indicate the importance of a factor as a determinant of the SDF. All pricing

models have an equivalent representation in terms of multivariate betas and prices of risks

J
ERi1 — Ry =B'A=)_ B\, (13)
j=1

where 8 = Covg (fi41, ftTH)_l Covg (fi11, Res1) and
A= —R;Covq (fir1,£ 1) O1 (14)

with ©1 = (©1;),_; ;- In Equation (13), the §’s are the projections of the returns onto
the factors, and the \’s are the prices of beta risks. To determine whether the jth factor
significantly influences the expected returns on a particular set of portfolios, we must assess
whether the corresponding market price of risk ); is significantly different from zero. Notice
that A\; = 0 does not mean ©1; = 0 and vice versa. When C'ovg (ft+1, £ +1) is diagonal, the
two statements are equivalent. The Hansen and Jaganathan (1997) procedure is used to

estimate the parameters ©; and then compute the market prices of beta risks.
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3.2 Pricing Aggregate Higher Moment Risks in the Cross-Section

We use Equation (7) and follow the methodology described in the above section and deduce
the multi-beta pricing model that involves coskewness, cokurtosis, aggregate variance risk,

aggregate skewness risk and aggregate correlation risk.

EoRys1 — Ry = a+ B1Eg (Ryes1 — Ry) + ByEo (ripi41 — Ry) + BsEo (rypeq — Ry)  (15)
+B84EoV arii1 (rares2) + BsEoSkewii1 (rare2) + BeEorme+1Vari41 (Tare+2)

+ﬁ7E0?”g\Z)t+1 + BsEo (T%t_t'_lth—‘rl - Rf) + By Eo (Tj\%:_lth-&-l - Rf) .

The model described by Equation (15) is referred to as the MSC VS model. The sample
counterpart of Equation (15) can be used to estimate alpha and the betas. If the risk factors
appearing in Equation (15) are important for explaining risky returns, the estimated betas
should be statistically significant. The procedure described in the previous section (see
Equations (13) and (14)) is used to estimate the market prices of beta risks that correspond
to the risk factors appearing in Equation (15).

Note that the return on the mimicking squared market return 7“39” 41 Is maximally
correlated with the squared market return 7“%/11: +1- Therefore, if the squared market return
r?m 41 1s spanned by the set of basis assets, TJQW 41 can be well approximated by rﬁflt 41
This implies that rﬁﬁ 41 can be well approximated by the market-mimicking squared market
return product r Mt+1r§2t 41+ In addition, if the aggregate volatility risk is spanned by the set
of basis assets, Vary (rpr2) can be well approximated by ri?[’f +1; and the market-aggregate
volatility product rp1Vary (rar2) can be well approximated by rf\%’ 1T Mt41- Furthermore,
if the squared market return 7“]2\/” 4o 18 spanned by the set of basis assets, 7"12\“ 49 Can be
approximated by rf\}[t 405 and the aggregate skewness risk factor Skewyy1 (raser2) can be

(p)

well approximated by the aggregate correlation risk ry, ;. The above discussion implies

that the multi-beta pricing model in Equation (15) can be simplified to

EoRpir1 — Ry = a+ B1Eo (Ryerr — Ry) + B2Eo (T]E\%)H»l - Rf) (16)
+B3Eo (Tf\thTMt-H - Rf) + 54E07“§\2’f+1

(p) 0,0
+B5Eor i1+ BeEor i1 M1,
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or alternatively to

EoRps1 — Ry = o+ B1Eo (Rues1 — Ry) + BoEo (1341 — Ry) (17)
+,63E() (T]g\/[tJrl - Rf) + B4E(]V(ITH_1 (TMt+2)

+,65E05k6wt+1 (TMt+2) + BﬁEOTMlVCLT]_ (T’MQ) .

It also implies that the alphas and betas loading in Equations (16) and (17) should be
nearly identical. The multi-beta models in Equations (16) and (17) are referred to as the

Reduced-MSC_VS(1) and Reduced-MSC_ VS(2) models respectively.

4 Empirical Results

In this section, we apply the empirical models developed in the previous section to the data
by choosing empirical proxies for the risk factors. We then report and discuss the results

of the empirical analysis.

4.1 Data
4.1.1 Risk Factors

To investigate how coskewness risk, cokurtosis risk, aggregate volatility risk, aggregate
skewness risk, and aggregate correlation risk are priced in the cross-section of equity returns,
we use an observable proxy for the market factor and compute observable proxies for
the factors representing aggregate volatility risk, aggregate skewness risk, and aggregate
correlation risk. We use the CRSP value-weighted market index to proxy the market return.
We use the daily value-weighted index from CRSP for the period 1965-2006 to compute

the market volatility

Q-1
2
vl = ) (BMttq+1 — Rrq)” /@ (18)
q:
in each month, where Rz ¢4 is the daily return on the market portfolio on day ¢ of month
t, with @ representing the number of trading days in the month. We compute the market

aggregate skewness as

Q 3
21 (RM,t+q - MMt)
q:

Q=

SMt = 0_3
Mt
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with
1 @ 9
e == > (Raiq — tare)”
Q q=1

where pi;, and 03, are commonly defined as the first and second central moments. We also
compute the monthly returns on the mimicking squared return Rﬁﬁ” 41 and the mimicking
aggregate volatility risk Rj}f 41+ To do this, we first use monthly stock returns to compute
the sample counterpart of the weights ¢; and <;» which we denote a and %tﬂg, and we

< = 3 = . IR
use Ry, = §IRt+1 and R};/ 1= gtTﬁRtH as proxies for the return on these mimicking

portfolios. To compute the aggregate correlation risk factor r](\’/)[)t 41, We use a sample corre-

lation between the daily market return Rjpstyo and the return on the mimicking skewness

portfolio Rf\t[tiQ within each month. Rather than work with the correlation values, which

by construction are bounded by [—1, 1], we transform them to Fisher correlation defined
by

(p)
14+
Fcorr =0.5 xIn N V23 )
1 (ﬂ)

~ TMit+1
This function is continuous and monotonic, and there is one-to-one mapping between the
actual correlation rj(\f[)t 41 and the Fisher-transformed correlation. Finally, we transform

each risk factor fi;1, except the market factor, as gy,., = (fi+1 — fi) / ft-

4.1.2 Stock Returns

We use two sets of independent stock returns dataset. First, we use 30 industry portfolios.
The industry portfolios are formed by sorting the NYSE/ AMEX/ NASDAQ equities into
groups based on SIC codes. Second, we use the 25 Fama and French portfolios. The Fama
and French portfolios are formed by sorting the NYSE/ AMEX/ NASDAQ equities into

groups based on size and book-to-market.'6

4.2 Results
4.2.1 Aggregate Volatility Risk

Panel A of Table 2 summarizes the multivariate regression results for the MV model using
industry portfolios as the dependent variables. The intercepts are significant for far fewer

industries, the market betas are significant for all industry portfolios, and the aggregate

"We  thank Kenneth French for making these data available on his  website:
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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volatility risk betas are significant for far fewer industries (8 of 30 industries). Panel B of
Table 2 shows the cross-sectional average of alphas and betas. The average value of alphas
is significant at the 1% level. This suggests that the MV model might be misspecified.
The average value of the market betas is positive and significant at the 1% level, while the
average value of the aggregate volatility risk betas is negative and significant at the 1% level.
In other words, following periods of unexpected increased market volatility, stock prices
drop on average, controlling for the market risk. This is consistent with the literature on
asymmetric volatility, especially recent works that examine the effect of aggregate volatility
risk on the cross-section of returns [see e.g. Ang et al. (2006) and Boehme et al. (2007)].
They find a negative relation between stock returns and the market aggregate volatility risk.
To see the economic impact of the aggregate volatility risk on industry portfolios, consider
the Txtls portfolio which has the largest beta in magnitude. For a 1% increase in the excess
aggregate volatility risk factor, the portfolio excess return decreases by 0.016%. Panel C
evaluates the significance of the betas for each factor. The hypothesis of a zero-beta vector
for each factor is rejected. This result reveals that the market and the aggregate volatility
risk factors have a significant impact on industry portfolio expected excess returns. We
repeat the same analysis in using the 25 Fama and French portfolios. The results are

qualitatively similar.

4.2.2 Market Coskewess and Aggregate Volatility Risk

Panel A of Table 3 summarizes the multivariate regression results for the MS V model
using industry portfolios as the dependent variables. The intercepts are significant for far
fewer industries, the market betas are significant for all industry portfolios, the squared
market return betas are significant for 12 of 30 industries, and the aggregate volatility
risk betas are significant for far fewer industries (7 of 30). Panel B of Table 3 shows the
cross-sectional average of alphas and betas. The average value of alphas is significant at
the 1% level. Similarly, to the MV model, this suggests that the MS V model might
also be misspecified. The average value of the market betas is positive and significant
at the 1% level, the average value of the squared market return betas is negative but not
significant. However, the average value of the aggregate volatility risk betas is negative and
significant at the 1% level. Panel C evaluates the significance of the betas for each factor.

These results reveal that the market, the squared market, and the aggregate volatility risk
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factors have a significant impact on industry portfolios. It is useful to point out that with
the squared market factor, there is nearly no decrease in the number of significant betas
for the aggregate volatility risk factor. Moreover, as shown in Panel C, the hypothesis of
a zero-beta vector for each factor is rejected. Thus, the squared market return does not
drive out the joint significance of the aggregate volatility risk factor. We repeat the same

analysis in using the 25 Fama and French portfolios. The results are qualitatively similar.

4.2.3 Market Coskewness, Market Cokurtosis, and Aggregate Higher Moment
Risk

Table 4 summarizes the multivariate regression results for the MSC VS model using in-
dustry portfolios as the dependent variables. The intercepts are significant for far fewer
industries: Food, Beer, ElcEq, Whisl, Rtail and Other. The market betas are significant
for all industry portfolios. The squared market return betas are significant and negative
for far fewer industries: 10 out of 30 industries have significant and negative betas, while
one industry’s beta is significant and positive. To see the economic impact of the squared
market return on industry portfolios, consider the Mines and Coal portfolios, which have
the largest beta in magnitude. For a 1% increase in the excess squared market risk factor,
the Mines portfolio excess return decreases by 1.37%, and the Coal portfolio excess return
decreases by 1.63%. The cubic market return betas are significant and positive for 9 of 30
industries. To see the economic impact of the cubic market return on industry portfolios,
consider again the Mines portfolio, which has the largest beta in magnitude. For a 1%
increase in the excess cubic market return risk factor, the Mines portfolio excess return
increases by 0.90%. On the other hand, the aggregate volatility risk betas are significant
and negative for about one-half of industry portfolios. To investigate the economic im-
pact of the aggregate volatility risk factor on industry portfolios, consider again the Mines
portfolio, which has the largest beta in magnitude. For a 1% increase in the excess ag-
gregate volatility risk factor, the Mines portfolio excess return decreases by 0.13%. The
aggregate skewness risk betas are significant and positive for most industry portfolios (26
out of 30 industries). However, the magnitude of their betas is small, lower than 0.001.
Furthermore, the market-aggregate volatility product betas are significant and positive for
about half of industry portfolios. To investigate the economic impact of this risk factor on

industry portfolios, consider the Mines portfolio, which has the largest beta in magnitude.
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For a 1% increase in the excess market-aggregate volatility risk factor, the Mines portfolio
excess return increases by 0.13%. The aggregate correlation risk betas are significant for
far fewer industries. The magnitude of its betas is similar to the magnitude of the aggre-
gate skewness risk betas. The market-mimicking squared market return product betas are
significant for more than half of industry portfolios. To investigate the economic impact of
this risk factor on industry portfolios, consider the Servs portfolio, which has the largest
beta in magnitude. For a 1% increase in the market-mimicking skewness risk factor, the
Servs portfolio excess return increases by 0.44%. The market-aggregate volatility product
betas are significant for 16 of 30 industries. To investigate the economic impact of this
risk factor on industry portfolios, consider the Coal portfolio which has the largest beta
in magnitude. For a 1% increase in the excess market-aggregate volatility risk factor, the
Coal portfolio excess return increases by 0.07%.

Panel B of Table 4 shows the cross-sectional average of alphas and betas. The average
value of alphas is not significant. This suggests that the MSC VS model might be correctly
specified. The average value of the market betas is positive and significant at the 1% level.
The average value of the squared market return betas is negative and significant at the
1% level. On average, for a 1% increase in the excess squared market factor, the average
industry portfolios excess return decreases by 0.2%. The average value of the cubic market
return beta is positive and not significant, while the average value of the aggregate volatility
betas is negative and significant at the 1% level. Note that the cross-sectional average of
the aggregate skewness betas is significant at the 5% level and small in magnitude. Panel
C shows that the hypothesis of a zero-beta vector for each factor is rejected, except for the
aggregate correlation risk factor. This suggests that the market return, squared market
return, cubic market return, aggregate volatility risk, aggregate skewness risk, market-
aggregate volatility risk product, and market-mimicking squared market return product
have a significant impact on industry portfolios. We repeat the same analysis in using the

25 Fama and French portfolios. The results are qualitatively similar.

4.2.4 Are unspanned squared market and unspanned aggregate volatility risk

priced?

We investigate whether the component of the squared market and the component of the

aggregate volatility risk that cannot be spanned by industry portfolios are priced. Recall
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that in section 3.2 we show that if the squared market and the aggregate volatility risk
are spanned by the basis assets, the estimated alphas and betas in the multi-beta pricing
relationships (16) and (17) should be nearly identical. Tables 5 and 6 show the estimated
betas for the Reduced-MSC VS(1) and Reduced-MSC_VS(2) models.

First, the cross-sectional average of alphas is not significant for the Reduced-MSC _VS(1)
model while it is significant at the 1% level for the Reduced-MSC _VS(2) model. Table 5
shows that the squared market betas are significant and negative for far fewer industries:
8 of 30 industries have significant and negative betas. The cross-sectional average of betas
is negative and significant at the 10% level. In contrast, Table 6 shows that the mimicking
squared market return betas are significant for about one-half of 30 industries. Some indus-
tries have positive betas while other have negative betas. Furthermore, the cross-sectional
average of betas is not significant. This suggests that the component of the squared market
return that is not spanned by industry portfolio returns is priced.

Table 5 shows that the aggregate volatility risk betas are significant and negative for
14 of 30 industries. The cross-sectional average of betas is negative and significant at the
1% level. In contrast, Table 6 shows that the mimicking aggregate volatility risk betas are
significant and positive for far fewer industries (4 of 30 industries) and the cross-sectional
average of aggregate volatility betas is significant and positive at the 1% level. This suggests
that both the spanned and unspanned components of the aggregate volatility risk factor
are priced. We repeat the same analysis in using the 25 Fama and French portfolios. The

results are qualitatively similar.

4.2.5 Market Prices of Risks

Table 7 shows the market prices of beta risks when the 25 Fama and French portfolios
are used. We use different subsamples: 1996-2006, 1993-2006, 1990-2006, 1987-2006, 1984-
2006, 1981-2006 and the full sample which is from 1965-2006. The Hansen and Jagannathan
(1997) distance measure is used to estimate the coefficients of the SDF. The coefficients
of the risk factors appearing in the SDF are then used to compute the market prices of
beta risks using Equation (14). Panel A presents the results when the MV model is used.
Consistent with our theoretical predictions, the price of the market factor is significant
and positive, while the market price of the aggregate volatility risk factor is significant and

negative for all sample periods, except for the full sample. This price ranges from -0.497
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to -0.291. Panel B presents the results when the MS V model is used. The price of the
market factor is significant and positive for all sample periods. Note that the price of the
squared market factor is significant and positive for all sample periods. This result does
not contradict our theory because we are computing the market prices of beta risks, which
is slightly different from the market prices of covariance risks. The positive sign of this
price comes from the correlation between the risk factors. On the other hand, we find that
the market price of the aggregate volatility risk factor is significant and negative for all
sample periods, except for the full sample. This price ranges from -0.52 to -0.27. Panel
C presents the results when the MSC VS model is used. The price of the market and
squared market factors are significant and positive for all sample periods. The price of the
cubic market factor is significant and positive for all sample periods, except for the 1981-
2006 sample period. Furthermore, the market price of the aggregate volatility risk factor
is significant and negative for all sample periods, except for the full sample. This price
ranges from -0.94 to -0.32. The market price of the market-aggregate volatility product
is significant and negative for all sample periods, except for the full sample. Given the
analytical expressions of the market price of aggregate volatility risk (see Proposition 4),
we conclude that the cross-sectional variance of investor skew-tolerances has a significant
impact on assets’ risk premia. Furthermore, the aggregate skewness risk whose market
price is 0.24, is significant for the full sample while the market price of correlation risk is
not significant. We repeat the same analysis in using the 25 Fama and French portfolios

augmented with the 30 industry portfolios. The results are qualitatively similar.

4.2.6 Do the cross-sectional variance and covariance of investor preferences

matter for asset pricing?

Tables 4 and 5 show the multivariate regression results for the MSC VS and Reduced
MSC_VS(1) models respectively. As shown in Table 4, the factors that capture the cross-
sectional variance and covariance of investor preferences have a significant impact on indus-
try portfolios. For example, the aggregate correlation betas are significant for the Hshld,
ElcEq, Autos, Mines, Util, and Paper industries. The market-mimicking squared market
product betas and the market-mimicking aggregate volatility product betas are significant
for more than half the industries. In addition, the aggregate volatility, aggregate skew-

ness, and market-aggregate volatility betas shown in Tables 4 and 5 are different. This
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indicates that the cross-sectional variance and covariance of investor preferences have a sig-
nificant impact on the assets’ risk premia via the aggregate volatility, aggregate skewness,
and market-aggregate volatility betas. Panel C of Table 5 evaluates the joint significance
of the betas for each factor. The hypothesis of a zero-beta vector for each factor is re-
jected. The factors that capture the cross-sectional variance and covariance of investor
preferences have a significant impact on industry portfolios. Note that with the aggregate
correlation risk, market-mimicking squared market product, and market-mimicking aggre-
gate volatility product, there is nearly no decrease in the number of significant betas for
the market, squared market, cubic market, aggregate volatility risk, aggregate skewness
risk, and market-aggregate volatility product factors.

Panels C and D of Table 7 present the market prices of risk for the MVC VS and
Reduced MVC_VS(1) models. As shown in Panels C and D, the prices of the market,
squared market, and cubic market betas are quite similar. However, the difference between
the prices of the aggregate volatility, aggregate skewness, and market-aggregate volatility
product betas is economically important. This is due to the cross-sectional variance and
covariances of investor preferences. To see this, recall that Section 2.5 theoretically shows
that the Reduced MSC _VS(1) model is obtained by setting the cross-sectional variance
and covariance parameters to zero. When these parameters are not null, our theoreti-
cal result predicts that the cross-sectional variance and covariance of investor preferences
have a significant impact on the market prices of aggregate volatility, aggregate skewness,
and market-mimicking aggregate volatility risk product. Moreover, if the cross-sectional
variance and covariance of investor preferences are important for asset pricing, then the
market price of the aggregate correlation risk, market-mimicking squared market, and
market-mimicking aggregate volatility product have a significant impact on the assets’ risk

premia. This prediction is also confirmed by the empirical results obtained in panel C.

5 Summary and Concluding Remarks

We generalize the market coskewness of Rubinstein (1973), Harvey and Siddique (2000), the
market cokurtosis of Dittmar (2000) and the empirical aggregate market volatility model
of Ang et al. (2006). The equilibrium SDF depends not only on the market return, the

squared market return, and the cubic market return, but also on the aggregate volatility
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risk, aggregate skewness risk, aggregate correlation risk, market-mimicking squared mar-
ket product, and market-mimicking aggregate volatility product. This implies that the
expected return on any risky assets depends not only on its covariance, coskewness, and
cokurtosis with the market return, but also on its covariance with the aggregate volatility
risk, aggregate skewness risk, aggregate correlation risk, market-mimicking squared mar-
ket product, and market-mimicking aggregate volatility product. We show that the market
prices of the risk factors appearing in the SDF have a structural interpretation in terms
of the average value of investor risk-tolerances, skew-tolerances, kurtosis-tolerances, the
cross-sectional variance of investor risk-tolerances, the cross-sectional variance of investor
skew-tolerances, and finally the cross-sectional covariance of investor risk-tolerances with
skew-tolerances. Empirical results with the 30 industry portfolios and the 25 Fama and
French portfolios suggest that the market prices of most risk factors appearing in the SDF
have a significant impact on the expected excess return on the assets.

Further research in this area could address at least two issues. First, although the the-
oretical analysis contains some conditioning information due to the rebalancing of investor
portfolio weight at each period, the above analysis is not a formal conditional test for asset
pricing models with higher moments. Our theory predicts that some of the coefficients of
the SDF vary through time. It can be shown that a dynamic model identical to ours in
which investors care about preferences beyond kurtosis will lead to a SDF in which the
market prices of all risk factors appearing in the SDF vary throughout time. This will
also help to identify, in equilibrium, which conditioning variables should be used to esti-
mate the time-varying market prices that correspond to the market return, squared market
return, cubic market return, aggregate volatility risk, aggregate skewness risk, aggregate
kurtosis risk, aggregate correlation risk, market-mimicking squared return product, and
the market-mimicking aggregate volatility risk product. This is an important issue in asset
pricing since existing models assume that the coefficients of risk factors appearing in the
SDF are linear functions of exogeneous conditioning variables. Second, instead of estimat-
ing the market prices of risks via the distribution of investor preferences, we first estimate
the coefficients of the SDF that are nonlinear functions of investor preferences, and then
use the coefficients to compute the market prices of risk. Further research could use the
SDF proposed in this paper to recover the distribution of investor preferences.

In summary, the theory presented here offers a justifiable reason for using both the
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market return, the squared of the market return, the cubic market return, the aggregate

volatility risk, aggregate skewness risk, aggregate correlation risk, the market-mimicking

squared return product, and the market-mimicking aggregate volatility risk as explanatory

variables.

References

[1]

Ang, A., R. Hodrick, Y. Xing, and X. Zhang, 2006, “The Cross-Section of Volatility
and Expected Returns,” Journal of Finance, 51, 259-299.

Bakshi, G., N. Kapadia, and D. Madan, 2003, “Stock Return Characteristics, Skew
Laws, and Differential Pricing of Individual Equity Options,” Review of Financial

Studies 16, 101-143.

Balduzzi, P., and T. Yao, 2007, “Testing Heterogeneous-agent Models: An Alternative

Aggregation Approach,” Journal of Monetary Economics 54 (2), 369-412.

Boehme, R., B. Danielsen, and S. Sorescu, 2007, “Estimation Risk, Information, and
the Conditional CAPM: Theory and Evidence,” Review of Financial Studies (forth-

coming).

Brandt, Michael W., 1999, “Estimating Portfolio and Consumption Choice: A condi-

tional Euler equation approach,” Journal of Finance 54, 1609-1645.

Brandt, M., A. Goyal., P. Santa-Clara., and J. Stroud, 2005, “A Simulation Ap-
proach to Dynamic Portfolio Choice with an Application to Learning About Return
Predictability,” Review of Financial Studies 18, 2005, 831-873.

Cass, D., and J. Stiglitz, 1970, “The Structure of Investor Preference and Asset Re-
turns and Separability in Portfolio Allocation: A Contribution to the Pure Theory of
Mutual Funds,” Journal of Economic Theory, 2, 122-160.

Chabi-Yo, F., R. Leisen, and E. Renault, 2007, Implications of Asymmetry Risk for

Portfolio Analysis and Asset Pricing, Discussion paper, UNC.

Chacko, G., and M. Viceira, 2005, “Dynamic Consumption and Portfolio Choice with

Stochastic Volatility in Incomplete Markets,” Review of Financial Studies 18 (4).

31



[20]

[21]

Constantinides, G., 1982, “Intertemporal Asset Pricing with Heterogeneous Con-

sumers and without Demand Aggregation,” Journal of Business, 55, 253—267.

Constantinides, G., and Duffie, D., 1996, “Asset Pricing with Heterogeneous Con-
sumers, Journal of Political Economy,” 104, 219-234.

Cochrane, J. H., 2001, Asset Pricing (Pinceton University Press: Princeton, NJ).

Dittmar, R. F., 2002, “Nonlinear Pricing Kernels, Kurtosis Preference, and Evidence

from cross-section of Equity Returns,” Journal of Finance 57, 368-403.

Epstein, L., and S. Zin, 1989, “Substitution, Risk Aversion, and the Temporal Behav-
ior of Consumption and Asset Returns: A Theorical Framework,” Econometrica, 57,

937-969.
Fama, E., 1991, “Efficient markets I1,” Journal of Finance 46, 1575-1618.

Fama, E., and K. French, 1993, “Common Risk Factors in the returns on Stocks and

bonds,” Journal of Financial Economics, 33, 3—56.

Fama, E., and J.MacBeth, 1973, “Risk,return,and equilibrium: Empiricaltests,” Jour-
nal of Political Economy,81, 607-636.

Ghysels, Eric, 1998, “On Stable Factor Structures in the Pricing of Risk: Do Time
Varying Betas Help or Hurt,” Journal of Finance 53, 549-574.

Hansen, Lars Peter, and Ravi Jagannathan, 1997, “Assessing Specification Errors in

SDF Models,” Journal of Finance 52, 557-590.

Harvey, C.R., and A. Siddique, 2000, “Conditional Skewness in Asset Pricing Tests,”
The Journal of Finance 55, 1263-1295.

Harvey, C.R. and A. Siddique, 2000, “Conditional Skewness in Asset-Pricing Tests,”
Journal of Finance, LV(3), 1263-95.

Heaton, J., Lucas, D., 1996 “Evaluating the Effects of Incomplete Markets on Risk
Sharing and Asset Pricing,” Journal of Political Economy, 104, 443-487.

Juud, G., and S. Guu., 2001, “Asymptotic Methods for Asset Market Equilibrium
Analysis,” Economic Theory 18, 127-157.

32



[24]

[25]

[31]

Kraus, A. and R. Litzenberger, 1976, “Skewness Preference and the Valuation of Risk,
Assets”, Journal of Finance , 31(4) , 1085-1100.

Lintner, John, 1965, “The Valuation of Risky Assets and the Selection of Risky Invest-
ments in Stock Portfolios and Capital Budgets,” Review of Economics and Statistics

47, 13-37.
Markowitz, H., 1952, “Portfolio Selection,” Journal of Finance, 7, 77-91.

Rubinstein, M., 1973, “The Fundame nt al Theorem of Parameter-Preference Security,

Valuation”, Journal of Financial and @ uantitative Analysis, 8(1), 61-69.

Rubinstein, M., 1974, “An Aggregation Theorem for Securities Markets,” Journal of
Financial Economics, 112, 443-477.

Samuelson, P. A., 1970, “The Fundamental Approximation Theorem of Portfolio
Analysis in Terms of Mean, Variance and Higher Moments,” Review of FEconomic

Studies 37, 537-42.

Sharpe, William F., 1964, “Capital Asset Prices: A Theory of Market Equilibrium
Under Conditions of Risk,” Journal of Finance 19, 425-442.

Wilson, R., 1968, “The Theory of Syndicates,” Econometrica, 36(1), 119-132.

33



6 Appendix
Proof of Propositions 1, 2, and 3. We solve backward investor’s portfolio choice.

e First, we solve investor’s portfolio choice at date 1. Each investor solves the following opti-

mization problem:

max Ey [uz (C’éi) (a)) + Buy; (CY) (O')) + B2u; (WQi) (0’))} . (20)

(¢ (). wi?fc(”)}::l

The FOCs with respect to investor’s consumption and portfolio weights are:

O (0): i (O (0)) = BB, (W5 (0) (Ry + " () RS (0)) = 0.

Wi (0) : B (WS (9)) (001 (0) + Yis) = 0.

e Second, given the results derived from Equation (20), we solve investor’s portfolio choice at

date 0. Each investor solves the following optimization problem:

max Ey [uz (C(()i) (U)) + Bu; (Cfi) (0)) + B2u; (W2(1) (a))} .

{c§(@), wii(@)}

The FOCs with respect to investor’s consumption and portfolio weights are:

5 (0): i (C (0)) = BEos; (W3 (@) (By + " ()5 () (Ry +i”" () Rs (0)) = 0.
w& (o) : Eou, (WQ(Z) (0’)) (cak,o (o) +Yi1) (Rf + wgi)T (o) RS (0‘)) =0.

To give a formal proof of Propositions 1, 2 and 3, we first derive w!” (0), ak,- (0), W' (0),

a;w (0) for 7 =0, 1.

First step: we derive w (0) and ay, , (0) for 7 =0,1

At date 1, we consider the FOC with respect to the portfolio weights and take the first

derivative of this FOC with respect to o:
By (W5 (0)) Wi (0) (0axa (0) + Yea) + Evu; (W5 (0)) (ana (o) + 00y, (0)) = 0.
Then, we take the limit as o converges to zero of expression above and get:

E, ;1}% Wg(i) (0) Yi2 = Tiax,1 (0), (21)
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with:

Denote:

Y, = (YkT)k:L...n for r=1,2.
Note that the limit as o converges to zero of the first derivative of WQ(i) (o) with respect to
o is:
lim W' () = lim (ng> (o) — &) (0)) R (22)

, , 1 . . h
+ lim W (o) (wf;” (0) Y1) + = lim Wi (o) (wgm (0) Y2> ~ lim €17 (o) By.
g~ f g~ O~
Next, we replace Equation (22) in Equation (21) and get:

1 . i i
By lim Wy" (o) (wg T (0) Y2> Yo = Tiar1 (0). (23)
f o~0

Note that the market clearing condition at date 1 is:

(Wi (@) = 7 (@) o (o) = 1.

I
i=1

Hence, the limit as o converges to zero of the market clearing condition is

Now, we take the sum of Equation (23) for i = 1,...,I, and utilize of the limit of the market

clearing conditions when o converges to zero to deduce:

1 15 Ly
—Covy (@] Y2),Ys2) = a1 (0) with @y = f91 and 7 = Vi > T
- i=1

We, thereafter, replace expression above into Equation (23) and get:

Ly i i Ti _
Eig lim W, ) (o) (wg T (0) Yz) Yiz = ZCoun (@] Y2),Yea).

Hence, expression above can be solved for wgi) (0) :

Rf Ti__
T T
W (0) 7

At date 0, we consider the FOCs with respect to the portfolio weight, take the first derivative
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of this FOC with respect to o, then take its limit as o converges to 0 and get:
Ey lim W3 (0) Yea = mian0 (0) (24)
Now, we replace Equation (22) in Equation (24) and get:
By lim W' (0) Yix = Eo lim W{” (o) (wg“T 0) Yl) Vi1 — Eo lim C{"' (0) By i1 (25)

To solve Equation (25) for w(()i) (0), we first find lim,..q C{i)/ (o). To derive the former ex-

pression, we take the FOC with respect to consumption at date 1:
u, (C)(0)) = 8B, (W5 (0)) (Ry + w7 (o) R5 (o)) = 0.
Then, we take the first derivative of this FOC and take its limit as o converges to zero:
u (1im €7 (o)) 1im O (o) = BRyw; (Tim WE" () Br (Tim W' (@) =0 (26)
To solve Equation (26) for lim,..g C’fi), (0), we first use Equation (22) to derive:

By lim Wi (o) = lim (Wéi) (o) — Co (a)) R+ 1im Wi (o) (wg” (0) Yl)—lin% C) (o) Ry

o~

Then, we replace expression above in Equation (26) and get:
et (@) : (2)’
u; hrr%) Cy" (o) hrr%J C;" (o)

) . limg..o (WS (o) — P R?
~pRsu (Jim Wi (o)) e (W () - 67 ) A N

70 +limg.. g le) (o) (wgm (0) Yl) — limg..g sz) (o) Ry
= 0.

We divide expression above by u;/ (limawo C’{i) (0’)) and get:

’

: i)’ . i i 1 . i i
lim C£ ) (o) =v; (1% (WO ) (o) — C’é ) (O')) Ry + R—fvi (;% Wy ) (o) (w(())T (0) Yl)) (27)

o~0

with

5R;
7 (Pw)
ul (Wi (0))

(28)

Vi =

+ AR
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Next, we replace Equation (27) in Equation (25) and deduce
By lim W' (0) Yia = (1 — v3) By lim w (o) (wff” (0) Y1> Yie1.

We, thereafter, use expression above to rewrite Equation (24) as

T

Bo lim Wi (0) (w§T (0) Y1) Vi1 = 7,00 (0) with 7, = (29)

].—VZ'.

Note that the market clearing condition at date 0 is:

> (Wi (0) = € (@) ) (o) = Bo.

i=1

Hence, the limit as o converges to zero of the market clearing condition is:

I X .
le py (1im Wi (0)) i (0) = 8. (30)

o~0

We take the sum of Equation (29) for ¢ = 1, ..., I, and utilize the limit of the market clearing

conditions in Equation (30) as o converges to zero and get:

1 I 1—
;RfCO’UO ((ngl) s Yk71) = ag,0 (0) with 7, = Z Ty, and Wy = F@Q

1
Ii=

Now, we replace expression above into Equation (29) and deduce:

; R Ty,
wi? (0) = —f(l)fwo-
hmaw(] Wl (U) Tv
To summarize:
i R Ti__ 1 .
wg) (0) = (i)f —w1 and ay 1 (0) = =Covy (W] Y2),Yko).
Wy (0) 7 T
WD) = —B Tvigand 4o (0) = — Ry Covo (@Y1), Yies)
0 Wl(i) (O) 7, ) 7, f 0 » Lk,1) -

Second step: we derive Wl (0) and a}m (0) for 7 =0,1

At date 0, we consider the FOCs with respect to the portfolio weight and take the second
derivative of this FOC with respect to o:

B (u (W8 @) (W8 (@) + i (W) 0)) Wi (cr)) (00,1 (o) + Yico) +

By (WS (0)) (2041 (0) + 00 (0)) + 24 (u] (WS (0)) W3 () (a1 (0) + 0a s ()
= 0.
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The limit as o converges to zero of expression above is:

" : N/ 2
By (1im Wi (o)) (1im Wi (9)) Vi.s

(31)

+Eru; (1im Wi (0)) lim Wi (0) Yico + 2B1u; (1im Wi (0)) a., (0)

2B (lin%) Wi (U)) lim Wi (0) ax,1 (o)

= 0.

To simplify Equation (31), we compute the limit as o converges to zero of the second derivative

of WQ(i) (o) with respect to o:

"

lim Wi (o) = 1im (W{" (o) = C" (0)) R

o~ 0 o~0
20T (0) ag (0) + 2w T (0) Y

. i)
+ lim W} (o) ; ;
o0 2w§ T (0) a1 (0) + 20577 (0) Y

+2 1im (W (o) ) £ (€8T O Y1 + o

+2 hm (Wo(z) ) (w o1 ) (w(li)T

(32)

T(0)Ya)

~ Iim ¢{"" (o) Ry — lim C{” (o) (2w T (0) a1 (0) + 20477 (0) Y3)

o ()1
2;%01 (o) (wl (O')YQ).

Hence:

o~0

Ey lim W (0) Yo = BT lim W (o) By (2w1

~21im G (o) Ry By (

D‘J\_/\—/

+2R7f;%W11>< ((h )

2l )5, (o %)

(

Now, we replace Equation (27) in Equation (33) and get:

f o~0 ) Yk72

B lim W (0) Vs = — lim Wi (0) By (2"
o~ 0 ’ R
~21im C; (o) By By (]

)Ykz

f o0

+2v; lim C (o) Ry Ey (wgi” (0) Y2) Yo

”
+2R— lim W, (o) (wgm (0) Yl) o (wgi” (0) Y2> Vi

(33)

) Yio

(34)

*21/»LR7 hm W(L) ( ) (WE)Z)T (O) Yl) El (w(lw-r (0) Y2) Yk72'

f o0
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To simplify expression above, we first derive lim,.. C’éi)/ (o). We consider the FOC at date

0 with respect to investor’s consumption:

’

u; (€57 (@) = 8 Eou; (W37 (0) (Ry + i () RS (0)) (By +i7 () RS () = 0.

Then, we take the limit as o converges to zero of the first derivative of expression above with

respect to o:
u (1im €7 (o)) 1im €8 (o) = 8] (1im W5" (o)) R3Eo lim W' (o) = 0. (35)
Now, we use Equation (22) to show that:
By lim Wy (o) = = lim Cy () B} — E lim C} (0) Ry,

and we replace lim,..q Ci (o) by its expression (see Equation 27) and simplify expression
above to obtain:

By lim Wi (o) = (v; — 1) lim C (o) 13-

Thereafter, we replace this last expression into Equation (35) and deduce:
[u;’ (hr% ol (0)) e (lir% Wi (a)) RL(1— ui)} lim C; (7) = 0, (36)

Since 0 < v; < 1, we have {u (hmwo ol (a)) + B2 (hmwo Wi (a)) Ri(1- y,-)} <0,
and Equation (36) implies:
lim C, (o) = 0. (37)

o~0

Next, we replace wgi) (0), w(()i) (0), and lim,..q Cy (o) in Equations (22) and (34) and get:

lim W' (o) = Rf; @IY1) + T; (@IY2) (38)
)’ 1 . 3 i)’
E lim W (0)Via = — lim W (o) By (2w§) T (0) Y2) Yo
o~0 ’ Rf o~0 ’
R 2
+2 ! T @Y1) By @]Ya) Yio.

limg .. WQi) (o) TWT
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Now, we replace Equation (38) in Equation (31), then simplify Equation (31) and get:

L5t Cov (@1Y2)" ia) (39)
Ry (rs — 2p,7; R 2
(Bl 2oms) | L— L | @] Y1) Cour (@] Ya), Yi.2)
T limg..o Wa" (o) 77

B 05 (40 =0
0

where:
( ) _aw (o) 5R;
2 uz ( ) ; 2
7wy T
Ti _ 1d _ 1L
Ty, = - T = Y;T TV—Yl;TVI

I
Thereafter, we take the sum of Equation (39) for ¢ = 1,..., I and divide it by > 7; to obtain:
i=1

a, (0) = —%Com (@{Y2)2 7Yk,2> (40)
Ry(1-2p) &L Ry 13 =T =
+ —— + Ji W Y1) Covy ((W]Y2),Y;
< = 7;1 W (0) 7 =/ ; (@ Y1) Covy (w1 Y2), Yi,2)
L1 i i)’ L
+ 32 = m Wi (o) By (w77 (0) Y2 ) Yieo/ 32 7
i=1 Rf o0 =1

I , ., I
To derive Y Rif limg-.o Wi (o) B, (wy) T(0) Yg) Yia/ > Ti, we take the first derivative of
i=1 i=1
the market clearing condition at date 1 with respect to o, and take its limit as o converges

to 0:

! (i) ! (i) (i)
S — lim W (o)l (0) + 32 (hm w9 (¢) - lim 1 (U)) W) =0 (41)
i=1 Rf o0 i=1 o0

In addition, we replace the value of lim,..q C(()i)/ (o) and w(()i) (0) in Equation (27), then

simplify Equation (27) to get:

lim O () = 1%

o~0 Ty

@Y). (42)
We consider the first derivative of Wl(i) (o) with respect to o, then take its limit as o converges
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to 0 and get:
Ty,

lim W (o) = 22 @Y. (43)

Tv

Therefore, we replace lim,..g Cfi) (0) and limgy..g W(l) (0) in the market clearing condition

in Equation (41) and get

Now, we use expression above and simplify Equation (40), then get:

/ P Ry(1—2
1 (0) = 2 Cov, (@Y% ¥io) + L2 @y Cony (@ Y2) Vi)

TuT

Next, we replace a;c,l (0) in Equation (39) and deduce:

i) 1 T4 R .
w(l) 0) = - @ (s 73 fE LCow (YQ, (w{Y2)2)
limg..o Wy (o) T
1 2R;7i (p, —P) R R} 2\ v
+ . o fTi i - f . f o i (w(T)Yl)wl
limg..o W5 (o) TvT limg..o Wy (o) TvT

where 21 = E1}/2}/2T'
To derive w(()i)/ (0), we consider the FOC with respect to investor’s consumption at date 0:

Eou, (Wz“‘) (o—)) (caro (0) + Vi) (Rf +ol? (o) RS (a)) —0.

The second derivative of this FOC with respect to o is:

( (W : )) oago (o) +Yi1) (Rf + wgi)T (c)RS (U))

+Bou; (Wi ( >Jak0 )+ %) (R 4+l (0) R ()
B, (WS (@) (0ara )+ Vi) (Ry -+ (0)R5 ()
+28y (u; (W (o))) (0ar0 (@) + Yir) (Ry +i"" () R5 (o))
+2 (Bou; (WS (0 ))) (0ax0(0) + Y1) (Ry + w7 (o) R (a))/

’

2B, (Wé” (a)) (cano (o) + Yir) (Rf + ol (o) RS (a))
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We expand expression above, then take its limit as o converges to zero and deduce:

1"’ . Z . /L ! 2

i (o) (s 0 ) ans
) ( lim W47 (a)) Eo ( lim W7 (a)) YiiR;
2u; (Jlim W57 (0)) ai.o (0) Ry +2u; (lim WY (0) Eoier (177 (0) a2 (0))

1
+2u; (lim Wi () Eo (lim W' (0)) a0 (0) By
)

= 0
We divide expression above by u; (limgwo Wz(i) (0)), then simplify the result and get:

2
i Ti Ti
—olip, (RfT(ngl)JrT(w{Yg)) YiaRy (44)

T
+Eo (lim W (0)) Ve Ry — 27ia.0 (0) Ry
97 EoYir (0T (0)as (0)) + 2B ( Ry 22 @TY)) + 2 (@Y 0)R
TiEoYi1 (w1’ (0)az (0)) + 2Ep r= @ 1)+?(W1 2) | a0 (0) Ry
Ti ,__ Tq ,_ i
+2E0 (RfT (ngl) + ? (WIY2)> Yk71 (w(l T (0) Yg)

= 0.

To simplify Equation (44), we first derive Eglim,...q Wz(i)“ (0) Yi,1 and replace its value in

(44). To do this, we use (32) to get

Bo lim Wi (0)Vin = Fo lim Wi (o) (2007 (0) V1) Y (45)

1 i i
+2g- limy Wi (o) By (w§ T (0)ax (0)) Yiox
~R;Eq lim C, (o) Yea

Vi

iTv; S 7
—2 Ey (w§Y1) (Wg T (0) Y2) Yi.

Ty

To simplify Equation (45), it is necessary to derive lim,..q C} (o). We then consider the

FOC with respect to investor’s consumption at date 1

u (O () = BEvu; (WS (0)) (Ry + 77 (0) B3 () = 0.
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The limit as o converges to zero of the second derivative of this FOC with respect to o is:

’

! (1m 04 (0)) (1im O (@) + ] (1m 047 (0)) 1m 47 (o) (46)
! (1im W (0)) BB (Jim W3 () = s (tim WY (o)) Ry 5 B 5" (o)
~28u; (1im Wi (@) (w47 (0) a1 (0)) = 28w (tim WL () 1 (lim Wi (0)) (w17 (0) Y)
= 0.

u

To simplify expression above, we take the expectation of Equation (32) and get:

By lim Wi (o) = 21im W (o) (w7 (0) a0 (0))
+2 1im W (o) (w7 (0) Y1)
+25 lm W ) (w7 0 0)
— hmOC’1 (o) Ry.

Then, we replace expression above in Equation (46) and get:

"

u, (;an()( )) (thl) (o ))
[ (i 8 @) + R (Wl )] i €1 (0)

(hm WQ( ? 0)) R;Ey (;1}}%) Wz(i), (‘7))2

/

~gu; (1im Wi (0)) Ry (2 1im Wi (o) (w7 (0) a0 (0)))
—Bu ( lim Wi (o )) Ry (2 lim W, (o) (wg”'T (0) Y1>>
~su (1 w5 @) &y (- tim w8 @) (47 0 0)))

—26u; (1im Wi (2)) (w17 (0) a1 (0))

2 (fim W ) 21 (i W2 () (4477 0) )

= 0.
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We simplify expression above and deduce:

i ¢ (o) = (1—2) 22 (1 1 (o))Q—i”;ﬁjEl (1m Wi ()’
+2p lim w (o) ( O (o) (0)) n —f (2 lim W (o) (w“) T (O)Y1)>

+2% <1 tim W () (wgi)T (0) ax (0))> - 2% (wgi)T (0) ax (0))

22w ()

where v; is given in Equation (28) and p;, = %W
wi\~1

and lim,... o Cl(i)/ (o) (see Equations (38) and (42) ) in expression above and obtain:

We replace lim, ..o Wg(i)/ (o)

% 2 2
: (1) _ 2pzc ) V7 — 2 2”1 PiTi
im O () = (=) PR @) - G Van @) (47)
—2RfL£§Ti @ Y1)” + 225 m Wi (o) (w7 (0) a0 (0))
v f o0

2 () (7 0%)) 528 (0 (o 01 0)

Vi Tz

,2”]%2 (wgm 0)a (0)) +2R2 B (@Ys) (wg)T (0) YQ).

We multiply expression above by 7Y} 1, then take the expectation at date 0 and get:

Ry Ey lim Y () Yis

2 2
VZ E() (wOYl) Ykl —Rf

v

2v; pﬂ—z

2p;c Vi
= Ry(1-w) R;

Tic T

E()Va’l"l (wle) Yk 1

~2R; Ry LT By @) Y0)? Yk,1+2RfR—f lim Wi () By (w7 (0) Y1) it
i T i
+2R; L Rf R lim W3 (9) o ({7 (0)ax (0)) Yicx — 2Ry 1%21 o (77 (0) a1 (0)) i

+2Ry 7 2B G Ya) (6477 (0) Y2) Vi
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Now, we replace expression above in Equation (45):

Bt w8 (0) Ve

. i % 1. i i
= B lim Wi (o) (2wg> T(0) Yl) Vi + 27 limy W4 ) (0) Eo (w§ T (0) ay (0)) Yea

20 ViTh,
—Ry (1 —vy) He LV By (@) Y1)? Vi + By

Tic T

2v; pﬂl
Ry

=2
v; ZTZ . i)’
2R Ry LT B (@Y ) Viy — 2RfR—f lim Wi (o) Eq (wg> T (0) Yl) Y

l/

E()VaTl (w YQ) Yk 1

i ViTq 7
_zRfRff lim W (o) E (wg T (0)ay (o)) Vi + 2R, 5 By (wg T (0)ay (o)) Yir

t By o0 7
Vi Tq ViTy; - 7
—QRfR*f*Eo (@]Y2) ( (o (0)Y2> Yie1—2 - Eo (@5Y1) (W§ T (0) Y2) Y.

We thereafter replace wgi) (0) and a4 (0) in expression above, then multiply the result by Ry
and simplify it to obtain:

Ey lin%) Wg(i)” (0)Yia1Ry = 2(1—v;)RCouy (lir% Wl(i) (0) (w((f)lT (0) Y1) ,kal)

277; 1*Vi 21/7; i T _
+ < (72 ) + ?pz ) RfOOU() ((W1Y2)2 ,Yk71>

T

1- 7 icVi Ty, 175}
<2R2 lpsz _ 2( Vi )P2 i Rf) RfCOUO ((wSYl)Q 7Yk;,1) .

’TV TicTy

Now, we replace expression above in Equation (44) and deduce:

2(1 —v;) RyCouvg (;13%) Wl(i) (o) (w(()i)/T (0) Y1) 7Yk,1)

27'1'171/7; 21/1'71 i Ti —
+ ( (72 ) + ( —5 ) P > RfCO’UO ((w1Y2)2,Yk,1)

T T

T, TicTy

2(1—vy) pmiR: 2(1 —vy) 272
- < —5 ‘ ! + ( Z) 27'0 1R RfCO’UO ((w(-ng)2 ,Yk’1>

—2Tia;c,0 (0) Ry

= 0.

Expression above can be rewritten as:

Covg ( lim Wi (o) (wgi) T(0) Yl) ,Yk,l) (48)
Tq (l—Pz) — 2 pszR? PicV z uZ
P Coug ((MYQ) ,Yk,l)—< o Co Ry | Coug ((wOYl) ,Yk,l)
—Tu; a;c,O (O)
_—)
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I
Now, we take the sum of expression above for ¢ = 1,...,I and divide this sum by > 7,, to

i=1
obtain:

0 ©) = 3 Coun (1 W1 (o) ()T ) Y1) Yir) / 7 (19)

=1

é< L2 Ti0) gy, ((wlyz)%yk’l)/iém

pZTlR picyz?,rl% ! _
( ( L+ = "Ry |/ > 7w, | Covg ((W(T)Y1)2 >Yk,1) .
3 =1

icly

Note that the first derivative of the market clearing conditions with respect to o is:

I _ _ o I _ . hy

> (W () = 6" () ot (0) + 3 (5" (0) = 0" (0)) o (o) =0

Since we assume the investor’s initial wealth Wéi) (0) is equal to 1, lim..¢ Wéi) (o)l =0 and

limg.. Céi) (o) =0, the limit as o converges to zero of expression above is:

i tim W (o)l (0) = 0. (50)

o’v~»0

We utilize Equation (50) to simplify Equation (49), then obtain:

, 1-p 7D
a0 (0) — ( = )Covo ((w Y ) , Y 1) — <T£Rf 4+ £ Pe Rf) Covyg ((ngl)Q’Yk,l) .
with:
_ ! T, _ 1 Ty, Tv, _ 1 d _ 1d
Pe =2 Pi7 s Pe= D PicVi o T= 5 2 T T = 7 2 Ty
i=1 i=1 Tic Iz Iz

Z Ti Z TVl
=1 =1

Now, we replace a;ﬁo (0) in Equation (48), and derive:

(&)’
wg” (0)

1 L (1=7) 1:(1—p, _ _

_ : [(T L p) T (72 Pz))] =51 Covg (Yl,(w{YQ)Q)
w1 (0) Ty T
1 PiTi Tu,T-p 2 piCVZTI%' TviPe -1 - 2
(T TP v Twile) p | y-io (Y, Ty )
+WP@J<£ Ti>f+<rwi 72 ) Fir| Zo Coro (Y, @0%)
where
S = By Y, YT
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To summarize:

; 1
W0 ©0) = —2 Tig and apy (0) = ~Covy (@TY), Vi), (51)
Wy (0) T T ’
i R Ty 1 .
w(()) (0) = W(l)f(O) @ and ago (0) = ;RfCOUO (@ Y1),Yeq)-
and
: P Ry(1-2p
ap, (0) = —%Covl ((w{Y2)2 7Yk,2> + % (@5 Y1) Covr (@]Y2),Yk2), (52)
wgi)/ (0) = 1 (pZ _7) TZRfE 100’()1 (Yg, (wIY2)2)
wit ) 7
T (p. —7) R R2 2
+ 1 2Ry (,pz, L ST (@5 Y1) @i,
w5 (0) Wi (0) 7T
’ 1—7o T.p
ak’o (0) = (TTTp)CO’UO ((WIY2)2,Y]€’1) - (Tspr + = pc Rf> CO’U() ((UJOYl) ;Yk,l) s
i 1 T, (1—p Ti(1—p;
Wé) (0) = @ < E — p) - (72 Pi )> 1C‘O’U() (Yl,(w Y2) )
w® (0) TT T
1 PiTi  Tv;T-P 2 PicViTy, Ty, P 1
. - - R £ SR 25°C Y Y .
w0 K T ) T ( T, T )T oo (Y, @ 2’)

Now, we use analytical expressions for w!” (0), ak,- (0), mol (0), a}aT (0) for 7 = 0,1 (see
Equations (51) and (52)) to deduce Propositions 1, 2 and 3.

Proposition 1: At date 1, the optimal portfolio weight of agent ¢ is: wgi) (o) = wg)( 0) +

awgi), (0). We replace wgi) (0) and wli)/ (0) by their expressions and get

wi” (o)
R i 2R¢T; (p, — P R 2
- (z‘)f =+ ( A0 (i)f Tz) (WBO—YI)‘| )
Wy7(0) |7 T Wy (0) TvT

R , —P)Ti - _
+ (i)f (s 72p) T (0221) ! Con (UYQ, (@] 0Y2)2)
Wy’ (0) T

= (¢10) @1 + Y51

where:

) = [L,7],
rv2 = Raa — E1Ry2, Ry =W Ry and Ry — E1Ry = 0Y,
rv1 = Ran — EoRai, Ry =@ Ry and Ry — EgRy = 0Y7,
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and

wp = (VCLTl (Rg))_l Covy (TMQ, RQ)
g = (Var (Rg))f1 Couvy (7“]2\/[27R2) ,
wl’ _ Rf (pz — ﬁ) T4
oo T
T Ry 7 By 2Ry1i(pi —p) By 2
" wi (o) T Wi (0) T Wi (0) 7T

At date 0, w(()i) (o) = wéi) (0) —l—aw(()i)l (0). We replace wéi) (0) and w(()i)/ (0) by their expressions
and get:

wy ()
Rf T,,i
Wi (0) T

1 s (1-7) 1i(l—p, _ 3
T <T ’(7 P _Ti (72 p1)> (0°%0) ' Covy (aYl, ((JJ-{O'YQ)Q)
w7 (0) Ty T
1 i T Ty, T-P picszz%i Tv,;Pe -1 . 2
i (5T (P ] o) o (sl
1 14 14 we!py v
= ¢piwo + VoS0 + PoiSo,
with
@o = (Varg(Ry)) ' Covo (Ri,7am1)
So = (Varg (Rl))fl Covg (Rl, r?\ﬂ) ,
So9w = (Varg (Rl)r1 Covg (Ry,Vary (ra2)) ,
and
Ry 1,
boi » .
0 W(z) (0) T,
1 PiTi Ty, T-p 9 ,DZ-CI/?TE. Tu, P,
i ; . - - R - — e R ’
Yo w® (0) K 7 i ) o ( TicTy = )
©o; = 1 (Tw(l_p)_ﬁ(l_,‘%))
WP\ 7

Proposition 2: At date 1, the risk premium on asset k is:

E\Rys— Rf =o* (a;ﬂ (0) + <7a;€71 (O))
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We replace a1 (0) and O'G,;C’l (0) by their expressions and get:

E\Rys— Ry = o° (ak,l (0) + 0@2,1 (0)>
. _
= —Cov (@]0Y2),0Yiz2) - L Con, ((w{aY2)2 7aYk,2)
T

Ry(1-2p
+f(?7?p) (@oY1) Covt (@] 0Y2),0Yk2)

v

A;Covy (raz2, Ri2) + B1Cov; (rfwz, Rkyg) ,

with:
4, = i + MTMly and B = —%-
T v T
where
Rio— E1Ris = oYy, rae = Ry — E1Rura, Rye = @] Ro,
R, — EoRy = oY1, rv1 = Ryn — EoRui, Ry = w) Ry

At date 0, the risk premium on asset k is
E(]Rk’l — Rf = 0'2 (ak’() (0) + O'alkyo (0))

We replace a0 (0) and a;mo (0) by their expressions and get:

TTy

1 1-7
E()Rk,l - Rf = ;RfCO’UU ((EBO'Yl) ,UYk,l) + ( P) Coug ((@IUYg)z ,UYkJ)

T.p ) -
— <T§R? + ngf> Covg ((w(T)UYl)2 70’Yk,1)

Hence,
EoRy1 — Ry = AgCovg (rar1, Ri,1) + BoCovo (34, Rie1) + DoCovo (Vary (rarz) , Ry1)

with

S TP D _ (-7
o= —R;, Bo=—(ZPR2 4 P 4Dy — ,
0= F, M0 <T§ er?Z f)’an 0= 57,

Proposition 3 By definition, the risk premium on asset & for the time period [r, 7 + 1] is given
by
ETRk,T+]_ - Rf = —CO’U-,— (Rfm7’7+1, Rk77—+1)

where m, 41 represents the SDF for the period [r,7 4 1]. We identify expression above

with the analytical expression of asset risk premia derived in Proposition 2 and deduce the
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analytical expression of the SDF.

Proof of Proposition 4. Analytical expressions of w!” (0), ak-(0), W' (0), and
a}cyT (0)7:0,1 are derived in the previous propositions. Recall that when there is no intermedi-
ate consumption, ot (o) = 0 which implies that v; = 0 and 7,, = 7;, and the previous results for

wg) (0, ax.r (0), w(Ti)/ (0), and (a;” (0))T:0’1 reduce to:

(i) _ By T 1 .
w;’(0) = —=——w and ax1 (0) = =Covy (@]Y2),Ys2), (53)
1 wi’ (0) 7 T 1
w(()i) (0) = (Ri)fgwo and ag (0) = inCovo (@{Y1),Y%eq).
WY (0) T T
and
/ 12 Ry (1-2p
a1 (0) = —L5Cou (@1Y2)* Yia) + “Tp) @Y1) Covy (@1Ya2),Yes), (54)
(i)’ L (p—p)TiRy 1 ot 12
0) = : S Cou (Yo, @Y
wy” (0) WQ(Z) ) =2 1 0v1( 2, (@!Yy) )
1 2R;7i (p; —P) R R 72\
0 ( : (62 DR (z‘)f ;) (@) Y1),
W57 (0) T w7 (0) 7
, 1-7 12
Qg0 (0) = ( 72/)) Covg ((EIYQ)Q ,Yk,1> — ;@R?‘COUO ((ngl)z,YkJ) s
(i)/ 0 — 1 T, (pl B p)z—lc Y 7TY 2
i 0) = e TS o (Y1 @]Y2)%)
L (pi—=P)Ti ot s 12
+W1(Z) (0) ?2 RjEO CO’UQ (Yl, (wOYl) ) .

To give a formal proof of propositions 4, we first derive w(()i)” (0) and a;,o (0). To do this, we consider

the FOC at date 0 with respect to investor’s portfolio weight w((f)k (0):

Eou; (W;i) (0)) (oako (o) +Yi1) (Rf + wgi)T ()RS (U)) =0
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and take the third derivative of this FOC with respect to o:

B (u, (WS (@)) (oo () + Yier) (Ry + i (0) R5 (o)) (55)

(s @)
+Eou, (Wg“ (0)) (cano (o) + Yi1) (Rf + DT ()RS (o—))
(14" @)

2
13K, (u (Wg“ (o) ) (cano (o) + Vi) (R 4+ 0T ()RS (0))
+3E, <u (Wz@ (o) ) (caro (o) + Vi) (Rf +wldT (o) RS (a))/

"

+3Eyu, (Wg(i) (o*)) ogago (o) +Yi1) (Rf + wgi)T (o) RS (a))

o0 () + Vi) (s +687 () RS (0))

)
)
(

138 (u, (W3 1)) (0aro (@) +¥in)” (Ry + 4 (0) B (o)
(
)) (o (@) + Yir) (By +7 (0)R5 ()
)

(0ar0(0) + Yin) (By+{"T () RS (o))
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We expand expression above and get:

o (W (@) (Wi (@)’
Ey | +3u; (WQ(” (a)) WQ@)' (o) WQ(i)/l (o) | (oaro (o) + Yi1) <Rf + wgm (o) RS (U))
i (W (0)) Wi (o)
)

2 (0)) (cak,o (o) + Yk’l)m (Rf + wgi)T (o) RS (O'))

T 3

7
"

W3" (0)) (saro (o) + Yin) Ry + 47 (o) RS ()

(
(
+3E0<’(2( )W

O (o 2
(119 <)W o )((mm (0) + Yea) (Ry +i"" (o) R (0))
Zl 2 ’
+3E0< ’ ( (o >SVVVV) )) )(o—ak,o(o—)+yk’1)(3f+w§"” (o) R5 (o))

’

+3Eyu, (W(i) (U)) (cako (o) + Yi1) (Rf + T ()RS (0 ))
(o

+3E, (u;' (W (o )) Wi (o )) (caro (o) + Y1) (Rf+w T (5) RS (o))
3B, (W“) (o )) (cano (o) + Vi) (Rf + w7 (o) RS (0))”
+3E0 (u] (W5 (0)) Wi (9)) (0o () + Yien) (Ry + {7 (o) R (0))N

+6E0 (u; (WS (0)) Wi (9)) (0o (0) + Vi) (By + i () RS (0))

= 0
We take the limit of expression above as o converges to zero and divide the result by u, (limgw 0 WQ(i) (a)) ,
then simplify it to get

3I€'L 3 Pi . N/ . N\
o (hm W' (g)) YiiRy — 621 B (3%%@ (a)) (Ol_%wg” (0)) YiiRy (56)

"

+Bo lim Wi (o) Vi Ry = 37iBoay g (0) Ry — 7iBoYea (ngi” (0) a1 (0) + 60T (o) ay (o))
pi . (2)/ 2 . (i)”
~625y (1im Wi (0)) " avo (0) By +3E lim W5 (0) axo (0) Ry
; % 2 i . i) i
62 g, (hm i) (o—)) Y (w§ T (0) Yg) + 3B, lim Wi (0) Yea (w§ T (0) Yg)
Ti o~0
—37; Eoao (0) (mﬁ”” (0)a (0)) + 3B lim W" (o) Y, (20.)( DT (0) ay (0) + 20877 (0) Yz)
+6E lim W3 (o) a0 (0) (wg T (o) Y2>
= o
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Note that we have assumed there is no intermediate consumption, hence Equation (22) reduces to:

. i i 1 . ) i
lim W3 (o) = 1im W,” (o) (w§T (0) Y1) + 7 lim w3 (0) («"7 @) Y2).

o~0

We, thereafter, replace lim,.. ¢ Wz(i)/ (0) in (56), then expand the result and get:

gmiTi ~ R}Covy ((ESYl) Yy 1) 3 ((EIYQ)S ; Yk,l) (57)
91’@1 7R200v0 (@) Y1) w1Y2 Yi1 )
- T—iEo (Rf% (@§Y1) + ) ( im W2( v ) Vi1 Ry
+Ep lim W (0)YiiR; - 3rea, 0(0) Ry — 1, EoYi, (Gw(l DT (0)ay (0) + 60T (0) ay (0))
624 By (72 @Y + 2 (@] ) 0) Ry + 625 RyVarg (Y1) axo (0) Ry
6 Eo (Rf—(w0Y1 +¥ ) Ykl( ()T )Y2)

+3Eg lim W' 0" (0) Vi (w§ T (o) Yg) — 31, Boako (0) (m?” (0)as (0))
+35, (Rf% @ Y) + = 2 @Y )) Yir (ngi)T (0) az (0) + 20T (0)Y2>
+6E, (Rf% @ Y1)+ 2 (@Yg)) ax.o (0) (ﬁ” (0) Yg)

— 0

1 N

To simplify expression above, it is necessary to find lim,..q Wéi) (o) and lim,..q WQz) (o). We
first derive lim,..q WQi) (o). To do this, we utilize (32) and assume there is no intermediate

consumption. This implies that lim,..q Wl(i) (0) = Ry, limy..g WQ(i) (0) = R? and

hn%Wz(i)” (0) = Ry
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(see Equations (53) and (54)) in Equation (32). Thus, we obtain:

2T, 2 i
}1}3} WQ( " (o) = ?—Q’R?Varo (@WhY1) + %Varl (@]Y2)
(p.—7D T
+2%2p) ((26100’00 (Yl, (wIY2)2)) Y1>
T

+2@Rfc ((=5covs (Y1, (ngl)Q)T) Y1)

+R2f(p27/27—’Rf ((21_1001)1 <Y2, (@{Y2)2))T Yz)
+4Rf7'i (pi —P) (

?2

Wy Y1) @] Y2)
We replace Equation (58) in Equation (57) and obtain:

RiT;

3

R4C’0v0 ((EBYQS,YM)
((w{Y2)3 ,Yk,l)

i Ti Ti i _
_Gi_Ron (Rfj @Y+ 2 (W{YQ)) (7_2Rchar0 (ngl)) Y

K"LTz

T 7 Cony (@3 Y1) (@] Y2)? Vi )

—12 Rf Eo (Rf* (wOYl) —|— — ( 2)) Vary (@IYQ) Yia

Pi Tq Ti 75 (pz - ﬁ)
—127LE0 (Rf? (WBYI) + ; (OJIYQ)) T ( CO 19Y1> Yk’lRf

Pi Ti Ti PiTi

*GEEO (Rf? (ngl) -+ ? (wIYz) 2 ( =2 72 > R2 ( §0Y1>> Yk-lef
i P TR 17

M <Jg{Y2>> Vi1 Ry

. Ti ,_ Ti ,__ - —
625, (R, @) + Z @Y SIY1) @1Ya) ) ViR

"

(58)

+Eo lim Wi (0) Yia Ry = 373y, (0) Ry = 7iEoYi (awgm (0) a1 (0) + 60T (o) ay (o))

Pi Ti 1 Ti (1 2 7, —T
76fE0 (Rfj (WoYl) + j (wle)) ak,0 (0) Rf + GngVa?"o (WoYl) k.0 (O) Rf
. 2 .
—62 Ly (72 @Y + 2 @TY2)) Vi (w177 (0) Ya)

2 (p—p)TiR — i
13, T f( TY2>>Y;€71 (wg)T (O)Y2)
T )
2

13E, (”pi'” @] Y1) (w{Y2)> Yier (ﬁ” (0) YQ) — 37, Boago (0) (mﬁ”” (0)as (0))

+3E, (Rf @Y1) +i( TYQ)) Vi (ngi” (0) a1 (0)+2w§">T(0)Y2)

;
ARy (
T @ryy) +—(* Yg)) a0 (0) (wgm (O)Yz)

+6Ey Rf

= 0.
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where

S0 = (0220)71 Covg (oYl, (wgaYl)Q) = (Varg (Ry)) ™" Couvg (Ri,m301) 5
[ (0'220)71 Covg (UY17(E{UY2)2) = (VCLTO (Rl))il Covg (Rl,VaT1 (7“]\42)),
61 = (0'221)_1 COUl (O’Yg, (GIUY2)2) = (V(]ff’l (Rg))_l COU1 (RQ, 7‘12\42) .

11

To expand (59), we need to find Ejlimg..o Wz(i) (0)Yy,1Ry. To derive this expression, we first
find limy.o Wi (o):

i 1 . i i N B
i Wi o) = - lim W17 (0) (66T (0) a0 (0) + 36T (0) Y1+ 6T () 00 (0)) RBO)
]. . (z) (i)T (i)”T (i)/T
+R—f lim W™ (o) (6w1 (0) a1 (0) 4+ 3wi” T (0) Yo +6wi” T (0) as (0))
1 : 7 i Y i
+3R—f (1153) W, ) (o) [(zwé )T (0) ap (0) + zw(()) T(0) Y1) (wg )7 (o) Yz)]
1 o % 7 7 i ’
+ig- lim W ) (o) [(wgh () Yl) (gwg T (0)ar (0) + 2077 (0) YQ)} _

Now, we consider Equations (53), (54), and replace expressions
W (0), w9 (0), ax- (0), ay, (0) for 7= 0,1
in Equation (60), then multiply Equation (60) by Y 1 R and take the expectation at date 0 to get:

Bo lim Wi (0)Yia Ry = 31im Wi (0) By (w7 (0) Y1) Yea Ry (61)

+6Rf%00110 (Var, @] Y3), Yi1)
;—p) TR _ 1_
+6E0 ((sz?))Tf) CO’Ul ((WIYQ) <UCIY2> 7Yk’1)

7 (p; — p) B} _ _
773f6’0v0 (@ Y1) Vary (@] Y2),Ye1).

7

+12
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Now, we replace Eplim,..¢ Wg(i)/” (0) Yz 1Ry by its expression in Equation (59) and get:

KZTL R4COU0 ((ngl)S Y 1) + 3 ((@IYQ)S ,Y;ﬁl)

+ ( FiTi R2 — 12R2 pl Z) CO’U() (((JJOYl) VCLTl (WlYQ) Yk 1)

_12p7; i i — P _ 1_
ft R4 Varg (@ Y1) Covo (@{Y1),Ye1) — 12R2%3p)00v0 ((w(TJYl) (Ug(TwY1> 7Yk,1)

T . — D 1 [ _ 17
—12%32[))}2?00’00 ((WI)Yl) <U§5Y1> ,Yk71> — 12MR CO’UO ((UJIYQ) (U’;IYQ) ,Yk71>
T 7'

AR%T; (p; — D) 74
_G&fT;covo (@5Y1) Vary (@] Y2), Vi)

T4

+3 lin%] Wl(i) (o) Ep (wéi)”T (o) Y1) YRy + 6Rf;;00110 (Vary (@] Ya), Yy 1)
o T

i —P)TiR — 1
16 (U’fyf) Cove ((wm) (qu) ,m)

Ti i R2 "
(pi — ) ! Covg (@ Y1) Vary (@] Y2), Yen) — 37ia0 (0) Ry

T
Ry 7?2 6 (p,—p)TiR — 1
6R£ OOUO ((@{Ygf ,Yk71> — ﬁ%cﬁl}o ((WIYQ) <O_§-{}/2> ,Yk,1>
f
6 (2R p)R; R y 3
R2 ( 2 (?3 ) By - ngg Covg ((W{YQ)Q (ngl)aYk’,l)
f

—6RA ”;Q’ Varg @5 Y1) Cove (@Y1), Yi1) —

6pi7-i R2 Varg (E{Yg) Covyg ((EBYI) s Yk,l)

R
T - . ; - .
+6;§R§2Varo (@hY1) Covo (@] Y1), Ye1) — Rg p? : Covg ((w(TJYl) (w{Yg)2 ,Yk,1>

2R 1 1
( ) f Covg ((WIYQ) (0<IY2> 7Yk,1>

— &&ﬁ —T 3 i —p)Tilry
673 RZ7 0% ((W1Y2) ,Yk,1> +6 = R2
1 128372 (o, ~ )
ﬁchovo (@Y1) @]Y2)", Vs
R? ] 2R X
GRQc EoVan (@1Y2) Covo (@5 Y1) s Yi1) JrGﬁ%COUO (<U§1Y2) (@1Y2) 7Yk,1)
L (2R} (pi—p) Ry B3 7? I
+6F ( —3 - Rf;g Covg ((waYl) (w1Y2) ,Yk71>

2 2 R2 7_2
a (E(]Varl ( 2)) CO'U() ((ngl) 7Yk’1)

i Ti =T 2 (=T
+6R? - COU(] ((wlYg) (W()Yl) 7Yk,1) + 6??
= 0.
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Expression above can be simplified to:

KiT;

=3
2
< pi . ) Covg ((WIYz)g ,Yk,1>
=3

RiTi P2 2p7s _ 8R3piTi(pi—P)
ST AR = TS T ) Con (@1Y) Var (8] Ya) Vi)
4/91 L44q Ti(pi— )Rf+47?(pi7ﬁ)+27—? 0 ot1 1 Wy X2), Yi1

3 ?3 3

R4CO’UO ( WOYI) 7Yk:,1>

6p27_1 R4 . 2

p7. R —+ 2:;}R‘}> VCLT‘O (ngl) OO’UO ((EBYl) ,Yk71)
— 1
4R2%CO’U ((WEYI) (O_§6719Y1> ,Yk71>
iTi (P — P - 1_
—4%1%%001}0 <(w5Y1) (g(TJYl) »YkJ)

pi —p)TiR pi —P) PiTi pi—p)Ti _ 1_
<2( ?3 / —4( 73 R +2Rf(7-3 CO’UO (w-{Yg) ;g{Yg 7}/k’l

22
;) Covg (Vary (W] Yas),Yk1)

. N/ y 2
tim Wi (0) By (w§""™ () Y1) Vi Ry + 2Ry 5 — —
+ lim W, (0)Ep (wy’ " (o) Y1) Y 1Ry + 122 Ri 7

1"

—Tiay o (0) Ry

Hence

D-;Covg ((EBYI)?) s Yk,l) + Dg; Covg ((EIYQ)?) 7Yk’1) (62)
1
Ds;Covyg ((EBYI) Vary (@IYQ) 7Yk,1) + Dy;Covg ((WEYI) <0_§8’19Y1> ,Yk,1>
1
+Dg; Covg ((ESYI) s Yk:,l) + Ds3;Covyg <(w(T)Y1) (GCBYI) ,Yk’1>

1 . i i)’
+D2iCOUQ <(WIY2) <0’<.{Y2) aYk,l) + iln’b Wl( ) (0‘) EO (w(()) T (0_) Y1> Yk,l
+D1iCOUQ (VCLT‘l (wIYg) ,YkJ)

"

—Tilg o (0)

= 0
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where:

RiTi

D i = RS
7 =3 'f
R;T; 1 p27'12
Dei = =~ R 7
D 3% Ry _4Rf@_2%i(m—> 4lep%3f
5i = )
+471(P1 P) Ry + 47'R(;)%3 D) +2 Rf ?é
Dy = —4r TP
Do = _gqPiTi(Pi = D) ps
3 = ?3 t
(pi —P)Ti (pi —P) piTi 2 (p;—p)T7
Dy = (2 =3 —4 =3 + Rf; —3
27, 2 712
Dy = = T

EE

6 K2 ’L
Do = ( Pilipgs —oPip, 497 ‘RQ)Varo(onl)

Now, we take the sum of expression above for i = 1, ..., I and divide the result by > 7,, then deduce
i=1

(L;;O (0) = 5700’00 ((ESYI)?) ;Yk,l) + BGCO’UO ((@IYQ)?) ;Yk,l) (63)
_ — 1

+D5Covg ((ngl) Vary (w-erg) s Yk,l) + D4Covg ((W5Y1> <0§5719Y1) ,Yk71>
— — 1

+D000?)(] ((GBYI) 5 Yk,l) -l— DgCOUO ((UJSYI) <§6Y1> ,Yk’1>

— 1 l " I
+DsCouy ((w{n) (Jg{n) ,Yk,l) n z lim W{” (0) Eo (wy T (o) Y1> Y/ 7,

=190 i=1

+D1Covy (Var; @] Y2),Yi1)
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with:

— R
Dr = SR (64)
— 3 2 pr
Dg = —-——5L

¢ = R
2 —
- 37 P 4Rf(p2_p) 47 2(1*2/))(72_7) 2 1
Ds = =By — 4Ry —5 — =3 —m=t =4 T =
T Ry7 Ry T Ry7
D IR G
4 = T=af =3
E 4<?_p2> R3
3 = = 73 f
2 — (2 =2
- P=7) 2o 27(P-7)
2 = - =3 2 =3 T 2 —1
T Rf Rf
) =2
S 2 21 2 (77
L= 2 R?? Rfc 73
_ 6 5
Dy = (_§R§—2%Rf+733§> Vare (@hY1)
where:
I I
I ZP@’H Zl‘iﬂ'z
7= FXT p= T Re o H—
i=1 ZTi 27_7
1171 1171
-, L d ) Zl<pfﬁ><w?>n — Zl(prﬁ)%i
277 == 72(71*7) ’ 07*57: = ) p277 = =

: . I— 17.
=1 E i Z Ti
i=1 i=1

In case, there is no intermediate consumption, note that at date 0, the limit as o converges to zero

of the second derivative of the market clearing condition with respect to o is:

L1 ) @"
> 5 hrr%) W7 (e)wy’ (0) =0. (65)
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We utilize (65) to simplify (63) and get

"

ag,0(0) (66)
= ﬁ7CO’U0 ((EBYl)S s Yk,l) +ﬁ6001}0 ((E{YQ)S s Yk,l)
_ — 1
+D5Covgy ((ngl) Var, (@IYQ) 7Yk,1) + D4Covyg ((UJBYl) (Ugg’ﬁY1> ,Yk71>
— 1 — 1
+D3Covgy ((WBYl) <J§6Y1) 7Yk’1) + DsCovg ((wIYg) <U§{Y2> 7Yk,1)

—l—ﬁlCovo (VCL?"l (@IYQ) ,Yk71) + boCO’UO ((@E-)Yl) 7Yk,1)

where D; are defined in Equation (64). With the knowledge of a o (0), a;w (0) and a;;o (0), we

next deduce the risk premium on risky assets. At date 0, the risk premium on asset k is:
2 ’ 1 2 1"
EoRyy — Ry = 0” | ako (0) + 0ay9 (0) + 507, (0)
We replace ay, o (0), a}w (0) and a;)o (0) by their expressions and get:

EoRr1— Ry = @Covg (raui, Re,1) +a1Covg (TJQ\M, Rkyl) + @ Covg (r%/ﬁ, Rk71)
+a3Covg (VCL’I’l (TMQ) 7Rk,1) + a4 Covy (Skew1 (TM2) ,Rkﬂ)
asCovg (ryiVary (ryz), Rea) + @Covo (R%, Rk,l)

+a7Covg (R?\S[l'erv R}g’l) + agCovgy (TMlRf\?[’nyk,l)

with
Skewl (TMQ) = E1 (RMQ - ElRM2)3 and Rg\l/)[)l = CO’Ul (’I“]\/[Q7 Rﬁ}m)

and

R?v(h = SoR, R?\b =<IRy, Ry = So,0R2
5 = (Var (Rg))il Cov; (R, r?m) ,
5o = (Varg (Rl))f1 Covyg (Rl, r?m) ,

So.0 = (Vare(Ry))™ " Covg (Ry,Vary (rar2))
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where the parameters @;, j =0, ..., 8 are given below:

1 2 p
Ty = ;Rf“!‘ (T?’R? _2(1+3R§) ;Rf> Varg (@) Y1)
_ P 2
f— _7R
aq 7270
3
& = s
o) =3
— 2
_ 3-p) 2 (TLT) 2
a3 = ~ 53 T R2F
3 72 R?, 73 R?-?
@, = L2
4 — ?3 R?73
=
_ 3% p S (p _p)
Q5 = 7R.f — 4Ry 3 73
—2
2 (1 - 2p) (72‘7) 2 (1-2p)
Ry = Ry 7
= _ 2 p(r2—72
a 4<’0 p) 2 (pT —p7) 2p(7 T>
6 = = =3 R2 73 - R2 7
T Rf Rf
. (#-7) ,
ar = ARy
-7
Oy = —ARpm———=

Now, if we replace (66) in (62), then use the portfolio weight expression

i i iy 1 i)
wp (0) = wp (0) +owy” (0) + Zowg” (0)

it can be shown that the portfolio weight includes a skewness hedging component, an intertemporal
volatility hedging component and other higher-order related intertemporal hedging components.
The hedging components depend on the correlation between the aggregate volatility risk with risky
assets, the correlation between the aggregate skewness risk with risky asset, and the distribution of

investor preferences.
Proof of Proposition 5.. By definition, the risk premium on asset k for the time period
[0,1] is given by
EoRy1 — Ry = —Covg (Rymo,1, Ri1)

where mg 1 represents the SDF for the period [0, 1]. We identify expression above with the analytical

expression of asset risk premia derived in Proposition 4 and deduce the analytical expression of the

spr. W
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Table 1
Multi-beta Pricing Models

Risk Factors M.V MSV MSC.VS Reduced-MSC_VS(1) Reduced-MSC_VS(2)
Ry X X X
i X X
"Mt

Varyy (rais)
Skewg 1 (Tare42)

rart+1Varge (raes2)

(p)
T Mt+1

SO
"yt " M+

"

"
T A A T o T o
ST T I I I

0,9

"M "M+
S0,9

"Mt

ST B I

This table shows the multi-beta pricing models used in the empirical section. The symbol
X indicates that the model contains the risk factor.
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Table 2
Multi-beta regression for the 30 industry portfolios

M_V
Panel A a 3 on B on Adjusted

2
Ry =Ry gvar(mry) —Br R

Food Coeff 0.004** 0.706%** -0.007*** 0.517
t-stat 2.265 12.653 -2.605

Beer Coeff 0.003* 0.795%** -0.006 0.432
t-stat 1.718 11.704 -1.347

Smoke Coeff 0.007** 0.679%** 0.000 0.222
t-stat 2.317 9.005 0.003

Games Coeff 0.002 1.221%%* -0.009** 0.670
t-stat 0.860 22.322 -2.060

Books Coeff 0.001 0.996*** -0.008*** 0.693
t-stat 0.833 19.197 -2.785

Hshld Coeff 0.000 0.853%** 0.001 0.610
t-stat 0.270 16.495 0.334

Clths Coeff 0.001 1.105%** -0.007* 0.565
t-stat 0.687 17.006 -1.877

Hlth Coeff 0.002 0.864*** 0.002 0.572
t-stat 1.139 15.882 0.694

Chems Coeff 0.000 0.981%** -0.002 0.674
t-stat -0.066 22.747 -0.458

Txtls Coeff 0.000 0.912%** -0.016%** 0.513
t-stat 0.159 15.962 -3.799

Cnstr Coeff 0.001 1.123%%* -0.004 0.751
t-stat 0.602 24.955 -1.305

Steel Coeff -0.001 1.191%** -0.008** 0.599
t-stat -0.671 19.726 -2.005

FabPr Coeff 0.000 1.153%** -0.007** 0.775
t-stat -0.166 41.845 -2.445

ElcEq Coeff 0.002%* 1.171%%* -0.004 0.740
t-stat 1.792 32.715 -1.230

Autos Coeff -0.001 1.001%** -0.001 0.515
t-stat -0.558 16.900 -0.255

Carry Coeff 0.001 1.105%%* -0.004 0.592
t-stat 0.632 18.549 -0.992

Mines Coeff 0.001 0.839%** -0.011 0.297
t-stat 0.440 10.481 -1.347

Coal Coeff 0.005 1.068*** -0.003 0.254
t-stat 1.248 10.501 -0.330

0Oil Coeff 0.003 0.785%** 0.004 0.411
t-stat 1.530 14.300 1.047

Util Coeff 0.001 0.540%** 0.004 0.328
t-stat 0.951 11.047 1.165

Telcm Coeff 0.001 0.760%** 0.001 0.516
t-stat 0.590 16.187 0.277

Servs Coeff 0.000 1.383%** -0.002 0.782
t-stat 0.212 32.950 -0.583

BusEq Coeff -0.002 1.325%%* 0.005 0.677
t-stat -0.771 21.153 1.208

Paper Coeff 0.001 0.916%** -0.001 0.671
t-stat 0.899 21.806 -0.272

Trans Coeff 0.000 1.062%** -0.002 0.652
t-stat -0.269 22.124 -0.429

‘Whisl Coeff 0.001 1.089%** -0.002 0.726
t-stat 0.501 25.099 -0.483

Rtail Coeff 0.002 1.028%** -0.004 0.665
t-stat 1.092 22.991 -1.040

Meals Coeff 0.003 1.111%%* -0.005 0.569
t-stat 1.244 15.363 -1.409

Fin Coeff 0.002* 1.009%** 0.001 0.756
t-stat 1.781 28.728 0.601

Other Coeff -0.002 1.065%** -0.009*** 0.707
t-stat -1.114 26.323 -3.086

Panel B @ 3 on B on

By =Ry 9var(ry,) — Br

Average of betas 0.001%** 0.995%** -0.003***

t-stat 3.134 25.751 -3.528

Panel C 3 on B on

By =Ry 9var(ry,) — By

Number of Significant 30 8

betas at 10%

x?2 test (beta vector=0) 26913.072 48.074

p-values (<0.001) (0.004)

Panel A shows the multivariate regression results using the 30 industry portfolios as the dependent variables. The market re-
turn is value-weighted of NYSE/AMEX/NASDAQ equities. The estimated regression is Ry ¢ — Ry = ap ¢ + (Rne — Rf,t) +

[3; (gft - Rf) + €k,¢, where 9f, = (ft - ft,l) /ft—1. For each industry portfolio, the first line shows the estimated beta and the

second line shows the t-stat. The numbers with *** indicates significance at 1% level, ** indicates significance at 5 % level, and
* indicates significance at 10% level. Panel B shows the cross-sectional average of betas and their t-stat. Panel C evaluates the
significance of the beta for each factor. The test statistics is 52[51,8 and has 30 degrees of freedom. The p-values are in parentheses.

All tests use Newey and West (1987) standard errors that are robust to heteroskedasticity and autocorrelation (3lags).
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Table 3
Multi-beta regression for the 30 industry portfolios

MS_V
Panel A a B on 3 on 3 on Adjusted

2
Bv =Ry 9p2 —Rr 9var(ry) ~Br B

Food Coeff 0.004** 0.661%** 0.023 -0.007*** 0.518
t-stat 2.349 10.187 1.368 -2.628

Beer Coeff 0.003* 0.805%** -0.005 -0.005 0.431
t-stat 1.652 9.424 -0.227 -1.328

Smoke Coeff 0.007** 0.609%** 0.035 -0.001 0.223
t-stat 2.388 5.652 1.095 -0.095

Games Coeff 0.001 1.320%** -0.050** -0.008* 0.675
t-stat 0.666 19.823 -2.422 -1.903

Books Coeff 0.001 1.100%** -0.053*** -0.007** 0.700
t-stat 0.595 18.780 -2.978 -2.619

Hshld Coeff 0.000 0.880*** -0.014 0.001 0.610
t-stat 0.202 13.586 -0.781 0.413

Clths Coeff 0.001 1.214%** -0.055** -0.006 0.570
t-stat 0.513 14.546 -2.355 -1.614

Hlth Coeff 0.002 0.815%** 0.025 0.002 0.573
t-stat 1.255 14.218 1.216 0.589

Chems Coeff 0.000 0.940%** 0.021 -0.002 0.675
t-stat 0.029 16.335 1.281 -0.543

Txtls Coeff 0.000 1.075%** -0.082%** -0.015%** 0.528
t-stat -0.090 15.068 -3.498 -3.282

Cnstr Coeff 0.001 1.207%%* -0.042** -0.003 0.755
t-stat 0.394 19.756 -2.462 -1.051

Steel Coeff -0.001 1.198%** -0.004 -0.008* 0.598
t-stat -0.671 13.575 -0.133 -1.931

FabPr Coeff 0.000 1.189%** -0.018 -0.007** 0.775
t-stat -0.241 24.672 -0.956 -2.227

ElcEq Coeff 0.002%* 1.185%%* -0.007 -0.004 0.739
t-stat 1.737 26.619 -0.401 -1.175

Autos Coeff -0.002 1.143%** -0.072%** 0.000 0.526
t-stat -0.784 17.360 -2.641 -0.031

Carry Coeff 0.001 1.215%** -0.056%** -0.003 0.597
t-stat 0.448 18.529 -2.820 -0.778

Mines Coeff 0.001 0.868%** -0.015 -0.011 0.296
t-stat 0.397 7.003 -0.298 -1.289

Coal Coeff 0.006 0.884%** 0.093* -0.004 0.261
t-stat 1.372 5.665 1.846 -0.470

0Oil Coeff 0.003* 0.703%** 0.042* 0.003 0.415
t-stat 1.665 8.989 1.888 0.871

Util Coeff 0.002 0.471%** 0.035%* 0.004 0.333
t-stat 1.102 7.560 2.007 0.987

Telcm Coeff 0.001 0.725%** 0.018 0.001 0.516
t-stat 0.658 11.513 0.982 0.196

Servs Coeff 0.000 1.374%%* 0.004 -0.002 0.781
t-stat 0.229 24.902 0.242 -0.607

BusEq Coeff -0.002 1.366%** -0.021 0.005 0.677
t-stat -0.835 18.786 -1.008 1.277

Paper Coeff 0.001 0.892%** 0.012 -0.001 0.670
t-stat 0.942 16.523 0.781 -0.317

Trans Coeff -0.001 1.084%** -0.011 -0.002 0.651
t-stat -0.314 18.662 -0.649 -0.385

‘Whisl Coeff 0.001 1.125%%* -0.018 -0.002 0.726
t-stat 0.408 20.641 -1.019 -0.404

Rtail Coeff 0.001 1.086%** -0.030* -0.003 0.667
t-stat 0.953 20.469 -1.799 -0.894

Meals Coeff 0.002 1.215%** -0.053*** -0.004 0.573
t-stat 1.100 13.937 -2.595 -1.219

Fin Coeff 0.002* 1.017%%* -0.005 0.001 0.755
t-stat 1.744 21.099 -0.317 0.634

Other Coeff -0.002 1.108%** -0.022 -0.009*** 0.708
t-stat -1.220 21.105 -1.465 -3.001

Panel B «@ B on B on B on

Bv =Ry 952 Ry 9var(ry) ~ Br

Average of betas 0.001 1.016%*** -0.011 -0.003***

t-stat 2.778 20.131 -1.349 -3.628

Panel C B on 3 on B on

Bu =Ry 9pz =Ry gvar(ry) ~ By

Number of Significant 30 12 7

betas at 10%

X2 test (beta vector=0) 15009.062 86.593 46.024

p-values (<0.001) (<0.001) (0.007)

Panel A shows the multivariate regression results using the 30 industry portfolios as the dependent variables. The market re-
turn is value-weighted of NYSE/AMEX/NASDAQ equities. The estimated regression is Ry — Ry = ap,¢ + 8 (RM’t — Rth) +

ﬁg (gft — Rf) + €k,t, where 9f, = (ft — ft—l) /ft—1. For each industry portfolio, the first line shows the estimated beta and the

second line shows the t-stat. The numbers with *** indicates significance at 1% level, ** indicates significance at 5 % level, and
* indicates significance at 10% level. Panel B shows the cross-sectional average of betas and their t-stat. Panel C evaluates the

significance of the beta for each factor. The test statistics is 52515 and has 30 degrees of freedom. The p-values are in parentheses.

All tests use Newey and West (1987) standard errors that are robust to heteroskedasticity and autocorrelation (3lags).
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Table 5
Multi-beta regression for the 30 industry portfolios

Reduced-MSC_VS(1)

Panel A o4 B on B on B on B on B x 10Z on B on Adjusted
Ry — Ry gR?M — Ry gR?vr — Ry IVar(Ryg) Ry 9Skew, — Ry Irar-VarRy — By R?
Food Coeff 0.002 0.670%** -0.344 0.226 -0.036 0.011%** 0.029 0.526
t-stat 0.918 9.427 -1.447 1.507 -1.252 13.041 0.995
Beer Coeff 0.005* 0.796*** 0.324 -0.201 0.017 0.014%** -0.024 0.436
t-stat 1.882 9.035 1.004 -0.981 0.550 11.584 -0.694
Smoke Coeff 0.003 0.610%*** -0.699** 0.435%* -0.108*** 0.006*** 0.111%%* 0.229
t-stat 1.054 5.643 -1.998 2.017 -3.117 3.377 3.035
Games Coeff 0.002 1.321%%* 0.028 -0.046 0.006 -0.002%* -0.014 0.673
t-stat 0.654 19.521 0.072 -0.185 0.159 -1.702 -0.375
Books Coeff 0.002 1.089%** 0.200 -0.159 -0.002 0.006%** -0.004 0.701
t-stat 0.880 16.628 0.504 -0.624 -0.085 7.338 -0.159
Hshld Coeff 0.002 0.858%** 0.176 -0.133 -0.038%* 0.004%*** 0.041% 0.611
t-stat 0.651 12.403 0.544 -0.646 -1.653 4.306 1.744
Clths Coeff 0.003 1.185%** 0.183 -0.168 -0.058* 0.006*** 0.056* 0.571
t-stat 0.827 13.125 0.375 -0.545 -1.883 3.947 1.713
Hlth Coeff -0.002 0.837%** -0.681% 0.440** -0.036* 0.010%*** 0.037* 0.585
t-stat -0.760 13.879 -1.927 1.956 -1.725 8.744 1.715
Chems Coeff 0.000 0.920%*** 0.032 -0.026 -0.063*** 0.000 0.064*** 0.677
t-stat 0.261 15.867 0.150 -0.200 -2.716 0.345 2.610
Txtls Coeff 0.000 1.057%** -0.054 -0.032 -0.064** 0.013*** 0.051 0.532
t-stat 0.049 13.875 -0.119 -0.113 -2.032 8.174 1.504
Cnstr Coeff 0.000 1.202%%* -0.120 0.041 -0.031 0.002%* 0.028 0.754
t-stat 0.184 19.402 -0.458 0.247 -1.135 2.026 1.004
Steel Coeff 0.000 1.194%** 0.374 -0.228 0.037 -0.008*** -0.045 0.599
t-stat 0.127 13.325 1.217 -1.157 1.126 -4.596 -1.326
FabPr Coeff -0.002 1.201%** -0.240 0.142 -0.002 -0.011%** -0.005 0.778
t-stat -0.881 25.231 -1.129 1.053 -0.085 -10.815 -0.205
ElcEq Coeff 0.004** 1.164%** 0.231 -0.162 -0.032%* -0.008*** 0.031 0.742
t-stat 2.278 24.476 1.301 -1.460 -1.747 -4.473 1.538
Autos Coeff 0.003 1.086%*** 0.712%* -0.517%* -0.054 0.001 0.059 0.536
t-stat 0.991 15.425 1.709 -1.955 -1.616 0.326 1.618
Carry Coeff 0.001 1.191%%* -0.094 0.001 -0.081** 0.015%** 0.081%* 0.605
t-stat 0.432 17.096 -0.310 0.007 -2.173 7.185 2.098
Mines Coeff -0.006 0.901%** -1.480%** 0.896** -0.131%** -0.006** 0.123%* 0.313
t-stat -1.455 8.160 -2.503* 2.340 -2.799 -2.364 2.450
Coal Coeff -0.001 0.928%** -1.274 0.848%* -0.076 -0.010%*** 0.072 0.267
t-stat -0.210 5.722 -1.663 1.720 -0.994 -3.669 0.938
Oil Coeff 0.001 0.708%** -0.313 0.215 -0.035 0.011%** 0.038 0.419
t-stat 0.600 9.181 -1.285 1.391 -1.279 8.991 1.305
Util Coeff -0.001 0.500%** -0.529%* 0.363** 0.008 0.015%*** -0.006 0.357
t-stat -0.760 8.274 -2.271 2.504 0.299 15.100 -0.229
Telcm Coeff 0.001 0.722%%* -0.012 0.015 -0.012 -0.001 0.013 0.513
t-stat 0.518 11.132 -0.053 0.105 -0.388 -0.789 0.431
Servs Coeff -0.001 1.403%** -0.203 0.151 0.056%** -0.003** -0.061*** 0.783
t-stat -0.415 23.843 -0.521 0.601 2.677 -2.210 -2.737
BusEq Coeff 0.000 1.375%%* 0.309 -0.188 0.081%** -0.015%** -0.078** 0.683
t-stat -0.106 19.075 0.962 -0.932 2.063 -10.213 -1.968
Paper Coeff 0.001 0.878%** -0.193 0.107 -0.073%** -0.002%* 0.075%** 0.674
t-stat 0.410 16.109 -0.966 0.861 -3.180 -1.787 3.107
Trans Coeff 0.000 1.070%** -0.049 0.009 -0.051 0.005%*** 0.052 0.652
t-stat -0.236 17.585 -0.228 0.067 -1.626 2.826 1.514
‘Whisl Coeff -0.003* 1.138%** -0.681%** 0.405%** -0.063%** 0.010%** 0.062%** 0.736
t-stat -1.664 21.588 -3.468 3.271 -2.833 8.809 2.662
Rtail Coeff 0.004* 1.055%** 0.352 -0.255% -0.042%* 0.011%** 0.041%* 0.673
t-stat 1.919 18.903 1.605 -1.821 -1.869 14.018 1.750
Meals Coeff 0.002 1.222%%* -0.161 0.071 -0.001 0.010%*** -0.004 0.574
t-stat 0.763 13.578 -0.597 0.431 -0.028 5.247 -0.107
Fin Coeff 0.001 1.024%%* -0.143 0.089 0.000 0.009%** 0.001 0.758
t-stat 0.949 21.050 -0.664 0.649 0.004 10.456 0.028
Other Coeff -0.005*** 1.137%%* -0.549*** 0.339*** -0.002 0.005*** -0.009 0.712
t-stat -2.777 21.610 -2.689 2.682 -0.116 5.248 -0.474
Panel B o B on B on B on B on B x 102 on B on
Ry — Ry 9R2, — Ry 9R3, Ry 9var(ry) ~Bf  9Skewy = Rf  9rprvarry — By
Average of betas 0.001 1.015%#* -0.163* 0.089 -0.030%** 0.003** 0.027% %
t-stat 1.233 21.125 -1.798 1.482 -3.035 1.964 2.763
Panel C B on B on B on B on B on B on
Ry — Ry IR3, ~ Ry IRg, ~ Ry 9var(ry) — Bf  9Skewy — By 9rpypvarry — By
Number of Significant 30 8 9 14 27 12
betas at 10%
X2 test (beta vector=0) 14614.786 87.308 93.370 49.852 74.583 50.941
p-values (<0.001) (<0.001) (<0.001) (0.003) (<0.001) (0.002)

Panel A shows the multivariate regression results using the 30 industry portfolios as the dependent variables. The market re-
turn is value-weighted of NYSE/AMEX/NASDAQ equities. The estimated regression is Ry — Ry = ag ¢ + B (Ra,e — Rf,t) +

ﬁg (gft — Rf) + k,ts where 9f = (ft — ft—l) /ft—1. For each industry portfolio, the first line shows the estimated beta and the

second line shows the t-stat. The numbers with *** indicates significance at 1% level, ** indicates significance at 5 % level, and
* indicates significance at 10% level. Panel B shows the cross-sectional average of betas and their t-stat. Panel C evaluates the
significance of the beta for each factor. The test statistics is ﬁEElﬁ and has 30 degrees of freedom. The p-values are in parentheses.

All tests use Newey and West (1987) standard errors that are robust to heteroskedasticity and autocorrelation (3lags).
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Table 6
Multi-Beta Regression for the 30 industry portfolios

Reduced-MSC_VS(2)

Panel A oY B on B on B on B on B x 10Z on B on Adjusted
Ry — R < — R < - R < o — R -R < -R R2
M f gr;v? f !JTE g f g’I‘SMO”Lg f gRg\Z) f gT€M[),0 o f
Food Coeff 0.001 0.713%** -0.644%%* 0.339%** -0.111 0.023 0.091 0.550
t-stat 0.614 11.190 -4.920 3.468 -1.307 1.543 1.067 0.000
Beer Coeff 0.002 0.839%** -0.412%* 0.195 -0.086 0.011 0.060 0.442
t-stat 0.936 10.029 -2.192 1.336 -0.706 0.513 0.484 0.000
Smoke Coeff 0.005 0.639%** -0.368 0.224 -0.026 0.022 0.045 0.236
t-stat 1.529 6.176 -1.588 1.298 -0.166 1.256 0.289 0.000
Games Coeff 0.002 1.340%** 0.427%%* -0.201 0.205 -0.001 -0.210 0.685
t-stat 1.002 21.258 2.576 -1.591 1.612 -0.095 -1.634 0.000
Books Coeff 0.001 1.129%** 0.007 -0.012 0.088 0.006 -0.101 0.700
t-stat 0.296 19.553 0.041 -0.111 1.033 0.615 -1.193 0.000
Hshld Coeff 0.000 0.881%** -0.209 0.059 -0.124%* 0.020%* 0.111 0.619
t-stat 0.159 13.788 -1.524 0.629 -1.646 2.415 1.464 0.000
Clths Coeff 0.002 1.216%** 0.279 -0.204 -0.008 0.015 -0.002 0.572
t-stat 1.027 14.805 1.481 -1.546 -0.069 1.001 -0.020 0.000
Hlth Coeff 0.000 0.826%** -0.250 0.165 0.010 0.014 0.003 0.583
t-stat 0.205 15.049 -1.278 1.197 0.094 0.760 0.027 0.000
Chems Coeff 0.001 0.933%** 0.114 -0.080 -0.088 0.007 0.079 0.677
t-stat 0.589 17.008 0.831 -0.891 -1.253 1.123 1.118 0.000
Txtls Coeff -0.002 1.129%** -0.385** 0.162 0.016 -0.012 -0.064 0.546
t-stat -0.778 17.138 -2.091 1.288 0.166 -0.756 -0.646 0.000
Cnstr Coeff 0.002 1.198%** 0.243%* -0.131 0.091 -0.004 -0.110 0.768
t-stat 1.148 22.579 2.323 -1.586 1.105 -0.292 -1.344 0.000
Steel Coeff -0.001 1.207%** 0.197 -0.067 0.109 -0.013 -0.145 0.621
t-stat -0.308 15.456 1.021 -0.544 1.215 -0.797 -1.607 0.000
FabPr Coeff 0.000 1.204%** 0.220 -0.075 0.157* -0.006 -0.166** 0.783
t-stat -0.148 31.011 1.495 -0.722 1.909 -1.164 -2.007 0.000
ElcEq Coeff 0.004*** 1.177%** 0.362%** -0.197*%* 0.025 0.010 -0.044 0.759
t-stat 2.924 27.977 3.256 -2.659 0.355 1.781 -0.643 0.000
Autos Coeff -0.001 1.150%** 0.043 -0.080 0.010 0.027** -0.026 0.531
t-stat -0.395 18.887 0.190 -0.555 0.100 2.440 -0.271 0.000
Carry Coeff 0.002 1.209%** 0.134 -0.099 0.041 0.004 -0.067 0.606
t-stat 0.884 19.792 0.771 -0.835 0.407 0.271 -0.656 0.000
Mines Coeff -0.001 0.902%*** -0.476* 0.269 0.015 -0.050* -0.035 0.302
t-stat -0.455 9.008 -1.765 1.335 0.111 -1.846 -0.256 0.000
Coal Coeff 0.003 0.930%** 0.102 0.115 0.265 0.008 -0.211 0.277
t-stat 0.746 6.349 0.249 0.379 0.770 -0.351 -0.640 0.000
Oil Coeff 0.001 0.709%** -0.378%* 0.216** -0.074 -0.019 0.092 0.439
t-stat 0.667 9.696 -2.533 1.977 -0.765 -1.419 0.949 0.000
Util Coeff -0.003* 0.517%** -0.845%%* 0.538%** 0.095 -0.015%* -0.074 0.454
t-stat -1.888 9.825 -6.302 5.500 1.049 -2.193 -0.821 0.000
Telcm Coeff 0.000 0.738%** -0.371%** 0.186** -0.093 -0.003 0.092 0.529
t-stat -0.151 13.149 -3.030 2.334 -1.423 -0.191 1.417 0.000
Servs Coeff 0.002 1.355%** 0.611%*** -0.246%* 0.231%** 0.001 -0.235%** 0.812
t-stat 1.244 25.125 4.493 -2.535 3.104 0.054 -3.199 0.000
BusEq Coeff 0.002 1.315%%* 0.732%** -0.361%*** 0.165 0.006 -0.170 0.707
t-stat 0.910 20.019 4.323 -2.793 1.444 0.454 -1.491 0.000
Paper Coeff 0.000 0.914%** -0.160 0.117 0.043 0.026** -0.050 0.673
t-stat 0.262 17.904 -1.224 1.300 0.639 2.378 -0.742 0.000
Trans Coeff 0.001 1.074%** 0.271%* -0.171%* -0.024 0.001 0.028 0.652
t-stat 0.364 19.295 2.040 -2.010 -0.326 0.079 0.391 0.000
‘Whisl Coeff 0.000 1.143%%* 0.007 0.066 0.210% 0.014 -0.215%* 0.732
t-stat -0.160 22.537 0.045 0.578 1.771 0.913 -1.830 0.000
Rtail Coeff 0.003* 1.079%** 0.272* -0.216%* -0.097 0.011 0.097 0.669
t-stat 1.826 19.953 1.885 -1.945 -0.859 1.102 0.855 0.000
Meals Coeff 0.002 1.221%%* -0.141 0.051 0.022 -0.005 -0.055 0.582
t-stat 1.021 14.426 -0.977 0.463 0.186 -0.172 -0.463 0.000
Fin Coeff 0.003** 1.005%** 0.096 -0.044 0.031 -0.009 -0.026 0.755
t-stat 2.039 21.708 0.812 -0.532 0.465 -1.420 -0.387 0.000
Other Coeff -0.004** 1.148%** -0.308** 0.205** 0.111* -0.001 -0.145%* 0.720
t-stat -2.270 24.307 -1.965 2.062 1.792 -0.102 -2.359 0.000
Panel B e B on B on B on B on B x 102 on B on
Ry — R zn — R < - R z - R - R < - R
M f gr;v? f ngMO g f g’I‘SMO”Lg f QRE\?) f grj\g,ﬁ o f
Average of betas 0.001*** 1.028*** -0.028 0.024 0.040%*** 0.002 -0.048%***
t-stat 3.477 21.770 -0.393 0.581 2.534 0.661 -3.035
Panel C B on 3 on on 3 on B on B on
Ry — R zn — R < - R < — R — R < — R
M ! grsj\? ! 750 g ! QTR?’ﬁ f QRSV;}) f gr;?"” g !
Number of Significant 30 13 10 5 5
betas at 5%
X2 test (beta vector=0) 17384.162 279.926 178.793 65.137 29.493 64.060
p-values (<0.001) (<0.001) (<0.001) (<0.001) (0.052) (<0.001)

Panel A shows the multivariate regression results using the 30 industry portfolios as the dependent variables. The market re-
turn is value-weighted of NYSE/AMEX/NASDAQ equities. The estimated regression is Ry — Ry = ap,¢ + 8 (RM,t - Rfvt) +

ﬁ;g (gft — Rf) + €k,t, where 9f, = (ft — ft—l) /ft—1. For each industry portfolio, the first line shows the estimated beta and the

second line shows the t-stat. The numbers with *** indicates significance at 1% level, ** indicates significance at 5 % level, and
* indicates significance at 10% level. Panel B shows the cross-sectional average of betas and their t-stat. Panel C evaluates the

significance of the beta for each factor. The test statistics is 52515 and has 30 degrees of freedom. The p-values are in parentheses.

All tests use Newey and West (1987) standard errors that are robust to heteroskedasticity and autocorrelation (3lags).



Table 7
Market prices of beta risks using the 25 Fama and French portfolios

Pane A Panel B
M_V MS_V
A(Ram)  A(Var (Rar)) A (Rar) A (R3)) A(Var (Ra)
1996-2006 Coeff 0.007* -0.326%** 1996-2006 Coeff 0.007* 0.014* -0.324%**
se 0.004 0.108 se 0.004 0.008 0.109
1993-2006 Coeff 0.008%** -0.407%** 1993-2006 Coeff 0.008*** 0.014** -0.406%***
se 0.003 0.112 se 0.003 0.006 0.113
1990-2006 Coeff 0.007** -0.291%%* 1990-2006 Coeff 0.007** 0.014** -0.271%**
se 0.003 0.110 se 0.003 0.006 0.114
1987-2006  Coeff  0.007** £0.497%* 1987-2006 Coeff 0.007%* 0.013%* 0,517
se 0.003 0.108 se 0.003 0.006 0.118
1984-2006 Coeff 0.006%** -0.439%** 1984-2006 Coeff 0.006%%** 0.013%%* -0.518%**
se 0.002 0.089 se 0.002 0.005 0.095
1981-2006 Coeff 0.006*** -0.439%%* 1981-2006 Coeff 0.006*** 0.013*** -0.518%**
se 0.002 0.089 se 0.002 0.005 0.095
1965-2006 Coeff 0.005** -0.127 1965-2006 Coeff 0.005** 0.009** -0.122
se 0.002 0.081 se 0.002 0.004 0.085
Panel C
MSC_VS
A(Rar) A (R?W) A (R?W) A(Var (Ra))  A(Skew (Rar))  A(RmVar (Ra)) A (R;;>) A (RMRj\g) A (RMRE’"&
1996-2006  Coeff  0.008%* 0.014* 0.020* -0.495%** -0.005 £0.495%** -0.152 0.005 0.054%%*
se 0.004 0.008 0.012 0.125 0.118 0.126 0.139 0.010 0.019
1993-2006 Coeff 0.009%** 0.015** 0.021** -0.467%** 0.111 -0.460%*** 0.025 0.006 0.046%**
se 0.003 0.006 0.010 0.140 0.127 0.141 0.142 0.008 0.016
1990-2006 Coeff 0.009*** 0.015** 0.021** -0.315%%* -0.074 -0.303%** -0.124 0.007 0.045***
se 0.003 0.006 0.009 0.151 0.146 0.152 0.158 0.008 0.014
1987-2006 Coeff 0.008*** 0.013** 0.017* -0.680%** -0.027 -0.631%%* -0.100 0.005 0.048***
se 0.003 0.006 0.009 0.182 0.160 0.176 0.178 0.007 0.013
1984-2006 Coeff 0.008%** 0.013** 0.017* -0.800*** -0.049 -0.753%** -0.127 0.005 0.045%**
se 0.003 0.005 0.008 0.156 0.169 0.151 0.185 0.007 0.012
1981-2006 Coeff 0.007%** 0.012%* 0.014%* -0.940%** -0.067 -0.880%*** -0.063 0.002 0.049%**
se 0.002 0.005 0.008 0.161 0.156 0.156 0.185 0.006 0.011
1965-2006 Coeff 0.004** 0.011%* 0.021 0.625 0.242%* 0.603 0.170 0.008 0.008
se 0.002 0.006 0.017 1.784 0.136 1.718 0.183 0.010 0.018
Panel D
Reduced-MSC_VS(1)
X (Ry) A(wa) A(R?W) A(Var (Ry))  A(Skew (Rpr)) A (RaVar (Ra))
1996-2006 Coeff 0.007* 0.014%* 0.020%* -0.351%** 0.094 -0.353%**
se 0.004 0.008 0.012 0.111 0.111 0.112
1993-2006 Coeff 0.007** 0.014** 0.020** -0.358%*** 0.203* -0.360%***
se 0.003 0.006 0.010 0.122 0.123 0.123
1990-2006 Coeff 0.007** 0.014** 0.021** -0.231%*%* 0.134 -0.229%*
se 0.003 0.006 0.009 0.125 0.138 0.127
1987-2006  Coeff  0.007%* 0.013%* 0.019%* -0.382%* 0.260* -0.344%%
se 0.003 0.006 0.009 0.122 0.146 0.120
1984-2006  Coeff  0.007** 0.013%* 0.020%** ~0.501 %+ 0.313%* -0.470%**
se 0.003 0.005 0.008 0.104 0.154 0.102
1981-2006 Coeff 0.006%** 0.013** 0.019** -0.460%*** 0.355%* -0.416%**
se 0.002 0.005 0.008 0.098 0.143 0.096
1965-2006 Coeff 0.005** 0.008** 0.012** -0.123 0.298** -0.122
se 0.002 0.004 0.006 0.085 0.125 0.084

Panel A shows the market prices of beta risks using the M_V model using different sample period. The Hansen and Jagannathan (1997)
distance measure is used to estimate the coefficients of the pricing kernels. The coefficients are then used to compute the market prices
of beta risk using the expected return decomposition. For each period the first line shows the estimated market prices of beta risks
and the second line shows the standard errors. The numbers with *** indicates significance at 1% level, ** indicates significance at 5
% level, and * indicates significance at 10% level. Panel B shows the market prices of beta risks using the MS_V model. Panel C shows
the market prices of beta risks using the MSC_VS model. Panel D shows the market prices of beta risks using the Reduced-MSC_VS(1)

model.
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