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Abstract

This paper examines the importance of parameter uncertainty and learning in the context
of dynamic portfolio choice. In a discrete time setting, we consider a Bayesian investor who
faces parameter uncertainty and solves her portfolio choice problem while updating her beliefs
about the parameters. For different return data generating processes, including i.i.d. returns,
autoregressive returns, and exogenous predictability, we show how the investor makes dynamic
portfolio choices, taking into account that she will learn from future data. We find that, in
general, learning introduces negative horizon effects and that ignoring parameter uncertainty
may lead to significant losses in certainty equivalent return on wealth. However, the significance
of learning is reduced when the investor uses more past data in her estimation and/or when
her risk aversion increases. Learning about unconditional expected returns appears to be the
most important aspect of the learning process. Using the earnings-to-price ratio as a predictor
and an empirical Bayes prior, we find that learning reduces, but does not necessarily eliminate,
the positive hedging demands induced by predictability and correlation between the return and
predictor innovations.
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1 Introduction

Dynamic portfolio choice is among the most fundamental problems in financial economics and asset
pricing in particular. Following the seminal contributions of Samuelson (1969) and Merton (1969,
1971), a vast literature has emerged addressing various aspects of the problem. The recent reviews
by Campbell and Viceira (2002),! Brandt (2004),% and Skiadas (2005)3 provide extensive surveys
of the existing literature. Important issues in the context of portfolio selection include return
predictability; frictions, such as transactions costs and taxes; and background risks, such as labor

income and housing, among others.

Another major aspect of the portfolio choice problem currently receiving attention is parame-
ter and model uncertainty. Kandel and Stambaugh (1996), Brennan(1998), Barberis (2000), Xia
(2001), Boudry and Gray (2003), and Brandt, Goyal, Santa-Clara, and Stroud (2005) are recent
papers that address the issue of parameter uncertainty. Avramov (2002) and Tu and Zhou (2003),
among others, examine the role of model uncertainty in a static portfolio choice context. In this pa-
per, we address the issue of parameter uncertainty and learning in the context of dynamic portfolio

choice.

The starting point in a standard portfolio allocation problem is to postulate a model for the
data generating process describing the joint stochastic evolution of all variables of interest, including
asset returns. Certain aspects of such a model, e.g. parameters, are inherently unknown, although
they are indispensable ingredients of the portfolio problem solution. The majority of models used
in the literature involve a parametric specification. Given a model specification, the investor has
to use the available data in order to make inferences about the unknown quantities and then
use this information to solve her portfolio choice problem. Such an investor might be inclined to
discard a certain feature of the data generating process, such as return predictability, if there is no
statistically significant evidence to support it. Another possibility is that the investor is convinced
about the importance of the specific feature through a formal statistical test or a heuristic argument.
Then, if the investor subscribes to the so-called plug-in approach (see Brandt (2004)), she proceeds
by making the assumption that the parameters are known precisely and equal to their estimates

obtained from the available data. However, point estimates are subject to estimation error which

!Campbell and Viceira (2002) focus on the dynamic portfolio choice of a long-term investor in the context of
recursive preferences of Epstein-Zin (1989).

2Brandt (2004) analyzes the econometrics of portfolio choice problems with emphasis placed on the link between
the theoretical developments and the econometric treatment of data.

3Skiadas (2005) studies portfolio-consumption choice problems in a continuous-time setting with a focus on the
aspect of modelling risk aversion.



is passed on to the portfolio allocation solution. Hence, unless there is no estimation error, the
resulting allocation will be suboptimal. This gives rise to estimation risk. We consider both of the
above approaches to be extreme. As discussed in detail by Brandt (2004), the Bayesian decision-
theoretic approach provides a more attractive alternative. In contrast to the plug-in approach,
the Bayesian paradigm allows the investor to treat the parameters as unknown and incorporate
parameter uncertainty into her portfolio choice problem in a natural fashion. Instead of operating
under the assumption of fixed parameters, the investor integrates out the unknown parameters to

obtain the predictive distribution which depends only on observed data.

Financial researchers have long recognized the importance of estimation risk in the context of
portfolio choice. Zellner and Chetty (1965), Klein and Bawa (1976), Brown (1976), and Bawa,
Brown, and Klein (1979) illustrate how to use the predictive return distribution in order to incor-
porate parameter uncertainty and estimation risk in the context of static portfolio choice problems.
In an important contribution, Kandel and Stambaugh (1996) were the first to stress the signifi-
cance of parameter uncertainty for the portfolio choices of a short-horizon investor when returns

are predictable.

When the portfolio allocation problem is intertemporal, the investor who wishes to take param-
eter uncertainty into account faces an additional challenge. She has to acknowledge that future
data will provide more information about the unknown parameters and integrate this aspect into
her decision making. This feature of the problem introduces the notion of Bayesian updating or
learning. A number of papers are devoted to the study of learning in a dynamic setting. Detemple
(1986) analyzes an economy in which agents learn about the state variables that determine produc-
tion through filtering of the noisy signals they receive. Gennote (1986) studies optimal portfolio
choices in an economy where investors learn about the unknown expected returns on investment.
In a continuous time setting, Brennan (1998) examines the effect of learning about the unknown
drift of the risky asset price process which is assumed to follow a geometric Brownian motion. Xia
(2001) extends the analysis of Brennan (1998) to the case of predictable returns and considers the
effect of learning about the slope in the predictive regression. Barberis (2000) studies the problem
of learning about the expected risk premium in a discrete time framework with independent and
identically distributed (i.i.d.) risky asset returns. In a more recent paper, Brandt et al. (2005)
consider the case of predictable returns and analyze the problem of learning about the parameters

in the predictive vector autoregressive (VAR) system.

The majority of papers on learning focus on particular parameters in the model describing the

data generating process while they assume that the remaining parameters are known to the investor.



For instance, Brennan (1998) and Barberis (2000) assume that return volatility is known in their
ii.d. setting. Using a continuous time model for predictable returns, Xia (2001) focuses on learning
about the predictive regression slope while assuming that the additional model parameters are
known. It can be argued, however, that focusing on an individual parameter restricts the analysis
and does not shed light on the significance of learning in a more realistic setting that treats all

parameters as unknown.

We contribute to the literature by providing a comprehensive study of the role of learning in
the context of dynamic portfolio choice. To contain the computational complexity at a manageable
level, we consider a simple investment opportunity set consisting of a risky asset and a risk-free asset
with constant return and study the problem of an investor who maximizes the expected utility of
terminal wealth. To explore the importance of learning across various scenarios, we assume different

data generating processes including i.i.d., autoregressive, and predictable risky asset returns.

To the best of our knowledge, the only existing paper that addresses learning about all model
parameters is Brandt et al. (2005). While our analysis also covers the case of predictable returns
studied by Brandt et al. (2005), there are important differences between the two papers that are
briefly summarized as follows. First, we identify eight variables that characterize the investment
opportunity set in the investor’s perception and thus can serve as state variables for the investor’s
portfolio choice problem. The eight state variables consist of the current value of the predictor and
seven variables determining the posterior distribution of the parameters. In contrast, Brandt et al.
(2005) use 11 state variables in their analysis. Our view is that using a more parsimonious repre-
sentation of the state will result in a more accurate approximation of the value function. Second,
this paper uses a different numerical technique to solve the Bellman equation. Brandt et al. (2005)
develop a novel method that uses a Taylor approximation to the value function and simulation to
evaluate the conditional expectations in the Bellman equation. They illustrate the effectiveness
of their method for a simple portfolio choice problem with a single state variable. However, it is
not clear how accurate their solution technique is when the state variable is high dimensional. In
contrast, we solve the portfolio choice problem following standard backward induction but using
a powerful approximation to the value function based on feedforward neural networks. While this
type of approximation has been used in the context of other dynamic programming problems (see
Bertsekas and Tsitsiklis (1996)), this paper presents, as far as we know, its first application for
solving a portfolio choice problem. The advantage of our approach is that we can assess the quality
of the approximation by examining the neural network fit in each step of the backward induction.

Finally, although the empirical findings of the two papers are not directly comparable since we use



different data sets and different priors, our results suggest that the effect of learning might not be

as dramatic as shown by the analysis in Brandt et al. (2005).

Our analysis is carried out within a discrete-time framework. For each model under considera-
tion, we describe in detail the learning process of the Bayesian investor who solves her intertemporal
portfolio allocation problem taking into account that she will use future data to update her beliefs
about the parameters. Building on the analysis of Barberis (2000) who treats the case of i.i.d.
returns with known volatility, we identify the sufficient statistics that summarize the posterior
parameter distribution and form part of the state variable for the investor’s portfolio allocation
problem. As shown by Barberis (2000), when returns are assumed to be i.i.d. with unknown mean
but known volatility, the investor uses the return sample average to learn about the population
mean. Here, the return sample mean, alone, is enough to determine the investment opportunity
set according to the investor’s perception and therefore serves as the single state variable. When
both return mean and volatility are treated as unknown, the investor also uses the return sample
variance to learn about volatility. As a result, the investor uses the first two sample moments of
returns as state variables to solve her portfolio choice problem. To assess the role of potential serial
correlation, we also consider an autoregressive model for returns. In this case, the investor learns
about the intercept, the slope, and the conditional variance in the autoregression using the return
sample mean, variance, and autocorrelation. Thus, the investor uses these sample statistics to learn
about the unknown parameters, which combined with the current return level form the four state

variables for the investor’s portfolio problem.

When returns are assumed to be predictable, the Bayesian investor has to learn about the
intercepts, the slopes, and the covariance matrix parameters in the predictive VAR system, a total
of seven parameters. In this case, we identify seven sample statistics that characterize the posterior
parameter distribution: the first two sample moments of the return and the predictor, the sample
contemporaneous return-predictor correlation, the sample correlation between return and lagged
predictor realizations, and the sample predictor serial correlation. Combining these variables with
the current value of the predictor, we obtain the eight state variables used to solve the investor’s
optimization problem. Given the proliferation of state variables introduced by learning, the solution
of the dynamic portfolio allocation problem poses a serious computational challenge. We employ
a powerful approximation scheme based on feedforward neural networks to approximate the value

function and solve the intertemporal optimization problem by backward induction.

Our main empirical findings are summarized as follows. We find that, in general, parameter

uncertainty and learning induce negative horizon effects. This evidence is consistent across all



different models. In addition, we find that an investor who chooses to ignore learning might suffer
significant losses as measured by the certainty equivalent return on wealth. The extent of these
losses, however, appears to be highly dependent on the amount of data used by the investor in
the initial estimation and the investor’s risk aversion. The optimal allocation is most sensitive to
the state variable that the investor uses to learn about unconditional expected returns, namely
the return sample mean. We conclude, not surprisingly, that learning about the unconditional
risk premium is the most important part of the learning process. In contrast, learning about
volatility is not as important and the losses incurred by the investor who treats volatility as known
are not substantial. When returns are predictable and the parameters are assumed to be known,
the optimal allocation to the risky asset is horizon-dependent if return and predictor innovations
are contemporaneously correlated. When the earnings-to-price ratio is used as the predictor, the
horizon effect is positive and the investor allocates more heavily on the risky asset for longer
horizons. Using an empirical Bayes prior, we find that learning reduces, but does not necessarily
eliminate, the positive hedging demands due to predictability and negative correlation between

shocks to return and earnings-to-price ratio.

The remainder of the paper is structured as follows. In Section 2, we describe a general discrete-
time dynamic portfolio choice framework for a Bayesian investor who wishes to incorporate param-
eter uncertainty explicitly into her decision making. In Section 3, this framework is applied to four
different data generating processes: i.i.d. returns with known and unknown volatility, autoregres-
sive returns, and predictable returns with an exogenous predictor. In the final section, we offer

some concluding remarks. Additional technical material is relegated to the Appendices.

2 Portfolio allocation with learning: General framework

In this section, we develop the framework for the portfolio choice problem of a Bayesian investor.
From the standpoint of such an investor, the parameters of the model employed are unknown.
The uncertainty about the unknown parameters is summarized by the posterior distribution of the
parameters given the observed data up to a specific point in time. Hence, the investor is involved in
a dynamic learning process and must take this feature of the decision process explicitly into account.
It follows that the investor’s posterior beliefs about the parameters will be part of the state variable
that determines the investment opportunity set according to the investor’s perception. We next
describe in detail the portfolio choice faced by the Bayesian investor. The development builds on

and generalizes the framework advanced by Barberis (2000).



For tractability reasons, we consider a simple investment opportunity set in which there are two
assets: a riskless asset with constant continuously compounded return r; and a risky asset, such as
a stock index, with continuously compounded excess return r; over period t. We assume that the
investor has a CRRA power utility function and maximizes terminal wealth. The investor observes
data up to time K and has an investment horizon of T periods. The time horizon is divided into
N intervals of equal length (equal to L = T'/N periods) denoted by [to,t1],...,[tnN—1,tN] Where
to = K and ty = K + T. In general, we have t; = K 4 jL for j = 0,1,..., N. Although the
investor observes the data in every period, she only adjusts the portfolio every L periods, at points
(to,...,tn—1). Denoting by W; the wealth of the investor at time ¢, the evolution of wealth from

time t; to time ¢;41 is described by

Wiy = Wi, Rp i,

1
where the portfolio return R, ;11 is given by
Rpjr1 = (1 —wj)exp (ryL) +wjexp (ryL + Ryjy1), (1)

wj is the allocation to the risky asset at time ¢;, and Ry j;1 is the cumulative excess return on the

risky asset over the period from ¢; to t;1:
Ryjri=ry41+ - +ry,,. (2)

In this paper, we consider an investor who seeks to maximize utility of terminal wealth. For-

mally, the investor’s problem is expressed as

Wi
max Fg — KT ,
Wo,---;WN—1 1-— Y
where wy, . ..,wyn_1 are the allocations to the risky asset at times tq, ...,tny_1, respectively, and -y is

the coefficient of relative risk aversion. The state variable at time t is denoted by s(t). As explained
above, the state variable should include the investor’s posterior beliefs about the parameters. Typ-
ically, the state variable contains a sufficient statistic that characterizes the posterior distribution
of the parameters and hence the predictive distribution of future returns given the available data.
In the context of normally distributed i.i.d. risky asset returns with unknown mean and known
volatility, Barberis (2000) shows that the state variable is the historical average of past returns. If
the volatility is unknown or the i.i.d. assumption is relaxed, additional sample statistics are needed

to determine the risky return predictive distribution. If the data generating process postulated



by the investor is more complicated, the state variable s(¢) may even be infinite dimensional, ren-
dering the solution of the dynamic portfolio choice problem computationally infeasible. The data
generating processes we consider in this paper are based on Gaussian disturbances, ensuring that

the state variable for the investor’s problem stays finite dimensional. Let D¢, ., denote all the

J+1

relevant data obtained after time ¢; and up to and including time ¢;4,. Clearly, Dy, ;. , includes all

j+1
return data r¢;41,..., 71

x, the data set Dtj,t

i+1- When the data generating process incorporates a predictive variable

i1 also includes realizations of the variable xz. Let the law of motion of the

state variable be given by

S(tj-i'l) = ®t(s(tj)7Dtjatj+1)’ (3)

where @, is a suitably chosen function that depends on the hypothesized data generating process.

The derived utility of the investor at time ¢; is given by

W1_7]

tN

I—v

J(Wy,,s(t),t;) = max Ey,

Wiy, WN—1 J

and the Bellman equation is

J(Wtjvs(tj)’ tj) = max Etj [J(Wtj+175(tj+1)7 tj-i-l)] .

wj
Note that the investor’s expectation Ey,[-] is taken with respect to the joint predictive distribution
of returns and state variables (R j+1,5(tj+1)), given all available data up to time ¢; or, equivalently,
given the state variable s(t;). Utilizing the homotheticity of the utility function, we can write
W
(W, s(t).t) = 5 Vi(s(t)), t;)-

We observe that, under the commonly made assumption v > 1, the Bellman equation becomes

V (s(t)), tj) = min £, [R;ELV(S(UH)JJ‘H) )
J

where the portfolio return R, j 11 is given by equation (1). The Bellman equation is solved numer-
ically by backward induction. Typically, the conditional expectation Ei, [-] cannot be evaluated
analytically. The alternative is to resort to Monte Carlo simulation in order to generate samples
from the desired predictive distribution. Let £ denote the vector of parameters used by the data
generating process. To obtain the predictive distribution of Dy, ;. ., given the data Dy, up to time
t;, we employ the standard procedure of conditioning on the parameters and then integrating out.

This yields the expression
PDty 01D = [ DDy 0,0016 D1 (€D
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Note that since the state variable s(¢;) includes a sufficient statistic summarizing the posterior dis-
tribution p(¢|Dy; ), we actually have p(§|Dy;) = p(&|s(t;)). Furthermore, it is typically the case that
all information contained in Dy; that is relevant for the distribution p(Dy; ., |¢, Dy;) is contained
in the state variable s(t;). That is, s(t;) serves as a sufficient statistic and so p(Dy; ;. |§, Dy;) =

p(Dy; t;.11€, 8(t5)). Summarizing, we obtain

P(D4; ;41 1D;) = /p(Dtj,th!& s(t;))p(&ls(t;))ds.
Therefore we can use the following algorithm to generate samples from the predictive distribution
P(Ryjt1, s(tj1)]s(t5)):
1. Use the given value of the state variable s(¢;) to simulate £ from the posterior distribution
p(&ls(ts))-
2. Use the obtained parameter value £* and the given value of the state variable s(t;) to simulate
Di 1;py from p(Dy ;. [€7, s(5))-

3. Use the simulated data Df ,  , equation (2) and the law of motion (3) to generate draws

R ;41 and s*(tj4+1) from the predictive distribution p(R1 j+1, s(tj4+1)[s())-

Repeating steps 1 through 3 sufficiently many times will produce a sample from the desired
predictive distribution. The actual implementation differs on a case-by-case basis, as we will illus-
trate in the next section. Let us denote by {(Rggﬂ, s (t;11)) :i=1,...,I} the sample from the

predictive distribution. Then, in the typical backward induction step, for a given point s(t;) in the

state space, we can compute (an approximation to) the function V' at time t; by solving

.11 I i 1=y i
V(s(tj),tj) = min [I Zi:l [Rz(z,;—i—l} Vi1 (9 (tj41),t41) (4)

wj
where
RV = (1 —w;)exp(rsL) + wjexp(rsL + RV, ).

The function V'(-,¢;) is computed at a large number of suitably chosen points evenly distributed on
the state space and then an approximation to V' (-, ¢;) is obtained using feedforward neural networks.

Details about the implementation of the neural network approximation are deferred to Appendix

A.

3 Data generating process

We consider four data generating processes: i.i.d. returns with known and unknown volatility, au-

toregresssive returns, and predictable returns with an exogenous predictor. We assume throughout



that the investor perceives all random shocks to be normally distributed. The simple case of i.i.d.
returns with known volatility has been analyzed by Brennan (1998) in a continuous-time diffusion
setting and by Barberis (2000) in a discrete-time framework using a different numerical technique
for solving the Bellman equation. However, we include this case in our analysis since it serves as
the natural starting point and helps build the necessary intuition for the study of the more complex
problems with learning that we consider later. Moreover, we provide evidence on the performance
of alternative portfolio rules in terms of certainty equivalent return on wealth and illustrate the
sensitivity of the results to the amount of data used in the estimation, as well as to the risk aversion

of the investor.

3.1 1IID returns with known volatility

3.1.1 Bayesian updating framework

In this section, we examine the effect of learning on the portfolio decisions made by the investor
when returns are assumed to be i.i.d. normal with known variance but unknown mean. The

continuously compounded excess returns follow the data generating process
re = p+ e with e, ~ 1.i.d. N(0,v),

where the variance v is assumed to be known. Instead of the improper diffuse prior used by Barberis

(2000), we employ a proper prior on y given by

e N(MOaUO)-

In our empirical application, we set the precision 1/vy equal to €, a small positive constant. This
guarantees a proper but non-informative prior. The investor updates her beliefs about the unknown
expected return p using Bayes rule. It follows that, given return data up to and including time ¢,
D, = (ry,...,r), the posterior distribution of 4 is also normal. Specifically, it is shown in part B7

of Appendix B that the posterior distribution of p is given by

,U/‘Dt ~ N(ﬁt? 675)7 (5)

where

- Ut Vo _
= + e, 6
i (voﬂt)uo (Uow)t ©)

- Vo
= 7
Ut Ut <v0+vt>’ ( )




and

_ 1 t v
T+ = ;ZTil’l“T, Ve = 2

Since the variance v is assumed to be known, it follows from equations (6) and (7) that the posterior

distribution of p is summarized by the sufficient statistic #;. For each ¢, we define the variable
S(t) =T

which will serve as the state variable for the portfolio allocation problem. It follows from the i.i.d.

assumption that the conditional distribution of the cumulative return Ry ;i is given by
Rl:j+1|:uv Dtj ~ N (Lf% LU) .

Recalling that p|D; ~ N (i, 0¢) and using a standard calculation to integrate out u, we obtain the

following predictive distribution
R1jv1|Dy; ~ N(Lﬁtj, L(v + Ly,)). (8)

The derivation of this fact can be found in part B7 of Appendix B. As in the analysis of Barberis
(2000), the law of motion of s(t) is given by*

s(tj+1) = t:ﬂ t:: e = JLS(%‘) + tleRLjH- (9)
Given the state variable s(t;), we can use (8) and (9) to obtain a large number of random draws
R ;41 and s™(¢j41) from the predictive distribution p(R1,j11, s(tj+1)[s(t;)) that can be used to solve

the approximate Bellman equation (4). The numerical solution proceeds as described in section 2

using backward induction.

3.1.2 Empirical results

In this subsection, we examine the empirical implications of learning about the return mean using
the framework developed in the previous subsection. We consider an investor who has access
to quarterly return data but only updates her portfolio holdings at the yearly frequency (L = 4
quarters). The underlying assumption is that the returns data are normal i.i.d. with known variance
but unknown mean. The risky asset return is the return on the S&P 500 index. The source of our

data set, which includes data up to 2003, is the recent paper by Goyal and Welch (2005).> The

1See also the related discussion of recursive mean estimation given in Example 3.4, Section 3.2 in Bertsekas and
Tsitsiklis (1996).

®The data can be found at http://www.bus.emory.edu/AGoyal/. We thank Professor Goyal for making the data
publicly available.
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investor uses a non-informative prior distribution for the return mean p given by p ~ N(ug,vo)
with mean py = 0 and precision 1/vy =€ = 10~%. The investment horizon is N = 10 years, so that
T is equal to 40 quarters, and the (known) return variance is set equal to the sample variance using
all the data available at the beginning of the investment period. Throughout, we use I = 300, 000
Monte Carlo repetitions to evaluate the expectations in the (approximate) Bellman equation (4).
We approximate the value function on the entire state space using a grid of 200 evenly distributed
points and a feedforward neural network with two hidden layers. To provide a comprehensive
picture of the effect of learning, we examine eight different scenarios in which the coefficient of
relative risk aversion () takes the commonly used values 5 or 10, the initial estimation is based on
15 or 30 years of past data, and the annualized risk-free rate (Ry) is assumed to be equal to 5 or 6

percent.

In Table 1, we present the optimal allocation to the risky asset for all eight scenarios. Figure
1 displays graphically the optimal allocation for the case in which v =5, Ry = 6 percent, and the
initial estimation is based on 15 years of data with the sample ending in 2003. Consistent with
the results of Brennan (1998) and Barberis (2000), we find that learning about the mean induces
negative horizon effects. In all cases, the investor allocates less to the risky asset the longer the
investment horizon. Compared to the policy that assumes the mean to be a known constant and
equal to the sample mean calculated at the beginning of the investment period (denoted by C
in the table), there is less investment in the risky asset according to the optimal learning policy
(denoted by OL in the table). As the investor gets closer to the final date, the OL allocation rule
converges to the C allocation rule. Overall, the importance of learning about the mean appears to
depend on two factors: the level of risk aversion and the amount of data used by the investor at
the beginning of the investment period. The effect of learning is more pronounced for the low level
of risk aversion (v = 5). Uncertainty about the mean makes the risky asset appear riskier in the
investor’s perception as compared to the case of known mean. For high levels of risk aversion, the

difference becomes less important.

Furthermore, we expect the impact of learning to diminish when more data are used in the initial
estimation. This is what we observe in Table 1. When the investor uses 30 years of data, as opposed
to just 15, the negative hedging demands are reduced. The final point to notice from this table is
that the optimal allocation heavily depends on the estimation period itself. For instance, according
to the C allocation rule that ignores learning, when v = 5, Ry = 6 percent, and using 15 years
of data, the allocation to the risky asset equals 90.7 percent when the sample ends in 2000 while

it equals 55.7 percent when the sample ends in 2003. For the OL allocation rule and investment

11



horizon of 10 years, the corresponding allocations are 52.8 and 35.9 percent, respectively. Overall,
we observe that taking estimation risk and learning into account results in more robust portfolio
allocations. In Table 2, we present evidence on the performance of the OL allocation policy; the
C allocation policy; and a policy, denoted by MU in the table, based on myopic updating. That
is, at each given time, the policy MU uses all available data to update the estimate of u and then,
myopically and ignoring future learning, solves the one-period-ahead portfolio allocation problem.
Table 2 reveals that the investor can suffer significant losses if she uses the C allocation rule instead
of the optimal OL rule. The losses associated with the suboptimal myopic rule MU that dynamically
updates the mean estimates are much smaller. However, the losses are significantly reduced for
high risk aversion (v = 10) and/or when the initial estimation is based on 30, instead of only 15,

years of data.

3.2 IID returns and learning with unknown volatility

In this subsection, we relax the assumption that the volatility is known. The investor solves the
portfolio allocation problem taking into account that she will learn about both return mean and

volatility from future data.

3.2.1 Bayesian updating framework

As in subsection 3.1, the continuously compounded excess returns are assumed to be i.i.d. and

normally distributed
re = 1+ ¢ with g4 ~ i.i.d. N(O,U)

In the present context, however, in addition to the return mean pu, the variance v is also treated
as unknown. To keep the problem tractable, we assume that the investor has a conjugate proper

prior on (u,v) given by
plv ~ N(ug,v/mo) and v ~ IG (g, )

where 1y € R and 79, ap, and 3, are positive parameters. This is known as the normal inverse
gamma (NIG) prior (see B2 in Appendix B for the definition). In our empirical application, we set
mo = a9 = 1/8, = € where ¢ is a small positive number to ensure a proper but non-informative
prior. Recall from the analysis in subsection 3.1.1 that when the expected return p is the single

unknown parameter, the investor uses the return sample mean as the single sufficient statistic in

12



her Bayesian updating. When the return variance is also unknown, the investor’s updating process

requires two sufficient statistics. Next, we show how this intuition is formalized.

Given return data up to and including time ¢, Dy = (rq,...,7:), the posterior distribution of
(,v) is also of the NIG type. This follows as a special case of the statement in part B8 of Appendix
B. Specifically, the posterior distribution of (u,v) is described by

U’Dt ~ IG(dtht>7 /'L’th ~ N(ﬂu”/ﬁ't);

where
&t = + ) (10)
~—1 . mot(Fe — pg)? iy
_ i 11
~ t _ ™0
= 12
e t—{—ﬂ'ort t_i_ﬂ_olu(]v ( )
T = mo + L, (13)
and

L N - T 1 U S
Tt:fzlerﬂ thEZT:]_(TT_rt) 2227217}—7}-

For each t, we define the variables

1t 1 ¢
ma(t) = N 27:1 rr, ma(t) = 7 27:1 r7,

and observe that 7y = my(t) and ©; = ma(t) — my(t)?. Examination of equations (10)-(13) shows
that, as far as the posterior distribution of the parameters (u,v) is concerned, the information
contained in the observed data D; can be summarized by the two variables m;j(t) and mg(t).
Hence, the variables m(t) and ma(t) can serve as state variables for the investor’s portfolio choice
problem. The natural extension of equation (9) in the present context with unknown volatility

provides the law of motion of the state variables (mq(t), ma(t)):

ts 1
my(tj+1) = t%]mk(tj) + o Rge1, k=12,
J+1 7+1
where
Ryjii=rf g+ +rp,, k=12 (14)
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Although we could proceed and use m(t) = (mq(t), ma(t)) as the state variable vector, our results

are more easily interpretable if we transform m(t) to s(t) = (s1(t), s2(t)) where

Sl(t) = ml(t):ft,

Sg(t) = ﬂ’LQ(t) — ml(t)2 = flt.

Clearly, m(t) and s(¢) contain the same information. Indeed, we can recover m(t) from s(¢) using
the identities m1(t) = s1(t) and ma(t) = s2(t) + s1(¢)2. Using the definition of s(t) and the law of

motion of m(t), we can deduce the law of motion of the state variable s(t):

t; 1

s1(tj+1) = %Sl(tj) + le,jH, (15)
j+1 Jj+1
ti 1

sa(tjt1) = t—” [sa(t) + s1(t)%] + tfRQ,j+1 — s1(tj+1)* (16)
Jj+1 j+1

The subsequent analysis uses the state variable s(t). Solving the Bellman equation requires knowl-
edge of the predictive distribution of (Ri jt1,5(tj4+1)), given the state variable vector s(t;). Since
this is not available in analytic closed form, we resort to Monte Carlo simulation in order to generate
samples from the desired predictive distribution. Conditioning on the parameters and integrating

out, we obtain the expression

p(Dyy 1 15(t5)) = / p(De, g, |10, 5(83))p(ps, o] (t5)dpad,

Since returns are assumed to be i.i.d., the distribution p(Dy, ., |1, v,5(t;)) does not depend on
5(t;). On the other hand, we know that the posterior distribution p(u,v|s(t;)) is normal inverse
gamma, as described above. Therefore, we can devise the following algorithm to simulate from the

predictive distribution:

la. Generate v* from v|s(t;) ~ IG(dtj,Btj), where &;; and Bt]— are obtained using s(t;) and

expressions (10) and (11), respectively.

1b. Given v* from step la, generate p* from u| (v*, s(t;)) ~ N(fi,,v"/7;), where i, and 7y,

are obtained using s(¢;) and expressions (12) and (13), respectively.
2. Given (p*,v*) from step 1, generate an i.i.d. sample D* = (r,1,...,7 1) from N(u*, v*).

3. Given the generated sample (7.1, ..., 7 1), use equation (14) to obtain (R7 ;,,, R5 ;. ;) and
then use s(¢;) and the law of motion (equations (15) and (16)) to obtain a draw s*(¢;41) from the

predictive distribution of the state variable in the next period.

Repeating the above procedure sufficiently many times provides a large sample from the predic-

tive distribution p(R j+1, s(tj+1)]s(t;)), which we use to solve the approximate Bellman equation
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(4). We then follow the procedure described in section 2 to solve the portfolio allocation problem

using backward induction in the standard fashion.

3.2.2 Empirical results

In this subsection, employing the framework described in the preceding subsection, we provide
empirical evidence on the effect of learning about the return mean and volatility on dynamic
portfolio choices. We use the same data and assumptions as in subsection 3.1.2, except that in this
case the investor is learning about both return mean p and variance v. The prior distribution of
(1, v) is given by plv ~ N(ug,v/mo) and v ~ IG (o, By) with pg = 0 and mp = a9 = 1/8y = € =
10~%. This specification provides a proper but non-informative prior. As in subsection 3.1.2, the
investor uses quarterly return data in her estimation, updates her portfolio holdings yearly, and has
an investment horizon of 10 years. The expectations in the (approximate) Bellman equation (4) are
computed using I = 300,000. We approximate the value function on the entire state space using
a grid of 600 evenly distributed points and a feedforward neural network with two hidden layers.
We consider eight different scenarios as in subsection 3.1.2. Table 3 presents the optimal allocation
to the risky asset in all eight scenarios. The upper and lower panels correspond to the two cases
when the initial sample the investor uses in her estimation ends in 2000 and 2003, respectively.
In general, we observe the same patterns as in the case of unknown mean and known volatility;
for comparison, see subsection 3.1.2 and Table 1. Learning induces negative hedging demands
and the investor, following the optimal rule with learning (OL), allocates less in the risky asset
compared to the C policy that treats both the mean p and the variance v as known and equal to
their sample counterparts obtained using all data at the beginning of the investment period. The
OL allocation rule converges to the C allocation rule as the investor approaches the final date. The
additional effect of learning about the variance v appears to be limited. In particular, when the
initial sample ends in 2003, there is essentially no difference between the cases with known and
unknown volatility. Note that for the samples ending in 2003, the return sample means are much
lower than their counterparts using the samples ending in 2000. The underlying intuition is that
when the estimates about expected returns are low the uncertainty about volatility becomes less

important.

This point can also be seen in Figures 2, 3, and 4 which display graphically the optimal allocation
for the case in which v = 5, Ry = 6 percent, and the initial estimation is based on 15 years of data
with the sample ending in 2003. In the upper graph of Figure 2, we set the state variable ss equal to
its 25th, 50th, and 75th percentile and plot the optimal allocation as a function of the state variable
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s1. In the lower graph, the roles of s1 and s are reversed. As expected, everything else equal, higher
levels of the mean estimate s; and lower levels of the variance estimate so correspond to higher
risky asset allocations. Moreover, we observe that learning about volatility makes a difference only
when return mean estimates are high. In Figures 3 and 4, we present the optimal allocation as a
function of the investment horizon. Figure 3 shows that uncertainty about the return mean is as
important as in the case with known volatility. Figure 3 shows that the importance of learning
about volatility depends on the level of the mean estimate s;. For example, the upper graph in
Figure 4 shows that when the state variable s; is equal to its 25th percentile, uncertainty about
return volatility plays practically no role. Overall, the evidence suggests that learning about the

return mean is more important than learning about the return volatility.

In Table 4, we present evidence on the performance of the OL allocation policy in comparison
with two suboptimal alternatives. The first, denoted by OL-KV in the table, treats the return
variance v as known and equal to the return sample variance ¥ at the beginning of the investment
period but is based on optimal learning about the return mean p. The second, denoted by MU
in the table, is based on myopic updating. More specifically, at each given time, the policy MU
uses all available data to update the estimates of i and v and then, myopically and ignoring future
learning, solves the one-period-ahead portfolio allocation problem. The losses associated with the
policy OL-KV, in terms of certainty equivalent return, are insignificant: from 1 to 4 basis points
when the initial sample ends in 2000 and from 0 to 1 basis points when the initial sample ends in
2003. This evidence agrees with the point made earlier that learning about volatility is much less
important than learning about the mean. The losses associated with the MU allocation rule are
more significant. For example, when v = 5, Ry = 5 percent, and the initial estimation is based on
15 years of data with the sample ending in 2000, the investor incurs a loss of 28 basis points if the
MU policy is used as opposed to the optimal policy OL. However, when v = 10, Ry = 6 percent,
and the initial estimation is based on 30 years of data with the sample ending in 2003, the loss
is only 2 basis points. In general, these losses are reduced when more data are used in the initial

estimation and/or when the investor is more risk averse.

3.3 Autoregressive returns

In this section, we relax the assumption of i.i.d. returns and examine the role of potential return
serial correlation. For tractability reasons, we use an autoregressive model of order one to describe
the return dynamics. In this context, the investor is uncertain about the intercept, the slope,

and the conditional variance in the return autoregression and learning about these parameters is
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explicitly incorporated in the solution of the dynamic portfolio choice problem.

3.3.1 Bayesian updating framework

We assume that the continuously compounded excess returns follow the autoregressive model
rr=a+br._1+e, T=1,...t, &, ~iid. N(0,v). (17)

The model can be rewritten in concise vector-matrix form as

Y, = X0+ E
where
O0=[a b/,
) 1 ... 17 .
Y;tz[ﬁ Tt],XtZ ,Et=[€1 5t]~
To ot Ti—1

We assume that the prior of the parameter (0, v) is of the conjugate NIG type (see B2 in Appendix B
for the definition). Specifically, the prior of v is IG (v, () and the prior of 6 given v is N (6, vIIy D)
where ag and 3, are positive, 0y € R?, and Il is a 2 x 2 symmetric and positive definite matrix.
Given data Dy = (Y, X;), the posterior of (6,v) is also of the NIG type. Specifically, it follows from
part B8 in Appendix B that

U‘Dt ~ IG(&t7Bt)7
Olv,D; ~ N(0;, 0}

where
5 t
ap = Qqq + 5 (18)
- o, (0 —00) [T + (XIX)~1 ] (0, — 0
ﬁf=ﬁ5+gﬂjt o) [y gto] O — 60) (19)
ét = f[t_l o6y + (Xt{Xt)ét} , (20)
I, = Il + X[ X; (21)
with
b, = (X/X) 7 X[V, (22)
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b= 1 (V= X (Y — Xibh) = 7 [VY; — (X (X107 (X073). (23)

Examination of equations (18)-(21) reveals that the Bayesian updating process is based on the
quantities ét, 0y and X[ X. In light of equations (22) and (23), it becomes evident that the updating
process is completely characterized by the matrices X/ X3, Y/'Y;, and X}Y;. To obtain the vector of
state variables, we need to express these matrices in an appropriate form. We observe that

i Rkt

t
YYi=3  rf=tma),

XY, =

/ _ t Zi: Tr—1
Kide = [ 23:1 rr—1 Zi:1 TEA ]
_ [ t ro + tma (t) — ma(t) ]
ro +tmy(t) —ma(t) 13+ tma(t) —ma(t)?

where the quantities my(t), k = 1,2, 3,4 are defined by

1 t 1 t 1 t
mi(t) = 5 27:1 rr, ma(t) =3 27:1 r2, ma(t) = - Tr1rry ma(t) =7y

t T=

Therefore, all of the information that determines the posterior parameter distribution and therefore
the predictive return distribution given past data is summarized by the four variables my(t), k =
1,2, 3, 4. Therefore, these four variables can serve as state variables for the portfolio choice problem
of the Bayesian investor. The issue we address next is the time evolution of the state variable vector
m(t). Given the value of the state variable m at time ¢; and the observed return data from time
tj+1 to time tj41, namely (rtﬁl, .. rt]H) the state variable m at time ¢;; is updated according

to the following equations

t; 1
mi(tjv1) = —ma(tj) + —Ruji1,
lj+1 tit1
t 1
ma(tjv1) = ——ma(tj) + —Raj41,
lj+1 tit1
t 1
ma(tjz1) = —ma(t;) + —— [maltj)re+1+ Sit],
li+1 tit+1
ma(tjv1) = T4,
where
Rpjpn=ripq+--+r ., k=12, (24)
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and
SjH1 = TaT42 T T 1T (25)

As in the case of i.i.d. returns with unknown volatility studied in the previous section, we can

transform the state variable vector m(t) to make our results easier to interpret and computational

analysis more stable. Specifically, we transform the state variable m(t) to s(t) = (s1(¢;), ..., sa(t;))
where
1 t
s1(t) = 7 27:1 rr =ma(t),
sot) =2 (rr = 70)" = ma(t) —ma (t)?,
) = AT (o =) (1 =) _ () =) ) +
53 = = )
P>y (rr = )’ s2(t)

The interpretation of the state variables s, s9, and s3 is clear: s7 is an estimate of the unconditional
expected return, s, is an estimate of the unconditional return variance, and s3 is an estimate of the
return serial correlation. Note that the two variables m(t) and s(t) contain identical information.
Specifically, we can recover m(t) from s(¢) through the identities mq(t) = s1(t), ma(t) = sa2(t) +
51(t)%, ma(t) = sa(t)ss3(t) + s1(t)[s1(t) + m%s“(t)], and ma4(t) = s4(t). Using the definition of s(¢)

and the law of motion of m(t), it is a matter of straightforward algebra to obtain the law of motion

of s(t). Given the state variable vector s(t;) and data (r¢;11,...,7,,), the state variable vector

1)

s(tj+1) is given by

t; 1
s1(tjp1) = —=s1(tj) + —Rij41, (26)
tjv1 lj+1
tj 2 1 2
sa(tjr1) = — [s2(t) + s1(t;)°] + ——Ra 11 — s1(tj1)%, (27)
lj+1 Lit1
e [52(15]')83(15]') + s1(t)) [Sl(tj) + %‘MH
Sg(tj+1) = hi : (28)
s2(tj41)
ToO—Tt:
i [t + ] = it [a(ten) + 2
s2(tj+1) ’
S4(tj+1) == th+1. (29)
The predictive distribution of Dy; .., = (r¢;11,...,7;,,) given the state variable s(t;) is required

for the solution to the Bellman equation. We use Monte Carlo simulation to generate samples from
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the desired predictive distribution. Conditioning on the parameters and integrating out, we obtain

the expression

p(Dtj,tj+1’5(tj)) = /p(Dtj,thrlvaaS(tj))p(9>v|3(tj))d9dv'

Under the autoregressive model, it follows that the distribution p(Dy, 4,,,10,v, s(t;)) only depends
on 6,v, and s4(t;) = ;. As described above, the posterior distribution p(6,v|s(t;)) is of the NIG

type. Thus, the following algorithm can be used to simulate from the predictive distribution:

la. Generate v* from v|(s(t;)) ~ IG(dtj,Btj), where ay; and Btj are obtained using s(t;) and

expressions (18) and (19), respectively.

1b. Given v* from step la, generate 6* from 0|(v*, s(t;)) ~ N(étj,v*f[t_jl), where étj and l:Itj

are obtained using s(¢;) and expressions (20) and (21), respectively.

2. Given (0", v*) from step 1, generate a sample (ry1,...,7« ) as follows
reg=a"+b'rg 1 +e, l=1,...,L,

where 7,0 = s4(tj) = r¢;, 07 =[ a* b* |, and ¢; are i.i.d. N(0,v%).

3. Given the generated sample (r41,...,74 ), use equations (24) and (25) to obtain Rj ;. ,
R5 11, and S7,; and then use s(¢;) and the law of motion (equations (26)-(29)) to obtain a draw

5*(tj+1) from the predictive distribution of the state variable in the next period.

Repeating the above procedure sufficiently many times provides a large sample from the predic-
tive distribution p(R1 j4+1,s(tj+1)|s(t;)), which is used to solve the approximate Bellman equation.
We then follow the approach detailed in section 2 to solve the portfolio allocation problem using

backward induction.

3.3.2 Empirical results

In this subsection, we report our empirical findings on the effect of learning about the unknown
parameters on dynamic portfolio choices when returns are assumed to follow an autoregressive
process. We use the same data and assumptions as in subsections 3.1.2 and 3.2.2, except that in
this case the investor is learning about the intercept a, the slope b, and the conditional variance v in
the autoregression (17). The prior on (6, v) is given by v ~ IG(ag, By) and f|v ~ N (8, vII; ") with
ag=1/By=¢, 0o = (0,0), and Iy = I, where £ = 10~* and I is the 2 x 2 identity matrix. This
specification ensures a proper but non-informative prior. The investor uses quarterly return data

in her estimation, updates her portfolio holdings yearly, and has an investment horizon of 10 years.
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The solution to the (approximate) Bellman equation uses I = 300,000 Monte Carlo repetitions to
evaluate the conditional expectations. We approximate the value function on the entire state space
using a grid of 1,500 evenly distributed points and a feedforward neural network with two hidden

layers. We consider eight different scenarios as in subsections 3.1.2 and 3.2.2.

Table 5 presents the optimal allocation to the risky asset in all eight scenarios. The upper and
lower panels correspond to the two cases when the initial sample the investor uses in her estimation
ends in 2000 and 2003, respectively. In general, we observe the same patterns as in the two previous
cases with i.i.d. returns. Learning induces negative hedging demands and the investor, following the
optimal rule with learning (OL), allocates less in the risky asset for longer horizons. For comparison,
see Tables 1 and 3. The lower panel in Table 5 shows that the optimal allocations are essentially
the same as in the case with i.i.d. returns (with either known or unknown volatility) when the
initial sample ends in 2003. This can be seen as an indication that the serial correlation present in
the data is not strong enough to allow for market timing. However, in the upper panel, we see that
the optimal allocations according to the autoregressive model differ from the optimal allocations
according to the i.i.d. models when the initial sample ends in 2000. Specifically, they are higher
(lower) when 15 (30) years are used in the initial estimation, respectively. To understand this effect,
consider the first two rows in the upper panel. The last return observation (-9.35 percent) is rather
low. The autocorrelation estimate (s3) is negative (positive) when 15 (30) years of data are used.
Therefore, conditional expected returns appear higher when the investor uses 15 years of data and

that explains why the risky asset allocations are higher.

Figures 5 and 6 display the optimal allocation to the risky asset as a function of the investment
horizon. In each subgraph, which corresponds to a specific state variable, s, k = 1,2, 3,4, we plot
three lines which correspond to the 25th, 50th, and 75th percentiles of s, while we set the rest of
the state variables equal to their values at the end of 2000 (Figure 5) or 2003 (Figure 6). We observe
that the serial correlation in the data is so weak that changes in the final return observation (state
variable s4) do not affect the optimal allocations. Moreover, learning about unconditional mean
return (state variable s1) appears to be the most important part of the Bayesian learning process.
In Table 6, we compare the optimal allocation policy OL with two suboptimal alternatives. The
first, denoted by OL-IID in the table, ignores return serial correlation and treats the return data
as i.i.d.. However, according to this policy, the investor treats both return mean and volatility as
unknown parameters and learning about these parameters is incorporated into the portfolio choice
problem as in subsection 3.2. The second policy, denoted by MU in the table, uses all available

data to update the estimates of a, b, and v, but in each period, myopically and ignoring future
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learning, solves the one-period portfolio allocation problem. The losses associated with using the
policy OL-IID are somewhat significant, ranging from 3 to 7 basis points when the initial sample
ends in 2000 and from 1 to 4 when the initial sample ends in 2003. The losses associated with
using the policy MU are more significant, ranging from 3 to 31 basis points. When only 15 years
of data are used in the initial estimation, the parameter estimates are rather noisy and give rise
to more suboptimal allocations. Consistent with the previous results from the i.i.d. models, we

observe that the losses are reduced when the investor is more risk averse (v = 10).

3.4 Predictable returns

In this section, we extend our analysis to the case of predictable risky asset returns using an
exogenous predictor such as the dividend yield or the earnings-to-price ratio. The dynamic portfolio
choice problem when returns are predictable has been the subject of a number of recent papers,
including Brennan, Schwartz, and Lagnado (1997), Balduzzi and Lynch (1999), Campbell and
Viceira (1999), Barberis (2000), Lynch and Balduzzi (2000), Xia (2001), and Brandt et al. (2005).
With the exceptions of Xia (2001) and Brandt et al. (2005), the literature has not addressed the role
of parameter uncertainty and learning in the context of dynamic portfolio choice with predictable
returns. Xia (2001) develops a framework in which the investor is uncertain and learns about
the slope in the predictive regression while all the other parameters are assumed to be known.
Nevertheless, as pointed out by Brandt et al. (2005), learning about an individual parameter is of
limited scope and does not address the importance of learning in a more realistic situation in which
all parameters are treated as unknown. Indeed, our empirical analysis suggests that learning about

the unconditional risk premium is a very important part of the learning process.

As in Brandt et al. (2005), our analysis incorporates simultaneous learning about all parameters
in the restricted VAR system. However, the two papers differ in a number of aspects. We build on
the intuition developed in the previous cases of i.i.d. and autoregressive returns to determine the
appropriate state variables for the dynamic portfolio choice problem. We identify 7 state variables
that characterize the posterior distribution of the parameters which, combined with the current
value of the predictor, result in 8 state variables. In contrast, Brandt et al. (2005) base their
analysis on 11 state variables which can be expressed as functions of the state variables that we
use. We believe that using a parsimonious state variable vector will help us obtain a more accurate
approximation to the value function. This point seems important in the context of the numerical
solution used in Brandt et al. (2005), which utilizes a Taylor’s approximation to the value function.

Function approximation based on Taylor’s expansion typically becomes less accurate in higher
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dimensions. Secondly, the two papers differ in the numerical solution technique used to solve the
Bellman equations. Our solution proceeds through backward induction in the standard fashion
but uses a powerful approximation to the value function based on feedforward neural networks.
Bertsekas and Tsitsiklis (1996) provide a comprehensive overview of the applications of neural
networks in the context of dynamic programming. Their applications, however, do not include
portfolio choice problems. To the best of our knowledge, this paper is the first to incorporate
the neural network technology in a portfolio choice application. One of the advantages of our
approach is that it provides an easy way to monitor the accuracy of the solution. Brandt et
al. (2005) introduce a new method for solving dynamic portfolio choice problems, which uses a
Taylor’s approximation to the value function and simulation to evaluate the conditional expectations
involved in the Bellman equation. They demonstrate the effectiveness of their approach in the
simple example in which returns are assumed predictable but all parameters are treated as known.
This problem is computationally simple since it only involves a single state variable. However, it is
not clear how accurate their simulated-based approach is for higher dimensional problems. Finally,
while Brandt et al. (2005) use an improper diffuse prior for the parameters, we use a proper prior
to deal with the fact that some predictors are highly persistent. In our empirical application, we

use the term spread and the earnings-to-price ratio as predictors and empirical Bayes proper priors.

3.4.1 Bayesian updating framework

We assume that continuously compounded excess returns r; are predictable by a variable denoted by
x. Following Barberis (2000) and Brandt et al. (2005), we postulate that the joint return-predictor
dynamics are described by the restricted VAR model

Yr =02 _1+e., T=1,...,t (30)

/

where yr = [ rr x; ', 2: =[ 1 x|, ;1 is the predictor realization at the end of period 7 — 1,

and g, ~ N(02,%) is a 2 x 1 vector of regression disturbances. The system uses the parameters O,
a 2 X 2 matrix of intercepts and slopes, and X, a 2 x 2 symmetric and positive definite covariance

matrix. We can rewrite the model in a more convenient form as
Y, = 7,0 + E;
where

YZZ[Rt Xt]aRt:[rl Ttant:[xl $t]/,



Ze=[1 X!], th:[mo c a2 ]’, Ei=ler - &/,
with the superscript [ standing for lagged and 1; denoting a ¢t x 1 vector of ones. The distribution
of the data D; given the parameters ©® and ¥ is matricvariate normal. Specifically, the likelihood
of the data D; is given by

1
D ) =
PDiOE) = e 52

exp <—;tr (Y, = 2,0)" (Y — Z,0) 21})

where the normalizing constant Cysn (I, X;t,2) is defined by equation (58) in Appendix B.

To obtain predictive distributions and posterior densities, one has to specify the prior of the
parameter £ = (©,X). For tractability reasons, we use a conjugate matricvariate normal inverse
Wishart prior. We assume that the prior of ¥ is an inverse Wishart distribution IWs(Ag, vg) with
hyperparameters vy > 1 and Ag, a symmetric and positive definite 2 x 2 matrix. The prior density

of ¥ is given by

where the normalizing constant Cry (Ao, vo;2) is defined by equation (59) in Appendix B. Then,

given X, the prior on © is a matricvariate normal distribution M N3 2(0¢, X ® Iy 1) with density

1 1 ’ _
OIR) = e ([0 00) Ty (0~ 09 271

with hyperparameters ©¢ € R?*? and Ily, a symmetric and positive definite 2 x 2 matrix.

One can specify the prior parameters to guarantee a non-informative prior. For instance, one
possibility is to specify vo = 2, Ag = els, ©g = 0242, and IIy = Iy, where ¢ is a small positive
number, Is is the 2 x 2 identity matrix, and Q242 is the 2 X 2 zero matrix. Such a prior will
have a minimal effect on the posterior distribution of (0,%). Another possibility is to specify an
informative prior based on some economic reasoning. One prominent example of such a prior is the
empirical Bayes prior in Kandel and Stambaugh (1996), also employed by Avramov (2002), which

is based on the assumption of no predictability.

Regardless of how the prior hyperparameters are specified, the posterior of £ = (0,), that is
p(&|Dy) = p(X|Dy¢)p(O|X, Dy), is also of the matricvariate normal inverse Wishart form as shown in
part B9 of Appendix B. Specifically, the posterior of X, p(3|Dy), is an inverse Wishart IWy(A;, )

where

Ry = Ao+ 5 + (6, — 09) [I;" + (Z/2) "] (61 — ©y) (31)
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Dy =vo+t, (32)

with

6, = (Zz)" ' Zlv; (33)
and

% = %(Yt — 71604)' (Y — Z,0y) = % [YYY: — (ZY2)(ZZ) "1 (Z1h)] (34)

In addition, the posterior of © given D; and X, is a matricvariate normal M NgQ(ét,Z ® ﬁt_ 1)

where

I, =y + Z, 2, (35)
and

&, = I, [Ho@o + (Z;Zt)é)t] . (36)

It follows from equations (31), (32), (35), and (36) that the posterior distribution of £ = (0, %) is
determined by the quantities Z,Z;, ©;, and ¥;. Combining this observation with equations (33)
and (34) yields that the Bayesian updating process is completely characterized by the matrices
Z1Yy, Y)Yy, and Z]Z;. Given the data generating process (30), the predictive distribution of returns
given data up to time ¢t is determined by the value of the predictor x; and the posterior parameter
distribution. This implies that the state variable for the investor’s dynamic portfolio allocation
problem consists of z; plus additional variables that determine the matrices Z;Y;, Y/Y;, and Z/Z,.
To obtain a parsimonious representation of the state variable we express these matrices in the

following convenient form:

2y, = | X Sroawr | [ () tma(t) — o +ms(t)
' | D it D Ty tmy(t) tms(t) ’
Y'Y, = [ Ztthl T72- Zf—tzl TrLr ] _ [ tma(t) tme(t) ]
' DDA DAY - tmg(t) tma(t) — 2 +ms(t)? |
217, — [ ttl ZEO T, } _ [ t tms(t) }
! L ZT;O Xr ZT;O x‘2r tmg (t) tm4 (t) ’
where
_ It 1 —t-1 1 —t-1
ml(t) =Tt mQ(t) = Z ZT 1 T 3(t) = ; ZT:O Ty = T, m4(t) = z ZT:O T
1 t 1 t 1 t
ms(t) = n Z | Lr-1Zr, me(t) = n ZTZI rrxr, my(t) = n Z | =177, mg(t) = xy



The preceding analysis shows that the variables mg(t), & = 1,...,8 characterize the predictive

distribution of returns and thus can serve as state variables for the investor’s portfolio choice prob-

lem. Our next step is to describe the law of motion of the state variable m(t) = (mi(¢t),...,mg(t)).

Given the value of the state variable m at time ¢; and the observed data (r- x;), 7 =t;+1,...,tj41,

the state variable m at time ¢, is updated according to the following equations

t.
my(tj+1) = t%]mk(tj) +3

m3(tjt1) =

t: 1
my(tjp1) = ——malty) + — [ms(t;)* + Qa1 ,
t t]Jrl

t.
ms(tjy1) = %m5(tj)
t.
me(tj+1) = t,ijmcs(tj) +

t; 1
my(tjs1) = —=ma(t;) + — [ms(t;)re;+1 + Hypa]
¢ tj+1

mS(tj-l-l) = Ttjq1s

where

ok
Ry jp1 =rg400+ -

1
— Ry 11, k=1,2,
j+1

t; 1
—Lms(t;) + —— [ms(t;) + Q1 j+1] ,
ti+1 L1

+ P [ms(tj)ﬂfth + Fj+1] )
j+1

—Gjy,
1

k=1,2,

_ .k k _
Qk7j+1 = xtj-i-l + et wtj+1—1> k= 17 27

Fipn=my w40+ + 210,

Gj+1 = th+1$tj+1 + -+ rtj+1xtj+17

Hjpn =102+ + Ty 1704

(37)

(38)
(39)
(40)

(41)

As in the case of autoregressive returns (subsection 3.3.1), it is useful to work with a transformation

of the state variable m(t). In the present context, we define



= %2321 (xr—1 — Tp) (0 — T¢) B ms(t) — ms(t) [mg(t) 0 Ts(t)}
S s Y R s1() :
LSt (e —7) (w7 — T) me(t) — ma (t) [mg(t) - #@}
Sﬁ(t) = T _
Vs =2 L) (e — 20 STORNG)
1 ZT V(@1 — ) (rr — ) _ ma(t) — ma(H)ms(t)
QNSRS 20510

sg(t) = mg(t).

The two vectors m(t) and s(t) contain the same information. Knowing s(t) we can obtain m(t) by

malt) = 5a(t) + 5500
ms(t) = sa()ss(0) +33(0) sa(0) — 250
molt) = v/ a0 <>+sl<>[s3<t> ro= )]

A few lines of algebra show that the law of motion of the state variable s(t) is described by

t; 1
s1(tjn) = —=si(ty) + R,
7+1 741
tj 2 1 2
sa(tjv1) = [s2(t5) + s1(t5)°] + 7Ry = silte)’
j+1 j+1
t; 1
s3(tjr1) = ——s3(t;) + . [ss(t)) + Quj4al,
J+1 ]+1
t; 1
saltyn) = 7= [sa(ty) +s3(ty) 1+ [s8(t)? + Qo gs1] — sa(tj1)?,
Jj+1 tiv1

P [sa(ty)s5(85) + s3(t5) [s3(t5) — [w0 — ss(t))] /1]

4(tj+1)

s5(tj+1) =

+ tJ+1

sa(tj+1)

27

7 [ss(tj) w41 + Fjya] — s3(tjn) [s3(tje) — (w0 — @e,,,) /tj 1]



o [Vsalt)salty)so(t) + s1(t) [sa(t;) — [wo — ss(t))] /1]

se(tjr1) = Vs2(tir1)sa(tis1) (%)

iGj-;-l — Sl(tj+1) [ 3(t J+1) (o xtj+1)/tj+1]

V/s2(tjr1)satjs1) ’
% [\/W&(t]) + s1(t5)s3(t; ]

s7(tjt1) = = (56)

V/s2(tjr1)satjy)

tj1+1 [58(75 )rej+1 + Hﬁ_l] — s1(tj4+1)83(tj+1)

Vs2(tjr1)sa(tj) ’

ss(tjr1) = oy, (57)

Following the framework described in section 2, we use Monte Carlo simulation to produce samples

from the predictive distribution of D, 4

itisr = (Tt 41, Te,41 - -+, Tty Tt ) given the state variable

5(t;). Conditioning on the parameters and integrating out, we obtain the expression

oDy, (L)) = / (D1, 1,110, 5(6;))p(O, 5s(t;))dOdS.

Given the data generating process (30), it follows that the distribution p(Dy, 4,,,(0, %, s(t;)) only
depends on ©, ¥, and sg(t;) = x¢,. The following algorithm shows how to simulate from the
predictive distribution using the fact that the posterior distribution p(©, ¥|s(t;)) is matricvariate
normal inverse Wishart:

la. Generate ¥* from X|s(t;) ~ IW(Atj, t,) where Atj and 7y; are obtained using s(t;) and
expressions (31) and (32), respectively.

1b. Given ¥* from step la, generate ©* from O|(X*, s(t;)) ~ MNQXQ(et , 2F ®H 1) where fltj

and @tj are obtained using s(t;) and expressions (35) and (36), respectively.

2. Given (©*,%") from step 1, generate a sample (11, s 1, - .., 7s,L, T+,1) as follows
Yy =021+, 1=1,...,L

where yuy = [ 7ay Tug ', 2ei-1=[ 1 a1 |, Tu0 = 88(t) = 4,, and g are i.i.d. N(0g,X%).

3. Given the generated sample (741,24 1,...,7 L, %), use equations (37)-(41) to obtain
Ry i1 Ql)::,j—&-l’ k=12 Fr,, Gii, Hj;; and then use s(t;) and the law of motion (equations
(50)-(57)) to obtain a draw s*(t;41) from the predictive distribution of the state variable in the

next period.

Part B6 in Appendix B explains how one can simulate from the inverse Wishart distribu-

tion as needed in step la above. We can obtain a large sample from the predictive distribution
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p(R1j+1,5(tj+1)]s(t;)) by repeating the above steps a large number of times. The sample is used
to evaluate the conditional expectations in the approximate Bellman equation, and the numerical

solution proceeds by backward induction as described in section 2.

3.4.2 Empirical results

In this subsection we present the empirical implications of parameter uncertainty and learning in
the context of predictable risky asset returns. The analysis applies the framework developed in
the preceding subsection. The risky asset returns are the returns on the S&P 500 index. We
use two commonly used economic variables as predictors: the term spread and the earnings-to-
price ratio. The source of the data is the paper by Goyal and Welch (2005). The continuously
compounded excess returns are assumed to be predictable according to the restricted VAR model
(30). The investor is uncertain about the parameters © and X, which consist of seven unique
elements. The portfolio choice problem is solved using the eight state variables defined in equations
(42)-(49). The initial estimation is based on quarterly data from 1984 to 2003 and the portfolio
holdings are updated yearly. Due to the computational intensity of the solution, we restrict the
investment horizon to 5 years. Throughout we use I = 300,000 Monte Carlo repetitions to evaluate
the conditional expectations in the approximate Bellman equation (4). We approximate the value
function on the entire state space using a grid of 3,000 evenly distributed points and a feedforward

neural network with two hidden layers.

Variables commonly used to predict future returns, such as dividend yield and earnings-to-price
ratio, are highly persistent. As a result, using a diffuse conjugate matricvariate normal inverse
Wishart prior gives rise to problematic posterior distributions in which the slope in the predictor
regression exceeds one with high probability. In such a case, the VAR system exhibits nonstationary
explosive behavior. In order to avoid this undesired feature, we resort to an empirical Bayes prior.
Specifically, we assume that, at each time ¢, the prior of (©,3) is determined by setting vy = t,
Ao = (vo — 3)2,5, Oy = @t, and Iy = Z;Z,. This choice ensures that the prior of O is centered

around the estimate @t, and the prior of ¥ is centered around the estimate 3.

Table 7 presents the allocations to the risky asset according to the optimal policy with learning
(OL) and the policy C which assumes that all parameters are known and equal to the estimates
obtained using data from 1984 to 2003. The upper (lower) panel includes the results for the case

in which returns are assumed to be predictable by the term spread (earnings-to-price ratio). In the

5The data were obtained from Prof. Goyal’s web site: http://www.bus.cmory.edu/AGoyal/
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case of the term spread, we observe that when the parameters are assumed to be known (policy
C), there are no hedging demands, reflecting the fact that there is no strong correlation between
return and term spread innovations. However, as one would expect based on our previous results
with i.i.d. and autoregressive returns, we observe that learning induces negative hedging demands

and the investor allocates less in the risky asset for longer horizons.

The results are quite different when the earnings-to-price ratio is used as the predictor. First,
under the assumption of known parameters, we observe that there are positive horizon effects due to
the fact that the return and earnings-to-price innovations are highly negatively correlated. Second,
we observe that the positive hedging demands are reduced but not eliminated when learning is
incorporated in the portfolio choice problem. The results are consistent throughout all four different
scenarios covering two levels of risk aversion (v =5 and 10) and two levels of risk free rate (5 and
6 percent in annual terms). Examining the differences between the two panels, we observe that the
optimal allocation, under both policies OL and C, is much more sensitive to changes in the current
predictor value when the earnings-to-price ratio is used as the predictor. This demonstrates that
the predictive relation is stronger when we use the earnings-to-price ratio, rather than the term

spread, to predict future returns.

In Figures 7 and Figures 8, we present the optimal allocation to the risky asset as a function
of the investment horizon when the term spread and earnings-to-price ratio are used as predictors,
respectively. We display the optimal allocation for different levels of the state variables s1, sa, s3,
and s4 in order to illustrate the importance of learning about the unconditional first and second
moments of the VAR system. Note that the investor uses these state variables to learn about the
unconditional return mean (s1) and variance (s2) and the unconditional predictor mean (s3) and
variance (s4). In Figure 7 we observe that, when the term spread is used as the predictor, the
optimal allocation is very sensitive to changes in the state variable s; and somewhat sensitive to
changes in the state variable so. We conclude that learning about the unconditional risk premium
remains of major importance even in the context of predictable returns. In contrast, the optimal
allocation is not sensitive to changes in the state variables s3 and s4, and therefore learning about

the unconditional first two moments of the predictor is of limited importance.

When the earnings-to-price ratio is used as the predictor, the situation is different. Figure 8
shows that the optimal allocation is very sensitive to changes in the state variable sq, as well as the
state variable s3. In this case, learning about both the return and predictor unconditional means
is very important. This is a manifestation of the fact that the predictive relationship is stronger

when we use the earnings-to-price ratio rather than the term spread as predictor. Figure 8 also
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illustrates that learning does not eliminate the positive horizon effect induced by predictability and
the negative contemporaneous correlation between shocks to the return and the earnings-to-price

ratio.

4 Conclusion

This paper examines the importance of parameter uncertainty and learning in the context of dy-
namic portfolio choice. We consider a Bayesian investor who maximizes utility of terminal wealth
and recognizes the uncertainty surrounding the model parameters. The investor makes allocation
decisions, taking into account that the data observed in subsequent periods will provide additional
information about the unknown parameters. A sufficient statistic is identified that summarizes all
the information in the data relevant for determining the posterior parameter distribution and there-
fore the predictive distribution of future returns. This sufficient statistic is part of the state variable
vector that determines the investment opportunity set from the investor’s perspective. As a result,
we have an abundance of state variables that makes the numerical solution of the multi-period
portfolio choice problem computationally challenging. We overcome the computational difficulties

by using a powerful approximation to the value function based on feedforward neural networks.

To provide a comprehensive description of the effects of learning on dynamic portfolio choices, we
examine sequentially four different data generating processes for risky asset returns: i.i.d. returns
with known and unknown volatility; autoregressive returns; and returns predictable by an exogenous
variable, such as the term spread or the earnings-to-price ratio. We find, in general, that parameter
uncertainty and learning induce negative horizon effects: the risk-averse investor allocates less in
the risky asset for longer investment horizons as compared to an investor that ignores learning.
When returns are assumed to be i.i.d., we find that, not surprisingly, learning about return mean

is much more important than learning about volatility.

Overall, learning about unconditional expected returns appears the most important component
of the dynamic learning process. When we use the earnings-to-price ratio to predict future returns,
we find that learning reduces, but does not necessarily reverse, the positive hedging demands
induced by predictability and the negative correlation between return and predictor innovations.
Ignoring learning can result in significant losses in certainty equivalent return, but these losses are
reduced by a sizable amount when the investor uses more past data in her estimation and/or when

her risk aversion increases.

A number of important issues related to learning remain to be analyzed. One can assess the
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significance of learning in the presence of realistic transaction costs and background risks, such as
uncertain labor income. The asset allocation framework can be adapted to allow investment in
multiple risky assets instead of the single index portfolio. For example, an investor could invest
in a small number of factor portfolios in the US market or a small number of international index
portfolios. Finally, in an important direction, one can discard the assumption that the data gen-
erating process is known and incorporate model uncertainty in the allocation process. All of these

issues are challenging subjects for further research.

A Value function approximation using neural networks

In this paper, we solve the dynamic programming problem by the standard method of backward
recursion. A traditional numerical method for carrying out the backward recursion is to discretize
the state space and solve the Bellman equation at each point on the discrete grid. In the next step,
the value function at each point is approximated by the value function evaluated at the closest
point on the grid. To achieve enough precision, one has to use a large number of grid points. It
is well known that the state space discretization approach cannot be easily implemented when the
state space is high dimensional. In such a case, the Bellman equation has to be solved at a very
large number of points, rendering the technique highly inefficient. This problem is rather severe in
our context since we work with up to eight state variables, and the expectations in the Bellman
equation have to be evaluated through simulation. A more efficient alternative is to calculate the
value function at a number of grid points and then use this information to obtain an approximation
to the entire value function. Standard function approximation schemes use classes of basis functions,
such as polynomials and splines. Judd (1998) provides an excellent discussion of approximation
methods. Miranda and Fackler (2002) offer an overview of the function interpolation problem
using Chebychev polynomial and polynomial spline approximations. Most of the commonly used
approximation schemes are efficient when the state space is low dimensional. However, for problems
with a large number of state variables, the computational requirements in terms of time and memory

tend to grow exponentially. This fact has been referred to as the curse of dimensionality.

An approximation scheme is based on an approximation architecture, that is, a functional form
of a certain type that depends on a small number of parameters that need to be tuned. In selecting
an approximation architecture, we are primarily concerned with two issues. First, the approxima-
tion architecture has to be flexible and rich enough so that it can provide adequate approximation

of the functions of interest. Second, we require efficient algorithms for selecting (or tuning) the
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parameters of the approximation architecture. One powerful and efficient approximation scheme
is based on neural networks which consist of flexible nonlinear functional forms. Comprehensive
reviews of neural networks and their applications can be found in the texts by White(1992), Bishop
(1995), Hassoun (1995), Haykin (1998), and Reed and Marks (1999). Bertsekas and Tsitsiklis (1996)
provide an excellent treatment of the applications of neural networks in the context of dynamic
programming. Although neural networks have several diverse applications, it is their function ap-
proximation capability that is relevant for our purposes. Cybenko (1989), Hornik et al. (1989),
and Funahashi (1989) have shown that one-hidden-layer feedforward neural networks (FFNNs) can
approximate uniformly any continuous multivariate function to any desired degree of accuracy. To

be specific, a FFNN with one hidden layer defined on R? is a function of the form

F(‘T;O[)B707’Y) = Zle amg (ﬂ;"n,x +‘9m) +77

where z € R, g(-) is a scalar function referred to as the activation (or transfer) function, o € RM,
B=1[8 - By eRMxd gcRM and~ycR. M is referred to as the number of nodes in the
hidden layer. In general, the activation function g(-) is chosen to be differentiable, monotonically

increasing, and bounded. Commonly used choices for g include the hyperbolic tangent function
et — o7

= tanh(z) = —
o) = tanh(a) = S
and the logistic (or sigmoid) function

_ 1
1l 4e T

g9(z)

Using the same idea, we can define FFNNs with multiple hidden layers. A two-hidden layer FFNN,
with NV and M nodes in the first and second layer, respectively, is defined as

M
F(z;0,B.0,A,X7) = Y amg (2 +0m) +7,
Z _ [ Zl e ZN :Il’

Zn = h((S;Lx—i—)\n), n=1,...,N,

where g(-) and h(-) are activation functions, « € RM, B=[ 3, --- By /€ RM*N gcRM A =
[0 -+ 6n ) € R¥X4 X e RY, and v € R. Although one-hidden layer FFFNs are theoretically
justified as universal approximators, the use of two hidden layers may provide additional flexibility
and power in practice. In our portfolio choice application, we find that one layer is typically enough
for low-dimensional problems (up to two state variables), but two layers are required for adequate

approximation for high-dimensional problems.
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Suppose we wish to approximate a function f defined on R for which the values yj = f(xj)
on a number of points {xj}}']:1 are available. Let F'(z;£) be the approximating architecture of
choice. The parameter £ can be tuned so as to minimize some measure of distance between the
function f(-) and its approximant F'(-;&). Specifically, we can obtain an approximation by finding

the parameter ¢ that minimizes the criterion (or error function)

J

ijl d(f(zj) = F(z;€))
where d(-) is an appropriate scalar distance function such as d(r) = r2 or d(r) = |r|.

The solution of the above minimization problem can be a rather tedious computational exercise.
However, a number of very efficient algorithms have been developed for this purpose. In particular,
a procedure known as back-propagation exploits the neural network structure and allows efficient
calculation of the derivatives of the error function with respect to the parameter £.7 Gradient
descent, or other general purpose optimization methods, in conjunction with back-propagation can
be used to solve the minimization problem. As pointed out by Judd (1998), from experience we
know that the error function may have multiple local minima. However, experience also shows that
different local minima provide comparable approximation accuracy. A simple way to deal with this
issue is to solve the minimization problem with different starting points and compare the resulting
fit. In addition, it is good practice to fit neural networks with a varying number of nodes in the
hidden layer(s) and examine the quality of the fit. In our application, we used two-hidden-layer
FFNNs with the number of hidden nodes ranging from 3 (for one-dimensional problems) to 25 (for
eight-dimensional problems). All computations in the paper were carried out using the MATLAB

Neural Network toolbox.

B Definitions, properties, and facts

B1l. Inverse Gamma Distribution. The random variable X € R follows the inverse gamma
distribution, denoted by IG(a, 3), where «, 3 > 0, if its probability density function is expressed

as

1 1 1
f]G(CC|Oé,/6) = WW exp <ﬁa}) , T > 0.

1

As a — 0 and 3 — oo, the IG density approaches the improper prior p(x) oc ; commonly used as

a variance prior distribution.

"See Chapter 5 in Reed and Marks (1999) for a detailed discussion of back-propagation.
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Let C), denote the set of positive definite and symmetric n x n matrices.

B2. Normal Inverse Gamma Distribution. The random variables X € R™ and v € R follow a
joint normal inverse gamma distribution with parameters (0,11, a, 3), denoted by NIG(6,11, o, 3),
where § € R™, 11 € Cy,, « > 0, and 3 > 0, if v follows the IG(a, 3) distribution and X given v

follows the multivariate normal distribution N, (0, vII™1).

B3. Matricvariate Normal Distribution. The p x ¢ random matrix X is said to follow the
matricvariate normal distribution with parameters M € RP*?, P € C),, and Q € C,, denoted
by X ~ MN,,M,Q ® P), if and only if vec(X) follows the multivariate normal distribution
Npq(vec(M), Q® P) where vec(-) is the column-stacking operator. The probability density function
of X is then given by
exp{—1tr [Q71(X — M)P~H(X — M)]}

Cun(P,Q;p,q)

where the normalizing constant is given by

Cun(P,Q;p,q) =/ (2m)Pa|P|| Q[P (58)

B4. Wishart Distribution. Let X; be i.id. N,(0,,), i =1,...,m where Q € C), and define
S =3",X;X/. Then S is said to follow the Wishart distribution with scale matrix Q and m

win (XIM,Q ® P) =

degrees of freedom and is denoted by S ~ W), (€2, m). In general, if v > p—1, with v not necessarily
an integer, we define S ~ W),(€2, v) if its density is given by

|S|(r=P=1)/2 exp (—3tr(Q719))
'4 _ 2
T (5i8.v) = Cur (%vip)

where the normalizing constant is given by

Cw (Qvip) = 272aP @D QPP T (v +1-4) /2).

In the one-dimensional case (p = 1), the Wishart distribution reduces to (a multiple of) a x?

distribution. Specifically, if s ~ Wi (w,v) then s ~ wG (%, 2) =wx?(v).

B5. Inverse Wishart Distribution. If S ~ W,(Q,v) where v > p—1and Q € Cp, thenU = S~}
is said to have an inverse Wishart distribution denoted by [ Wp(Q_l,l/). Thus, by definition,
U~IW,(A,v) if and only if U='~W, (AL, v) (see B4 above). The density of U~IW,(A,v) is given
by
|U|_(”+p+1)/2 exp (—%tr(U‘lA))

Crw (A, v;p)

fiw(UIA,v) =
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where the normalizing constant is given by

Crw (A, v;p) = 2P 2P DA =2 TP T (v +1—4) /2). (59)

B6. Simulating from the Inverse Wishart Distribution. Let m > p be an integer and
A € Cp. To simulate U from the inverse Wishart distribution IW,(A, m), we need to generate S
from the Wishart distribution W,(A~!,m) and then take U = S~!. Let A=ZZ' be the Cholesky de-
composition of A so that A== (E_l), Z~1. The Wishart distribution has the following property: if
S ~ Wp(§2,m) and B is a px ¢ matrix, then B'SB ~ W,(B'QB, m). Therefore, if So~W,(I,, m), the
above property implies S = (Efl)/SoEflvap(Afl,m). Notice that we can obtain So~W),(I,, m)
by letting So = > ;" | Z; Z!~Wp(Ip, m) where Z; are i.i.d. Np(0p,Ip), i =1,...,m. Thus,

U=8S"'=[EYS="" =251 ==, Z;Z]'E ~ IW,(A,m).

B7. Posterior and predictive distributions for i.i.d. returns with known volatility.

Assume that the returns r; follow
Tt = u + Ety, Et ™~ iid. N(O,’U)

with v assumed to be a known constant and the informative prior of p is N (pg,vo). It follows from
the analysis in section 4.2 in Gill (2002) that the posterior of p given return data Dy = (ry,...,74)
is N(fi;, ;) where

~ Ut 4 0 _ 0 v
e T 5 UV = VU 3 Vg = —.
He Vo + Vg Ho Vo + Ut b t Vo + Vg ! t

The predictive distribution of Ry ;11 = Tt;41 + -+ + 1y, given return data Dtj is obtained by

integrating out p as follows

p(R1j11|Dy;) = /p (Rl,j+1|M, Dtj) P (M|Dtj) dp.

Combining terms we have

2
1 (Rij1 — Lp)’ (“_“tﬂ‘)

= ———ex
o /vy, ¢ 2Lv 20,

p (Rujili D) p (n|Dy,)
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The expression in the exponent equals

bty (R g1 + L202 = 2Ry L) + Lo (2 + i3, = 2fiy 1)

2Ly,
~ 2 ~ . ~ ~ 2 ~2
(v + Lvtj) Lu® —2L (vtj Ry + v,utj) P4y RY o+ Lvutj
B 2Lvty,
2 ﬁthl,jJrl"FU/]tj ﬁth%’j+1+Lvﬂ%j
H vt Ly, p (v+Liv, )L
- V0 .
J
2’U+Lﬁtj
~ ~ 2 ~ 2 ~ ~ ~ 2
”L}tj R1,j+1+v,utj 'l)tj R17j+1+Lv,u,tj ”L}tj Rl,j+1+”“tj
1% v—&—Lﬁtj (”JFLﬁtj )L v—&—Lthj
= - vf]tj vf;tj
’U+L’l~}tj 7)+L17tj

Finally, calculating the integral over p and simplifying yields

2
(Rij11|Dy,) ! (Rrer — Lin,)
b\ j+1|Ve; ) = exp | — p

’ 2rL (v + Ly, 2L (v + Liy,)

and thus the predictive distribution of Ry ;11 given Dy, is normal with mean L[Ltj and variance

L(v+ Liy,) .
B8. Posterior distribution for the linear model with NIG prior. Consider the linear model
yt:$;9+€t, t=1,...,T

where y, € R, z; € R™, § € R™, and ¢; are ii.d. N(0,v). Assume that the prior of (0,v) is
NIG(6o,11p, g, Bg). Let

Vo= [wn - yrl, (Tx]1)
X =[xz - 2], (Txm)
E = [eg - é‘T]/, (T'x 1)

so that the model is concisely written as
Y =X6+F.

Then, it follows from Theorem 2.24 in Bauwens et al. (1999) that the posterior of (6,v) given the
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data D = (Y, X) is NIG(s,11,, ay, 3,) where

M, — I+ X'X
9, = T [H000+(X’X)é]

Ay = C¥0+§

st _ gty T0 =0y [0+ (X))

2 2
with
0 = (X'X)'X'y,
1 ) .
0= (Y - X0)(Y - X0).

B9. Multivariate Linear Regression: Bayesian Analysis with Proper Priors. Consider

the linear regression model
Yt = O'w; + e, t=1,...,T

where y; € RP, w, € R?, © € R¥*P, g4 are i.i.d. Np(0p,X), and ¥ € RP*P is symmetric and positive

definite. Denoting

Yr=[wn yr |,
Wr =] w wr |,
Er=]e er |

we can write the model concretely as
Yr =WrO + Er.

The matrix of disturbances Er follows a matricvariate normal distribution M N7 ,(0rxp, X @ I1)
(see B3 in Appendix B for the definition) and therefore the likelihood of the data Dy = (Y7, Wr)
is given
exp {—%tr [(YT — WT@)Zfl(YT — WT@)/]}

CMN(ITaEaTap) .

The prior of the covariance matrix 3 is specified as inverse Wishart IW, (Ao, vo) with density

p(DT|@7 E) =

_ S|~ o tPHD/2 exp { — (S 71Ag) }
Crw (Ao, vo; p) ‘

p(¥)
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Given 3, the prior of © is specified as matricvariate normal M N, (09, X ® P(fl) with density

exp {—3tr [(© — ©9)' Py(© — ©9)871] }

p(O¥) = —
(©1%) Cun(Pyt,%5q,p)

By Bayes rule, the posterior density of the parameter £ = (©,Y) satisfies

p(§|Dr) o< p(Dr|§)p(§) = p(Dr|O, X)p(0|X)p(X)
o |Z\7% exp {—;tr [(Yr — WrO) (Y7 — WT@)E_I] }

vo+p+1

1
X |37 72 exp{—Qtr(AoE_l)}

X ’E‘_% exp {—;tr [(@ — @0),P0(® — @O)E_l] } =

(vo+T)+p+1
2

=5 ]2\_gexp{—;tr [Gzl}}
where the matrix G is given by

G=AMAo+ (Yr —WrO) (Yr —Wr0) + (0 — 0¢) Py(© — Op).
Let

Or = (WypWr) ' Wiy

and note that W7.(Yy — WTéT) = Ogxp and so

(Yr — WrO) (Yr — W)
= (Yr — WyOr) (Yr — WrO7r) + (6 — O7) WirWr (6 — O7)

Define
Pr = Py +WiWr

and

Or = ]551 Py©¢ + (WQ/ﬂWT)éT]
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and observe that

(© — O7) Wi W1 (O — Or) + (0 — ©9) Py (6 — Oy)

= O (WLWr)O — 4L (WiWr)0 — &' (WrWr)Or + O0(WhWr)Or
+6'Py0 — O, PO — ©' PO + O}, PyOy

— o' — [(Wwr)ér + Poe)o]'@ - @' [(WpWr)ér + Py
+OL(WEWr)Or 4 04 POy

= O'PrO®— (PrOr7)0 — ' (PrOr) + 04 PrOr
—04PrOr + O (WEWr)Or 4+ 0, POy

= (©—-07)Pr(®0—6r)+H

where

H = - [Reo+ (W}WT)(Q)T]IﬁT’l [Po©0 + (W3 Wr)ér]
+O4 (WhWr)Or + 0 Py©y
= o (PO - POP;PO) 00 — (W} Wr) P Py©y
—O)y Py Py (Wi Wr)Or
+00 [(WiWr) — (WiWr) Pr (i) | .
Using the property (A+ B)™' = A1 — A=Y(B~1 + A71)"1A~! we conclude
Py~ PPt Py = [Pyt + (Wipwp) 1
(WiWr) — (WipWr) P (W) = [Pyt + (Wiwr) ™1
Moreover,

(WeWr)Br'Py = [Py + (WpWr)| Br'Py — BoPp Ry
1

= Py—RP;'Po= [Pyt + (WiWwr) ™t
Collecting terms yields
H= (670 —00) [Py + (WiWp) 1] (61 — ©y).
Therefore,
G = Ao+ (Yr —WrOr) (Y7 — WrOr)
+(© — O7)'Pr(6 — O7)
+(O7 —00) [Py + (WiWr) 1] (61 — ©y).
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and so

pptptl

peDr) o 15 ep - Julin )

1 - -
X |E’7% exp {—2‘61"[(@ — @T)/PT(@ — @T)El}}
where
vr=vo+1T,

Ap = Ao+ TSr + (67 — 00) [Py + (WiWr) 1] (61 — ©y),

and
~ 1 ~ , a
ET = f(YT — WT@T) (YT — WT@T)‘

Thus, the posterior of X is IW,,(Az, #7) and the posterior of © given ¥ is M N, ,(67,% @ PT_l).
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Table 1: IID returns with known volatility - Optimal allocation

This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be i.i.d. with known volatility. The upper panel corresponds to the case in which the investment period
starts in 2000 and the lower panel corresponds to the case in which the investment period starts in 2003. The state
variable is set equal to its value at the end of the corresponding sample. For each case, we consider eight different
scenarios in which the coefficient of relative risk aversion () takes the values 5 and 10; the annualized risk-free rate
(Ry) takes the values 5 and 6 percent; and the sample size (K) takes the values 15 and 30 years. The investor uses
quarterly data, updates the portfolio yearly, and has an investment horizon of 10 years. The volatility is assumed
to be known and equal to the sample return standard deviation. For reference, we report the corresponding return
sample average (state variable s) and return sample standard deviation (o) at the beginning of the investment period.
The optimal policy with learning about the mean return p is denoted by OL. The policy denoted C treats the mean
return g as constant and equal to the return sample average at the beginning of the investment period.

Investment period starts in 2000

=2
=

<
=
v

o OL / Years to final date C
10 7 3 1

5 5 15 248 747 579 676 79.8 85.6 99.2
5 5 30 1.88 7.90 48.0 52.1 57.2 59.7 70.4
5 6 15 2.25 747 52.8 61.8 729 784 90.7
5 6 30 1.64 7.90 43.2 46.6 51.1 534 62.7
10 5 15 248 747 27.6  32.8 39.4 427 49.6
10 5 30 1.88 7.90 23.3 25,5 284 29.7 35.1
10 6 15 2.25 747 253 30.0 36.2 39.1 45.3
10 6 30 1.64 7.90 209 229 253 26.5 31.2

Investment period starts in 2003

v Ry K s o OL / Years to final date C
10 7 3 1

5 5 15 1.66 7.88 40.7 475 56.3 60.5 63.4
5 5 30 1.65 8.56 43.2 46.6 51.4 5H3.7 55.2
5 6 15 1.42 7.88 35.9 420 49.5 532 55.7
5 6 30 1.42 8.56 38.3 414 454 474 48.7
10 5 15 1.66 7.88 19.5 23.0 278 30.1 31.6
10 5 30 1.65 8.56 21.0 229 254 26.7 274
10 6 15 1.42 7.88 172 203 244 26.5 27.7
10 6 30 1.42 8.56 18.6  20.3 224 235 24.2
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Table 2: TID returns with known volatility - Certainty equivalent return
This table presents the certainty equivalent return for three portfolio policies when the continuously compounded
excess returns are assumed to be i.i.d. with known volatility. The upper panel corresponds to the case in which the
investment period starts in 2000 and the lower panel corresponds to the case in which the investment period starts in
2003. The state variable is set equal to its value at the end of the corresponding sample. For each case, we consider
eight different scenarios in which the coefficient of relative risk aversion () takes the values 5 and 10; the annualized
risk-free rate (Ry) takes the values 5 and 6 percent; and the sample size (K) takes the values 15 and 30 years. The
investor uses quarterly data, updates the portfolio yearly, and has an investment horizon of 10 years. The volatility is
assumed to be known and equal to the sample return standard deviation. For reference, we report the corresponding
return sample average (state variable s) and return sample standard deviation (o) at the beginning of the investment
period. The optimal policy with learning about the mean return p is denoted by OL. The policy denoted by C treats
the mean return p as constant and equal to the return sample average at the beginning of the investment period.
The policy denoted by MU uses all available data to update the estimate of p but in each period, myopically and

ignoring future learning, solves the one-period portfolio allocation problem.

Investment period starts in 2000

K s o OL C MU
15 2.48 7.47 8.92 7.77 8.74
30 1.88  7.90 759 7.41 7.57
15 2.25 T7.47 9.31 8.33 9.16
30 1.64 7.90 8.09 7.94 8.08
15 2.48  7.47 6.86 6.24 6.76
30 1.88 7.90 6.25 6.15 6.24
15 2.25  7.47 7.58 7.01 7.49
30 1.64 7.90 7.01 6.92 7.00

10
10
10

,_.
2ot oo
oo v u oo a x|

Investment period starts in 2003

K s o OL C MU
15 1.66 7.88 6.85 6.26 6.75
30 1.65 8.56 6.90 6.73 6.87

15 1.42  7.88 747  6.99 7.39
30 1.42  8.56 751  7.37 7.48
15 1.66 7.88 5.88 5.57 5.83
10 30 1.65 8.56 592 5.83 5.90
10 15 1.42  7.88 6.70 6.44 6.66

,_.
2ot oo o2
couu oo o xl®

10 30 1.42  8.56 6.73 6.66 6.71
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Table 3: IID returns with unknown volatility - Optimal allocation
This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be i.i.d. with unknown mean and volatility. The upper panel corresponds to the case in which the
investment period starts in 2000 and the lower panel corresponds to the case in which the investment period starts in
2003. The state variable is set equal to its value at the end of the corresponding sample. For each case, we consider
eight different scenarios in which the coefficient of relative risk aversion () takes the values 5 and 10; the annualized
risk-free rate (Ry) takes the values 5 and 6 percent; and the sample size (K) takes the values 15 and 30 years. The
investor uses quarterly data, updates the portfolio yearly, and has an investment horizon of 10 years. For reference,
we report the corresponding return sample average (s1) and return sample standard deviation (,/sz) at the beginning
of the investment period. The optimal policy with learning about the return mean p and the return variance v is
denoted by OL. The policy denoted by C treats the return mean p and variance v as constant and equal to the return

sample average and the return sample variance at the beginning of the investment period, respectively.

Investment period starts in 2000

v Ry K s1 NED OL / Years to final date C
10 7 3 1

5 15 248 147 61.2 724 86.7 93.5 99.2

5 30 1.88 7.90 54.3 59.1 65.0 68.0 70.4

5 15 225  7.47 56.2 66.4 79.5 85.6 90.7

30 1.64 7.90 48.3 53.0 582 60.7 62.7
15 248 747 29.3 35.1 42.8 46.8 49.6
30 1.88 7.90 26.5 289 322 338 35.1
15 2.25 747 26.9 323 394 428 45.3
30 1.64 7.90 23.6 259 28.8 302 31.2

—
o
Sy O O Ot Oy O UL Ut

Investment period starts in 2003

v Ry K s1 V52 OL / Years to final date C
10 7 3 1

5 5 15 1.66 7.88 39.9 47.0 55.8 60.2 63.4
5 5 30 1.65 8.56 42.8 46.6 51.1 53.4 55.2
5 6 15 1.42 7.88 35.3 41.4 49.3 53.0 55.7
5 6 30 1.42 8.56 379 40.9 452 47.2 48.7
10 5 15 1.66 7.88 19.1 22.8 27.6 29.9 31.6
10 5 30 1.65 8.56 20.7 227 253 26.5 27.4
10 6 15 1.42 7.88 16.9 20.2 244 26.3 27.7
10 6 30 1.42 8.56 18.3 20.2 224 235 24.2
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Table 4: IID returns with unknown volatility - Certainty equivalent return
This table presents the certainty equivalent return for three portfolio policies when the continuously compounded
excess returns are assumed to be i.i.d. with unknown mean and volatility. The upper panel corresponds to the case
in which the investment period starts in 2000 and the lower panel corresponds to the case in which the investment
period starts in 2003. The state variable is set equal to its value at the end of the corresponding sample. For each
case, we consider eight different scenarios in which the coefficient of relative risk aversion (v) takes the values 5 and
10; the annualized risk-free rate (Ry) takes the values 5 and 6 percent; and the sample size (K) takes the values 15
and 30 years. The investor uses quarterly data, updates the portfolio yearly, and has an investment horizon of 10
years. For reference, we report the corresponding return sample average (s1) and return sample standard deviation
(y/s2) at the beginning of the investment period. The optimal policy with learning about the return mean p and the
return variance v is denoted by OL. The policy denoted by OL-KV treats the return variance v as known and equal
to the return sample variance at the beginning of the investment period, but is based on optimal learning about the
return mean p. The policy denoted by MU uses all available data to update the estimates of p and v but in each

period, myopically and ignoring future learning, solves the one-period portfolio allocation problem.

Investment period starts in 2000

v Ry K s1 /52 OL OL-KV MU
5 5 15 248 747 884 880  8.56
5 5 30 1.88  7.90 760 757 754
5 6 15 2.25 7.47 9.25 923  9.02
5 6 30 1.64  7.90 809 807 805
0 5 15 248  7.47 682 681  6.67
10 5 30 1.88  7.90 6.25 624  6.22
10 6 15 2.25  7.47 755 754 7.42
10 6 30 1.64  7.90 702 7.00  6.99

Investment period starts in 2003

v Ry K S1 NED OL OL-KV MU
5 5 15 1.66 7.88 6.82 6.81 6.70
5 5 30 1.65 8.56 6.89 6.89 6.85
5 6 15 1.42  7.88 7.45 7.44 7.35
5 6 30 1.42  8.56 7.49 7.49 7.46
10 5 15 1.66 7.88 5.87 5.86 5.80
10 5 30 1.65 8.56 5.91 5.91 5.89
10 6 15 1.42  7.88 6.69 6.69 6.64
10 6 30 1.42  8.56 6.72 6.72 6.70
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Table 5: Autoregressive returns - Optimal allocation
This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be autoregressive. The upper panel corresponds to the case in which the investment period starts in 2000
and the lower panel corresponds to the case in which the investment period starts in 2003. The state variable is
set equal to its value at the end of the corresponding sample. For each case, we consider eight different scenarios in
which the coefficient of relative risk aversion () takes the values 5 and 10; the annualized risk-free rate (Ry) takes
the values 5 and 6 percent; and the sample size (K) takes the values 15 and 30 years. The investor uses quarterly
data, updates the portfolio yearly, and has an investment horizon of 10 years. For reference, we report the values of
the state variables at the beginning of the investment period: the return sample average (s1), return sample standard
deviation (y/s2), autocorrelation estimate (s3) and final return observation (s4). The optimal policy with learning

about the unknown parameters is denoted by OL.

Investment period starts in 2000

v Ry K S NE) S3 S4 OL / Years to final date
10 7 3 1
5 5 15 2.48 7.47 -0.08 -9.35 66.4 82.2 100.0 100.0
5 5 30 1.88 7.90 0.05 -9.35 44.6  49.3  55.2 59.0
5 6 15 225  7.47 -0.08 -9.59 63.1 76.6 93.2 99.6
5 6 30 1.64 7.90 0.05 -9.59 39.8 43.5 49.0 52.2
10 5 15 2.48 7.47 -0.08 -9.35 31.6 39.7 50.0 54.4
10 5 30 1.88 7.90 0.05 -9.35 21.6  24.1 27.2 29.2
10 6 15 2.25 7.47 -0.08 -9.59 30.1 36.8 46.3 50.1
10 6 30 1.64 790 0.05 -9.59 19.2 214 24.2 26.0

Investment period starts in 2003

v Ry K S V52 S3 S4 OL / Years to final date
10 7 3 1
5 5 15 1.66 7.88 -0.03 10.24 41.3 46.9 56.2 60.4
5 5 30 1.65 856 0.05 10.24 43.2 46.5 50.6 53.2
5 6 15 142 7.88 -0.03 10.00 36.7 41.8 49.6 52.7
5 6 30 1.42 856 0.05 10.00 38.4 41.5 45.1 47.5
10 5 15 1.66 7.88 -0.03 10.24 19.8 235 27.7 29.9
10 5 30 1.65 856 0.05 10.24 21.0 228 25.0 26.4
10 6 15 1.42 7.88 -0.03 10.00 17.5 20.3 24.5 26.3
10 6 30 1.42 856 0.05 10.00 18.8  20.3 22.4 23.4
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Table 6: Autoregressive returns - Certainty equivalent return
This table presents the certainty equivalent return for three portfolio policies when the continuously compounded
excess returns are assumed to be autoregressive. The upper panel corresponds to the case in which the investment
period starts in 2000 and the lower panel corresponds to the case in which the investment period starts in 2003.
The state variable is set equal to its value at the end of the corresponding sample. For each case, we consider eight
different scenarios in which the coefficient of relative risk aversion () takes the values 5 and 10; the annualized
risk-free rate (Ry) takes the values 5 and 6 percent; and the sample size (K) takes the values 15 and 30 years. The
investor uses quarterly data, updates the portfolio yearly, and has an investment horizon of 10 years. For reference,
we report the values of the state variables at the beginning of the investment period: the return sample average (s1),
return sample standard deviation (/s2), autocorrelation estimate (s3) and final return observation (s4). The optimal
policy with learning about the unknown parameters is denoted by OL. The policy denoted by OL-IID treats returns
as i.i.d., but is based on optimal learning about the return mean and variance. The policy denoted by MU uses all
available data to update the estimates of all parameters but in each period, myopically and ignoring future learning,

solves the one-period portfolio allocation problem.

Investment period starts in 2000

v Ry K S V52 S3 S4 OL OL-IID MU
5 5 15 248 747 -0.08 -9.35 9.24 9.19 8.93
5 5 30 1.88 7.90 0.05 -9.35 7.35 7.28 7.27
5 6 15 225 747 -0.08 -9.59 9.63 9.59 9.32
5 6 30 1.64 7.90 0.05 -9.59 7.90 7.84 7.84
10 5 15 248 747 -0.08 -9.35 7.01 6.98 6.75
10 5 30 1.88 7.90 0.05 -9.35 6.14 6.10 6.09
10 6 15 225 747 -0.08 -9.59 7.73 7.70 7.52
10 6 30 1.64 7.90 0.05 -9.59 6.92 6.89 6.89

Investment period starts in 2003

K S1 NE) 53 54 OL OL-IID MU
15 166 7.88 -0.03 10.24 6.85 6.83 6.71
30 1.65 856 0.05 10.24 6.81 6.77 6.76
15 1.42 783 -0.03 10.00 7.47 7.45 7.37
30 142 856 0.05 10.00 7.45 7.41 7.41
15 1.66 7.88 -0.03 10.24 5.89 5.87 5.81
30 165 856 0.05 10.24 5.87 5.85 5.85
15 142 788 -0.03 10.00 6.70 6.69 6.65
30 142 856 0.05 10.00 6.70 6.68 6.68

10
10
10

H
= ov ot ot o2
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Table 7: Predictable returns - Optimal Allocation
This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be predictable. The upper (lower) panel corresponds to the case in which the investor uses the term
spread (earnings-to-price ratio) as the predictor. The initial estimation is based on quarterly data from the sample
period 1984-2003. The state variables si, k = 1,...,7 are set equal to their values at the end of the sample. For each
predictor, we consider four different scenarios in which the coefficient of relative risk aversion () takes the values 5
and 10; and the annualized risk-free rate (Ry) takes the values 5 and 6 percent. For each scenario, we present the
optimal allocations that correspond to the predictor being equal to x25, =50, and x75, respectively, where x;,, denotes
the p-th percentile of the sample distribution of the predictor. The investor uses quarterly data, updates the portfolio
yearly, and has an investment horizon of 5 years. The optimal policy with learning about the unknown parameters
is denoted by OL and the policy that treats the parameters as known constants is denoted by C. Under policy C the

parameters are set equal to their estimates obtained using data from 1984 to 2003.

Years to final date
Y Ry 5 4 3 2 1

OL C OL C OL C OL C OL C

Predictor : Term spread
5 5 @2 568 693 593 695 623 697 652 699 687 704
x50 514 618 536 619 562 621 587 623 615 628
w75 421 536 444 538 471 541 496 543 527 545
5 6 @2 522 625 540 625 564 628 587 629 616 634
x50 469 551 484 550 504 553 522 555 545  56.0
w75 37.6 469 394 469 415 471 436 473  46.1 478
10 5 wes 283 344 295 345 31.1 346 325 348 345 351
x50 258 30.6 269 307 282 309 294 31.0 310 313
w75 209 267 221 267 235 269 248 271 265 273
10 6 ws5 252 310 264 31.1 278 312 291 314 309 316
x50 229  27.3 239 272 250 274 261 275 274 278
w75 185 233 195 233 206 235 218 236 231 238

Predictor : Earnings-to-price ratio
5 5 x5 247 312 222 268 191 220 161 172 127 125
x50 100.0 100.0 983 100.0 92.6 945 879  90.8  79.3  79.9
z7s  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  100.0
5 6 @25 144 189 122 151 95 112 7.0 7.2 4.1 3.6
zs0 920 100.0 886 967 832 8.7 783 81.6 70.6 709
z75  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  100.0
10 5 @25 129 181 117 150 100 120 83 8.9 6.4 6.2
zs0 532 669 515 61.3  47.9 543 447 476  39.7  39.9
@75 717 1000 722 950 699 855 685 769 637 650
10 6 x5 77 114 64 8.8 5.0 6.4 3.6 3.9 2.2 1.8
zs0 480 591  46.0 542 427 480  39.8 422 353 353
w75 684 955 680 89.0 657 79.9 639 715 594  60.6

51



Table 8: Predictable returns using term spread - Optimal Allocation
This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be predictable by the term spread. The investor uses 20 years of data in the initial estimation. The three
panels correspond to the cases in which the investment period starts in 2000, 2001, and 2002, respectively. The state
variables s, k = 1,...,7 are set equal to their values at the end of the corresponding sample. For each predictor,
we consider four different scenarios in which the coefficient of relative risk aversion () takes the values 5 and 10;
and the annualized risk-free rate (Ry) takes the values 5 and 6 percent. For each scenario, we present the optimal
allocations that correspond to the predictor being equal to 25, x50, and x7s, respectively, where x;, denotes the p-th
percentile of the sample distribution of the predictor. The investor uses quarterly data, updates the portfolio yearly,

and has an investment horizon of 5 years.

Years to final date
v Ry 5 4 3 2 1

Investment period starts in 2000

5 5 zos  77.5 80.9 84.2 87.8 91.2
r50 87.2  90.5 93.8 96.9 100.0

r7s 984  99.3 100.0 100.0 100.0

5 6 zos 69.6 725 75.6 79.3 83.2
50 789 81.9 85.0 88.9 92.8

z7s  90.1  93.1 96.2 98.3 100.0

10 5 zos 37.5 394 41.3 42.9 44.5
r50 421 44.1 46.1 47.8 49.5

z7s  47.5  49.6 51.8 53.9 56.1

10 6 zos  34.1 359 37.7 39.4 41.1
zr50 38.6 40.5 42.4 44.0 45.7

r7s  44.1  46.1 48.1 49.9 51.7

Investment period starts in 2001

5 5 ro5 682 T71.2 74.3 77.1 79.9
r50 745 T77.6 80.7 83.8 86.8

x75  79.8  83.6 87.3 91.2 95.0

5 6 ros 617  64.3 66.9 69.4 71.9
50 68.5 71.0 73.6 76.3 79.0

x7s 743 773 80.4 83.9 87.4

10 5 ros  33.5 35.1 36.7 38.3 39.8
r50 36.7 384 40.0 41.7 43.3

z7s  39.3  41.2 43.1 45.2 47.4

10 6 zo5 304  31.7 33.1 34.5 35.9
50 33.6 35.1 36.5 37.9 39.4

r7s  36.4  38.0 39.7 41.6 43.4

Investment period starts in 2002

5 5 xo5 H7.1  59.5 62.0 65.0 68.0
x50 50.0 52.2 54.5 57.1 59.8

z7s 383 405 42.7 45.3 48.0

5 6 zo5 H1.5  53.6 55.8 58.5 61.2
rs0 44.5 464 48.3 50.6 53.0

z7s  33.0 348 36.6 38.9 41.3

10 5 zos  28.0 29.2 30.4 32.3 34.0
50 244 256 26.8 28.3 29.8

r7s 186  19.8 20.9 22.4 23.8

10 6 ro5 25.3 264 27.6 29.1 30.5
r50 21.8 229 23.9 25.1 26.4

T7s5 16.2  17.1 18.1 19.3 20.6
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Table 9: Predictable returns using earnings-to-price ratio - Optimal Allocation

This table presents the optimal allocation to the risky asset when the continuously compounded excess returns are
assumed to be predictable by the earnings-to-price ratio. The investor uses 20 years of data in the initial estimation.
The three panels correspond to the cases in which the investment period starts in 2000, 2001, and 2002, respectively.
The state variables sk, k = 1,...,7 are set equal to their values at the end of the corresponding sample. For each
predictor, we consider four different scenarios in which the coefficient of relative risk aversion () takes the values 5
and 10; and the annualized risk-free rate (Ry) takes the values 5 and 6 percent. For each scenario, we present the
optimal allocations that correspond to the predictor being equal to x5, x50, and x7s5, respectively, where x;, denotes
the p-th percentile of the sample distribution of the predictor. The investor uses quarterly data, updates the portfolio
yearly, and has an investment horizon of 5 years.

Years to final date
Y Ry 5 4 3 2 1

Investment period starts in 2000
5 5 25 71.0 71.6 72.3 73.0 73.7
50 89.7 90.7 91.5 91.0 90.4
75 96.5 98.4 100.0 100.0 100.0
5 6 T25 62.7 63.4 64.0 64.6 65.1
50 81.0 82.0 82.8 81.9 81.1
75 88.9 90.9 93.0 92.3 92.2
10 5 25 35.6 35.9 36.2 36.4 36.7
50 45.0 45.3 45.6 45.5 45.3
75 47.5 48.8 50.1 50.7 51.3
10 6 25 30.9 31.2 31.6 31.9 32.3
50 40.4 40.8 41.1 41.1 41.0
z75 44.5 45.3 46.1 46.7 47.3

Investment period starts in 2001
5 5 25 57.4 53.5 49.5 45.6 41.8
z50  100.0 98.3 94.9 88.5 81.9
x7s  100.0 100.0 100.0 100.0 100.0
5 6 25 45.8 42.5 39.3 36.4 33.4
50 91.8 88.4 84.9 79.1 73.0
z75  100.0 100.0 100.0 99.7 99.5
10 5 25 29.6 27.2 24.9 23.0 21.1
50 54.8 52.0 49.0 45.1 41.2
75 62.7 62.7 62.3 59.0 55.7
10 6 25 23.5 21.6 19.6 18.0 16.5
50 48.8 45.8 42.8 39.7 36.5
T75 59.3 58.0 56.5 53.8 50.9

Investment period starts in 2002

5 5 25 24.0 19.4 14.6 9.9 5.2
x50  100.0 98.0 93.8 83.8 73.3
z7s  100.0 100.0 100.0 100.0 100.0

5 6 25 11.3 7.3 3.4 1.2 0.0
50 96.7 89.7 82.6 73.3 63.9
z7s  100.0 100.0 100.0 100.0 100.0

10 5 T25 13.8 11.0 8.2 5.5 2.8
50 61.2 56.0 50.5 43.6 36.7

75 83.5 80.3 76.6 69.1 61.2

10 6 25 7.2 4.8 2.4 1.0 0.0
50 53.9 48.9 43.8 37.8 31.7

75 78.9 74.9 70.6 63.6 56.3

53



Figure 1: IID returns with known volatility - Optimal allocation
These graphs present the optimal allocation to the risky asset for the case of i.i.d. returns with known volatility. In
the upper graph, the optimal allocation is plotted as a function of the state variable s for investment horizon equal to
1, 3, 7, and 10 years respectively. In the lower graph, the optimal allocation is plotted as a function of the investment
horizon. The three lines correspond to the state variable s being equal to sa2s5, sso, and s7s where s, denotes the
p-th percentile of the distribution of s. The coefficient of relative risk aversion equals 5, the annualized risk-free rate

equals 6 percent, the estimation is based on 15 years of data, and the sample ends in 2003.
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Figure 2: IID returns with unknown volatility - Optimal allocation
These graphs present the optimal allocation to the risky asset for the case of i.i.d. returns with unknown volatility.
In the upper graph, the optimal allocation is plotted as a function of the state variable s;. The three lines correspond
to the state variable s2 being equal to s2,25, $2,50, and s2,75 where sz, denotes the p-th percentile of the distribution
of s2. In the lower graph, the optimal allocation is plotted as a function of the state variable s2. The three lines
correspond to the state variable s; being equal to si,25, S1,50, and si,75 where s1 , denotes the p-th percentile of the
distribution of si;. In both graphs, the optimal allocation is presented for investment horizon equal to 1, 3, 7, and
10 years respectively. The coefficient of relative risk aversion equals 5, the annualized risk-free rate equals 6 percent,

the estimation is based on 15 years of data, and the sample ends in 2003.
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Figure 3: IID returns with unknown volatility - Optimal allocation
These graphs present the optimal allocation to the risky asset for the case of i.i.d. returns with unknown volatility.
The optimal allocation is plotted as a function of the investment horizon. In the upper, middle, and lower graphs the
state variable ss is set equal to the 25th, 50th, and 75th percentile of its distribution, respectively. In each graph,
the three lines correspond to the state variable s; being equal to s1,25, s1,50, and s1,75 where s1,;, denotes the p-th
percentile of the distribution of s;. The coefficient of relative risk aversion equals 5, the annualized risk-free rate

equals 6 percent, the estimation is based on 15 years of data, and the sample ends in 2003.
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Figure 4: IID returns with unknown volatility - Optimal allocation
These graphs present the optimal allocation to the risky asset for the case of i.i.d. returns with unknown volatility.
The optimal allocation is plotted as a function of the investment horizon. In the upper, middle, and lower graphs the
state variable s; is set equal to the 25th, 50th, and 75th percentile of its distribution, respectively. In each graph,
the three lines correspond to the state variable sz being equal to s2,25, s2,50, and s2,75 where sz, denotes the p-th
percentile of the distribution of sp. The coefficient of relative risk aversion equals 5, the annualized risk-free rate

equals 6 percent, the estimation is based on 15 years of data, and the sample ends in 2003.
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Figure 5: Autoregressive returns - Optimal allocation

These graphs present the optimal allocation to the risky asset for the case of autoregressive returns.
For k = 1,2,3,4, the kth graph displays the optimal allocation as a function of the investment
horizon with the three lines corresponding to the state variable s; being equal to si o5, sk 50, and
sp.75 where s, denotes the p-th percentile of the distribution of s;. The coefficient of relative risk
aversion equals 5, the annualized risk-free rate equals 6 percent, the estimation is based on 30 years
of data, and the initial sample ends in 2000. In each graph, the rest of the state variables are set
equal to their values at the end of 2000.
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Figure 6: Autoregressive returns - Optimal allocation

These graphs present the optimal allocation to the risky asset for the case of autoregressive returns.
For k = 1,2,3,4, the kth graph displays the optimal allocation as a function of the investment
horizon with the three lines corresponding to the state variable s; being equal to si o5, sk 50, and
sp.75 where s, denotes the p-th percentile of the distribution of s;. The coefficient of relative risk
aversion equals 5, the annualized risk-free rate equals 6 percent, the estimation is based on 30 years
of data, and the initial sample ends in 2003. In each graph, the rest of the state variables are set
equal to their values at the end of 2003.
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Figure 7: Predictable returns using term spread - Optimal allocation

These graphs present the optimal allocation to the risky asset when returns are assumed to be
predictable by the term spread. For k = 1,2, 3,4, the kth graph displays the optimal allocation
as a function of the investment horizon with the three lines corresponding to the state variable s
being equal to s 25, Sk 50, and sy 75 where s, denotes the p-th percentile of the distribution of sy.
The coefficient of relative risk aversion equals 5, the annualized risk-free rate equals 6 percent, the
estimation is based on 20 years of data, and the initial sample ends in 2003. In each graph, the
rest of the state variables are set equal to their median values.
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Figure 8: Predictable returns using earnings-to-price ratio - Optimal allocation

These graphs present the optimal allocation to the risky asset when returns are assumed to be
predictable by the earnings-to-price ratio. For k = 1,2, 3,4, the kth graph displays the optimal
allocation as a function of the investment horizon with the three lines corresponding to the state
variable s; being equal to s 25, Sis50, and si75 where si, denotes the p-th percentile of the
distribution of s;. The coefficient of relative risk aversion equals 5, the annualized risk-free rate
equals 6 percent, the estimation is based on 20 years of data, and the initial sample ends in 2003.
In each graph, the rest of the state variables are set equal to their median values.
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