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tA�ne models are very popular in modeling �nan
ial time series as they allow for analyti
al 
al
u-lation of pri
es of �nan
ial derivatives like treasury bonds and options. The main property of a�nemodels is that the 
onditional 
umulant fun
tion, de�ned as the logarithmi
 of the 
onditional 
har-a
teristi
 fun
tion, is a�ne in the state variable. Consequently, an a�ne model is Markovian, likean autoregressive pro
ess, whi
h is an empiri
al limitation. The paper generalizes a�ne models byadding in the 
urrent 
onditional 
umulant fun
tion the past 
onditional 
umulant fun
tion. Hen
e,generalized a�ne models are non-Markovian, su
h as ARMA and GARCH pro
esses, allowing one todisentangle the short term and long-run dynami
s of the pro
ess. Importantly, the new model keepsthe tra
tability of pri
es of �nan
ial derivatives. This paper studies the statisti
al properties of the newmodel, derives its 
onditional and un
onditional moments, as well as the 
onditional 
umulant fun
-tion of future aggregated values of the state variable whi
h is 
riti
al for pri
ing �nan
ial derivatives.It derives the analyti
al formulas of the term stru
ture of interest rates and option pri
es. Di�erentestimating methods are dis
ussed (MLE, QML, GMM, and 
hara
teristi
 fun
tion based estimationmethods). Three empiri
al appli
ations developed in 
ompanion papers are presented. The �rst onebased on Feunou (2007) presents a no-arbitrage VARMA term stru
ture model with ma
roe
onomi
variables and shows the empiri
al importan
e of the in
lusion of the MA 
omponent. The se
ondappli
ation based on Feunou and Meddahi (2007a) models jointly the high-frequen
y realized varian
eand the daily asset return and provides the term stru
ture of risk measures su
h as the Value-at-Risk,and highlights the powerful use of generalized a�ne models. The third appli
ation based on Feunou,Christo�ersen, Ja
obs and Meddahi (2007) uses the model developed in Feunou and Meddahi (2007a)to pri
e options theoreti
ally and empiri
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1 Introdu
tionA�ne models are often used when one models the short term of interest rates be
ause they leadto 
losed form of the bond pri
es and yields whatever the maturity. In addition, these yields arelinear fun
tions of the state variables, often the short term interest rate when one 
onsiders aone-fa
tor model, whi
h makes the pri
ing and the statisti
al inferen
e simple. This approa
hhas been introdu
ed in 
ontinuous time by Vasi
ek (1977) where the short term interest rate isassumed to follow a Gaussian autoregressive pro
ess of order one and extended by Du�e andKan (1997) to more non-negative models. Dis
rete time versions of a�ne models are studiedtheoreti
ally in Darolles, Gourieroux, Jasiak (2006) and Gourieroux, Monfort, and Polimenis(2002) among others while several papers, in
luding Piazzesi (2005) and Ang and Piazzesi(2003), used them to 
hara
terize the term stru
ture of interest rates and its intera
tion withma
roe
onomi
 variables; see Piazzesi (2003) for a survey on a�ne term stru
ture models.Likewise, several authors used the a�ne pro
esses for modeling the sto
hasti
 volatility ofasset returns and 
hara
terized analyti
ally the formulas of option pri
es; see Heston (1993)and Du�e, Pan and Singleton (2000) in 
ontinuous time and Heston and Nandi (2001) indis
rete time.A dis
rete time pro
ess xt is 
alled a�ne when its 
onditional 
umulant fun
tion, denoted
ψt(u), and de�ned as the logarithmi
 of the moment generating fun
tion,1 i.e.,

ψt(u) ≡ log[E[exp(uxt+1) | xτ , τ ≤ t]],is given by
ψt(u) = ω(u) + α(u)xt. (1.1)Any autoregressive pro
ess of order one, AR(1), with i.i.d. innovations is a�ne. A 
onsequen
eof (1.1) is that an a�ne pro
ess is Markovian, whi
h 
ould be a limitation for modeling some�nan
ial data. It is well known that �nan
ial data, like volatility of asset returns, exhibit serial
orrelation that the Markov ARCH models of Engle (1982) do not des
ribe well, whi
h leadsto the introdu
tion of the GARCH models in Bollerslev (1986). Likewise, we do know that1Instead of 
onsidering the moment generating fun
tion, one 
ould use the 
hara
teristi
 fun
tion whi
hexists for any random variable while the moment generating fun
tion does not exist for some random variables.The theory developed in this paper holds for 
hara
teristi
 fun
tions. However, we de
ided to use the momentgenerating fun
tion for 
onvenien
e and due to its familiarity with resear
hers in �nan
ial e
onomi
s.1



allowing for non-Markovian 
omponents in a model, like moving average (MA) 
omponents,allows one to disentangle the short-term and the long-run dynami
s of the variable of interest,whi
h 
ould be important for some �nan
ial data like volatility of asset returns and short termof interest rates (Andersen and Lund (1997)).Several generalizations of a�ne models have been introdu
ed in order to in
lude morememory in the basi
 model (1.1) and maintaining the tra
tability of a�ne models, i.e. bymaintaining 
losed forms for the yields. Dai and Singleton (2003) and Dai, Singleton andYang (2006) assumed that the 
oe�
ients that drive the a�ne model follow a Markov swit
h-ing model. The authors show the empiri
al usefulness of this approa
h although �lteringte
hniques are needed to pri
e and estimate the model. Darolles, Gourieroux and Jasiak(2006) added lags of xt in (1.1), i.e. they proposed an a�ne model of order p > 1. Monfortand Pegoraro (2007a) su

essfully applied this approa
h to the term stru
ture of interest rates,although one 
ould need many lags leading to the estimation of many parameters. In a dif-ferent paper, Monfort and Pegoraro (2007b) 
ombined the two approa
hes des
ribe above, i.e.they added lags and assumed that some parameters are driven by a Markov swit
hing model.Again, su
h a method needs �ltering te
hniques for both pri
ing and estimating the model.In this paper, we follow a more traditional approa
h by in
luding MA 
omponent in themodel. The following examples highlight our approa
h. Assume that the pro
ess xt is anARMA(1,1) given by
xt = a+ bxt−1 + εt − cεt−1, εt i.i.d., |b| < 1, |c| < 1,where the 
umulant fun
tion of ε is denoted ψε(·). One 
an show (see Se
tion 2) that
ψt(u) = (ua+ (1 − c)ψε(u)) + u(b− c)xt + cψt−1(u),whi
h suggests the following extension of (1.1)

ψt(u) = ω(u) + α(u)xt + βψt−1(u). (1.2)One 
ould view the new model as an extension of AR models to ARMA ones. A
tually, it ismu
h more than that be
ause Eq. (1.2) implies that any power fun
tion of xt is an ARMApro
ess. This is the 
ase be
ause the 
onditional 
umulant fun
tion of xt is an auto-regression.Assume that the pro
ess xt is an VARMA(1,1) given by
xt = A+Bxt−1 + εt − Cεt−1, εt i.i.d., |B| < 1, |C| < 1,2



where the 
umulant fun
tion of ε is denoted ψε(·). One 
an show (see Se
tion 2) that
ψt(u) = (u′A+ ψε(u) − ψε(C

′u)) + u′(B − C)xt + ψt−1(C
′u),whi
h suggests the following extension of (1.1)

ψt(u) = ω(u) + α(u)xt + ψt−1(θu). (1.3)Our approa
hes have several advantages. They involve less parameters than the approa
hin Darolles, Gourieroux and Jasiak (2006). The pri
ing and estimation pro
edures of themodel are simpler than those of a model with Markov swit
hing fa
tors like Dai, Singletonand Yang (2006). Another important advantage of the approa
h is to allow one to disentanglethe short term dynami
s of xt from its long-run ones. When one 
onsiders an a�ne model(1.1), the fun
tion α(u) does the two jobs, whi
h 
ould be restri
tive. We do know from thevolatility literature that GARCH models allow for more persisten
e than ARCH models andthat this is empiri
ally important. Our empiri
al examples highlight this advantage.Several dynami
 term stru
ture models with ma
roe
onomi
 variables introdu
e latentvariables in the a�ne state variable; see Ang and Piazzesi (2003). Su
h approa
h is often donebe
ause 
urrent values of the ma
roe
onomi
 variables do not fully explain the term stru
tureof interest. However, it is always hard to understand what exa
tly these latent variables are.It is well known from the time series literature that AR models with latent variables, 
alledstru
tural models, imply redu
ed form ARMA representations for the observable variables.Consequently, one 
ould interpret the new model as a redu
ed from of a�ne models withlatent fa
tors.We introdu
e a slightly more general model than (1.2) by allowing the 
oe�
ient in frontof ψt−1(u) to be a fun
tion of u, i.e., we study the model de�ned by
ψt(u) = ω(u) + α(u)xt + β(u)ψt−1(u). (1.4)We denote this model as the generalized a�ne model of type I. Similar to type I, we introdu
ea slightly more general model than (1.3) by allowing the argument of ψt−1(.) to be a fun
tionof u whi
h is not ne
essarily linear and by allowing a 
oe�
ient in front of ψt−1(θ(u)), i.e., westudy the model de�ned by
ψt(u) = ω(u) + α(u)xt + βψt−1(θ(u)). (1.5)These extensions are theoreti
ally important be
ause Eq. (1.2) implies that the ve
tor (xt,mt),where mt = E[xt+1 | xτ , τ ≤ t], is a bivariate a�ne model while it is not the 
ase for models3



de�ned by Eq. (1.4) and (1.5). Likewise, we allow for several lags of xt and ψt−1(u) in Eq.(1.4) and (1.5), i.e., we 
onsider ARMA(p,q) type models.The paper has several 
ontributions. First of all, we study the statisti
al properties of themodels and derived several 
onditional and un
onditional moments and 
umulants. We alsoderive the 
onditional 
umulant fun
tion of the ve
tor (xt+1, xt+2, ..., xt+h). This fun
tion is
riti
al when one wants to derive analyti
al formulas of yields and option pri
es. We thenderive the Treasury yields when assuming that short term of interest rate is given by (1.4) or(1.5) under the risk neutral measure or the physi
al measure (the latter needs the spe
i�
ationof the pri
e of the risk). Likewise, we derive the formulas of options pri
es when assuming asto
hasti
 volatility where the dynami
s of the sto
hasti
 varian
e is given by Eq. (1.4).One 
an use several methods to estimate to model. Sometimes one 
ould 
hara
terize thelikelihood of the model as in our empiri
al analysis. Otherwise, one 
ould follow Singleton(2001) by using the 
hara
teristi
 fun
tion of the pro
ess xt and the instrumental variableapproa
h of Hansen (1982). A
tually, an e�
ient use of the whole 
hara
teristi
 fun
tion leadsto an e�
ient estimation of the parameters 
omparable to the maximum likelihood estimators;see Carras
o and Florens (2001, 2006) and Carras
o, Chernov, Florens, and Ghysels (2006). Itwould also be possible to use the 
onditional mean and varian
e of the pro
ess xt 
ombined withthe Gaussian quasi-maximum likelihood approa
h to 
onsistently estimate the parameters.Three empiri
al appli
ations developed in 
ompanion papers are presented. The �rst onebased on Feunou (2007) presents a no-arbitrage VARMA term stru
ture model with ma
roe-
onomi
 variables and shows the empiri
al importan
e of the in
lusion of the MA 
ompo-nent. The se
ond appli
ation based on Feunou and Meddahi (2007a) models jointly the high-frequen
y realized varian
e and the daily asset return and provides the term stru
ture ofrisk measures su
h as the Value-at-Risk, and highlights the powerful use of generalized a�nemodels. The third appli
ation based on Feunou, Christo�ersen, Ja
obs and Meddahi (2007)uses the model developed in Feunou and Meddahi (2007a) to pri
e options theoreti
ally andempiri
ally.The rest of the paper is organized as follows. Se
tion 2 provides the simple generalizeda�ne model and provides its statisti
al properties. Se
tion 3 provides the analyti
al formulasof the term stru
ture of interest rates when the short term of interest rates is a generalizeda�ne pro
ess under the physi
al or the risk-neutral measure. Likewise, se
tion 3 provides theformulas of the option pri
es when the volatility of the sto
k returns is a generalized a�nepro
ess under the physi
al or the risk-neutral measure. We dis
uss several estimation methods4



in se
tion 4. Se
tion 5 provides three empiri
al examples while Se
tion 6 
on
ludes. AppendixA provides an example where the fun
tion β(·) is not 
onstant. The proofs of Se
tions 2 and3 are provided in Appendix B.2 Generalized A�ne ModelsThis se
tion introdu
es and studies the two simple models de�ned in the previous se
tion.De�nition: Generalized A�ne Pro
ess. A pro
ess xt is 
alled a generalized a�ne pro
essof type I and order (1,1) when the 
onditional 
umulant fun
tion of xt+1 given its lagged values
xt, xt−1, ..., is 
hara
terized by

ψt(u) ≡ logE[exp(uxt+1) | xτ , τ ≤ t] = ω(u) + α(u)xt + β(u)ψt−1(u). (2.1)A pro
ess xt is 
alled a generalized a�ne pro
ess of type II and order (1,1) when the
onditional 
umulant fun
tion of xt+1 given its lagged values xt, xt−1, ..., is 
hara
terized by
ψt(u) ≡ logE[exp(uxt+1) | xτ , τ ≤ t] = ω(u) + α(u)xt + βψt−1(θ(u)). (2.2)To simplify the exposure, we 
ombine the two types in the same framework and we providethe following general de�nition of the generalized a�ne model.A pro
ess xt is 
alled a generalized a�ne pro
ess of order (1,1) when the 
onditional
umulant fun
tion of xt+1 given its lagged values xt, xt−1, ..., is 
hara
terized by

ψt(u) ≡ logE[exp(uxt+1) | xτ , τ ≤ t] = ω(u) + α(u)xt + β(u)ψt−1(θ(u)). (2.3)2.1 ExamplesSeveral well know examples in the time series and �nan
ial literatures are generalized a�ne.Obviously, a�ne models 
orrespond to the 
ase β(u) = 0 or θ(u) = 0. Other examples aregiven below.2.1.1 Linear and Non-Linear ARMA(1,1) ModelsAssume that xt follows a linear ARMA(1,1) where the innovation pro
ess is i.i.d., i.e.
xt = a+ bxt−1 + εt − cεt−1, εt i.i.d., |b| < 1, |c| < 1,5



where the 
umulant fun
tion of ε is denoted ψε(·). Denote the 
onditional mean of xt+1 by
mt, i.e.,

mt = a+ bxt − cεt.Observe that
mt = a+ (b− c)xt + cmt−1.Hen
e,

ψt(u) = logEt[exp(uxt+1)] = umt + ψε(u) = u(a+ (b− c)xt) + ψε(u) + ucmt−1

= u(a+ (b− c)xt) + ψε(u) + c(ψt−1(u) − ψε(u))

= (ua+ (1 − c)ψε(u)) + u(b− c)xt + cψt−1(u),i.e. any ARMA(1,1) pro
ess with i.i.d. innovations de�ned in (2.1.1) is a generalized a�nepro
ess given in (2.1) where
ω(u) = ua+ (1 − c)ψε(u), α(u) = u(b− c), β(u) = c.Let us now assume that the 
onditional mean of xt is non-linear but still has an MA(1)stru
ture, i.e.

xt = f(xt−1) + εt − cεt−1, εt i.i.d., |c| < 1.The 
ondition mean of xt+1 denoted mt is given by
mt = f(xt) − cεt = f(xt) − cxt + cmt−1.Hen
e,

ψt(u) = logEt[exp(uxt+1)] = umt + ψε(u) = u(f(xt) − cxt) + ψε(u) + ucmt−1

= (1 − c)ψε(u) + u(f(xt) − cxt) + cψt−1(u).Consequently, a non-linear ARMA(1) pro
ess with i.i.d. innovations is not a generalized a�nepro
ess but belongs to the family de�ned by
ψt(u) = ω(u) + α(u, xt) + β(u)ψt−1(u). (2.4)This family is studied in Feunou and Meddahi (2007b) and 
alled generalized non-a�ne models.
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2.1.2 Linear VARMA(1,1) ModelsAssume that xt follows a linear VARMA(1,1) where the innovation pro
ess is i.i.d., i.e.
xt = A+Bxt−1 + εt − Cεt−1, εt i.i.d., |B| < 1, |C| < 1,where the 
umulant fun
tion of ε is denoted ψε(·). Denote the 
onditional mean of xt+1 by

mt, i.e.,
mt = A+Bxt − Cεt.Observe that

mt = A+ (B − C)xt + Cmt−1.Hen
e,
ψt(u) = logEt[exp(u′xt+1)] = u′mt + ψε(u) = u′(A+ (B − C)xt) + ψε(u) + u′Cmt−1

= u′(A+ (B − C)xt) + ψε(u) + ψt−1(C
′u) − ψε(C

′u)

= (u′A+ ψε(u) − ψε(C
′u)) + u′(B −C)xt + ψt−1(C

′u),i.e. any VARMA(1,1) pro
ess with i.i.d. innovations de�ned in (2.1.2) is a generalized a�nepro
ess of type 2 given in (2.2) where
ω(u) = u′A+ ψε(u) − ψε(C

′u), α(u) = u′(B − C), β = 1, θ(u) = C ′u2.1.3 GARCH(1,1) Type ModelsWe start the analysis by 
onsidering the model introdu
ed in Bollerslev (1986), i.e.,
xt = µ+ εt = µ+

√
ht−1zt, zt i.i.d. N (0, 1), ht = ω + αε2t + βht−1,with α ≥ 0, β ≥ 0, α + β < 1. By doing the same 
al
ulations as in the ARMA example, onegets

ψt(u) =

(
(1 − β)µu+ ω

u2

2

)
+

1

2
αu2(xt − µ)2 + βψt−1(u). (2.5)In other words, the GARCH(1,1) is not a generalized a�ne pro
ess as (2.1) but a generalizednon-a�ne pro
ess given by (2.4).It is well known that the GARCH(1,1) does not lead to 
losed forms of option pri
es.Heston and Nandi (2000) proposed a di�erent spe
i�
ation for ht that solved the problem7



where ht is given by2
ht = ω + α(zt − γ

√
ht−1)

2 + βht−1.Likewise, one 
an show that the 
onditional 
umulant fun
tion of xt+1 is given by
ψt(u) =

(
uµ(1 − β − αγ2) +

u2

2
(ω + α

(xt − µ)2

ht−1
− 2γ(xt − µ))

)
+ (β + αγ2)ψt−1(u). (2.6)Consequently, the Heston and Nandi (2000) model is a generalized non-linear model de�nedby (2.4) where the fun
tion α(xt, u) depends xt and ht−1, i.e., the whole past of xt.Eq. (2.6) looks more non-linear than Eq. (2.5), whi
h is puzzling given that the Heston andNandi (2000) model leads to analyti
al formulas for option pri
es while the Bollerslev (1986)does not. As already mentioned, a�ne models lead to 
losed form of pri
es of derivatives.It turns out that the varian
e pro
ess ht is a�ne when one 
onsiders the Heston and Nandi(2000) while it is not the 
ase for the traditional GARCH model. More pre
isely, one has

Heston & Nandi : logE[exp(uht+1) | hτ , τ ≤ t] = uω + ψχ2(1)(αu) + ((β + αγ2)u− 2γ2u2)ht

Bollerslev : logE[exp(uht+1) | hτ , τ ≤ t] = uω + ψχ2(1)(αuht) + βuht,where ψχ2(1)(·) denotes the 
umulant fun
tion of the χ2(1) distribution. We will 
onsider againthe Heston and Nandi model when we will derive the option pri
ing formulas of generalizeda�ne models.2.1.4 ACD(1,1) type modelsEngle and Russell (1997) introdu
ed the autoregressive 
onditional duration (ACD) modelwhere the duration xi between two 
onse
utive trades follows the pro
ess
xi = ηi−1 vi, vi i.i.d., vi > 0, E[vi] = 1, ηi = ω + αxi + βηi−1.If one assume that vi follows an exponential distribution whose density fun
tion is fv(v) =

exp(−v), then one gets
ψi = Ei[exp(uxi+1)] =

1

1 − uηi
, u <

1

ηi
,whi
h is not a generalized a�ne model. However, it is the 
ase for the logarithmi
 durationmodel of Bauwens and Giot (2000) de�ned by

xi = exp(ηi−1) vi, vi i.i.d., vi > 0, E[vi] = 1, log(ηi) = ω + α log(xi) + βηi−1.For this model, log(xi) is an ARMA(1,1) and therefore a generalized a�ne pro
ess.2There is an additional 
oe�
ient γ that appears in (2.1.3) whi
h 
aptures the leverage e�e
t. One 
ouldeasily add su
h term in the Bollerslev's GARCH equation.8



2.1.5 The generalized autoregressive gamma pro
essThe autoregressive gamma pro
ess (ARG) de�ned in Gourieroux and Jasiak (2006) is builtthroughout the following state spa
e representation:
xt+1

µ
|Ut+1, It ∼ γ (ν + Ut+1)

Ut+1|It ∼ P

(
ρxt
µ

)with It de�ned as the sigma algebra generated by (xs, s ≤ t), γ means the standard gammadistribution and P the Poisson distribution. Gourieroux and Jasiak (2006) show that ψt(u) =

ω(u) + α(u)xt with ψt = lnEt[exp(uxt+1)], ω(u) = −ν log(1 − uµ), and α(u) = ρu
1−uµ .We generalize the ARG pro
ess to the GARG pro
ess whi
h is built throughout the fol-lowing state spa
e representation:

xt+1 = βtθtZ̄t+1 +

t−1∑

j=0

Z
(j)
t+1with Z̄t+1, Z(j)

t+1 for j = 0, ..., t− 1, t+1 
onditionally (
onditional on It) independent randomvariables, Z̄t+1 ∼ ψ0 (u), and
Z

(j)
t+1

µj
|U (j)
t+1, It ∼ IG

(
νj + U

(j)
t+1

)

U
(j)
t+1|It ∼ P

(
ρjxt−j
µj

)where
νj = νβj, µj = µθj, ρj = ρβjθjWe 
an show that
ψt (u) = ω(u) + α(u)xt + βψt−1 (θu)Then xt follows a generalized a�ne model of type 2 given in (2.2).
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2.2 Existen
e of Generalized A�ne Models2.2.1 The Fun
tion β(·) is Constant.Generalized a�ne models are de�ned re
ursively by their 
onditional 
umulant fun
tion in(2.3). Therefore, one needs to show that the fun
tion ψt(·) in (2.3) is a proper 
umulantfun
tion. The rest of this subse
tion fo
uses on the 
ase where β(·) is 
onstant, the other 
asebeing studied in se
tion 2.2.2.The �rst important property on 
umulant fun
tion is that the sum of 
umulant fun
tionsis a 
umulant fun
tion. Consequently, when ω(u), α(u)xt, and β(u)ψt−1(θ(u)) are 
umulantfun
tions, the fun
tion ψt(u) de�ned in (2.3) is a 
umulant fun
tion. Observe that often, as inour empiri
al examples, ω(u)+α(u)xt is the 
umulant fun
tion of an a�ne model. Therefore,the generalized a�ne model is well de�ned when β(u)ψt−1(θ(u)) is a 
umulant fun
tion.The se
ond important property on 
umulant fun
tions is related to in�nitely divisible ran-dom variables. A random variable z whose 
umulant fun
tion is denoted ψz(u), is 
alledin�nitely divisible when for any positive number c, cψz(u) is a 
umulant fun
tion. Observethat a 
onsequen
e of this de�nition is that cψz(u) is the 
umulant fun
tion of an in�nitely di-visible random variable. Su
h variables appear in 
entral limit theorems; examples of in�nitelydivisible random variables in
lude normal, Poisson, and Gamma random variables. The �rstversion of Darolles et al. (2006) provided su�
ient 
onditions su
h that an a�ne pro
ess isin�nitely divisible. In parti
ular, popular a�ne models in �nan
e, i.e. the Gaussian and thesquare root pro
esses are in�nitely divisible.The third important property on 
umulant fun
tions is still related to in�nitely divisiblerandom variables. For a given positive random variable z whose 
umulant fun
tion is denoted
ψz(u), and an in�nitely divisible 
umulant fun
tion θ(u), ψz(θ(u)) is a well de�ned 
umulantfun
tion. In the 
hara
teristi
 fun
tion literature, this type of 
onstru
tion is re
ognized asthe subordination of pro
esses.The se
ond and third properties on 
umulant fun
tions are quite important for our purpose.By expanding re
ursively ψt(u) given in (2.3), one gets

ψt(u) =

t−1∑

i=0

βi(ω(θ◦i(u)) + α(θ◦i(u))xt−i) + βtψ0(θ
◦t(u))where ψ0(u) is the un
onditional 
umulant fun
tion of x1 and θ◦i (u) denotes fun
tion θ(.)
ompounded i times with itself. Consequently, when β > 0, θ(.) a 
umulant of an in�nitely10



divisible positive random variable (whi
h implies that ω(θ◦i(u)) + α(θ◦i(u))xt−i is the 
umu-lant fun
tion of an indivisible random variable like some a�ne models derived in Darolles etal. (2006)), βi(ω(θ◦i(u)) + α(θ◦i(u))xt−i) is a 
umulant fun
tion of an in�nitely divisible ran-dom variable. The de�nition of in�nitely divisible random variables implies that the sum ofin�nitely divisible random variables is also an in�nitely divisible random variable. Therefore,
∑t

i=0 β
i(ω(θ◦i(u)) + α(θ◦i(u))xt−i) is the 
umulant fun
tion of an in�nitely divisible randomvariable. Consequently, ψt(u) is the 
umulant fun
tion of an in�nitely divisible random vari-able when one assumes that this is the 
ase for ψ0(u). In other words, su�
ient 
onditionsto guarantee that ψt(u) de�ned in (2.3) is a proper 
umulant fun
tion are: β ≥ 0, θ(·) anin�nitely divisible 
umulant fun
tion of a positive random variable, ω(u) +α(u)(x) and ψ0(u)are 
umulant fun
tions of indivisible random variables.The previous reasoning handles the 
ase of positive random variable. To analyze randompro
esses whi
h have the whole real set as support, we will treat the two types of generalizeda�ne models di�erently. In the type I 
ase, in general β need not to be positive for pro
esseswhi
h have the whole real line as support (the Gaussian Ve
tor Autoregressive Pro
ess forinstan
e). The only needed 
onditions are |β| < 1 and fun
tion ω(u) being an in�nitelydivisible 
umulant generating fun
tion. Indeed we 
an write ψt(u) = ω(u)

1−β +
∑∞

i=0 α(u)βixt−i.Sin
e ω(u) an in�nitely divisible 
umulant generating fun
tion and 1
1−β > 0 then ω(u)

1−β is a
umulant generating fun
tion (
.f.g). By denoting yt−i = βixt−i, we have that for ea
h i

α(u)yt−i is a well de�ned 
.f.g. Using the fa
t that the sum of 
.f.g is a 
.f.g, we get that ψt(u)is a 
.f.g.In the 
ase of type II, we 
onsider the following restri
tions β > 0 and θ(u) = θu (whi
his the 
ase of VARMA models). Then, (2.3) is well de�ned for pro
esses with the whole realline as support. Indeed if ω(u), α(u) and ψ0(u) are in�nitely divisible 
umulant fun
tions,we 
an show that ω(cu), α(cu) and ψ0(cu) are in�nitely divisible 
umulant fun
tion whateverthe sign of c. Therefor for ea
h i, ω(θiu) + α(θiu)xt−i is a 
umulant fun
tion of an in�nitelydivisible fun
tion. This implies that (2.3) is well de�ned.Another question not studied here is the existen
e of a stationary solution of (2.1). Asusual, su
h a question is very di�
ult for dis
rete time non-linear models like GARCH modelsand it is left for future resear
h. In the sequel of the paper, we assume su
h existen
e.
11



2.2.2 The Fun
tion β(·) is Varying.It is worth noting that in all the examples dis
ussed in se
tion 2.1, the fun
tion β(u) givenin (2.1) does not depend on u. In this se
tion we provide two �exible 
lasses of generalizeda�ne models that generalize any positive a�ne model ω(u)+α(u)xt where ω(u) is a 
umulantgenerating fun
tion of a positive random variable and α(u) = q(f(u)−1) with f(·) the momentgenerating fun
tion of a positive random variable. We provide more details on the 
onstru
tionof su
h pro
esses in Appendix A.Proposition 2.1 We show in Appendix A that the following model is a well de�ned generalizeda�ne model of order (1,1).
ψt(u) = ω(u) + α(u)xt + β(u)ψt−1(u)with ψ(u) = ln [Et (exp(uxt+1))], β(u) = µg(u)

1−uµ , α(u) = uµ + g(u) − 1 and ω(u) = uρ −
ρ

1−µ

(
β(u)
µ

− 1
)
+h(u)(1−β(u)) . where g(u) a Lapla
e transform of a positive random variable,h(u) a 
umulant of a positive random variable and µ > 0.Noti
e that this family of generalized a�ne pro
esses of order (1,1) is very �exible in thesense that it is de�ned up to unspe
i�ed fun
tions g(·) and h(·). The only required 
onditionsare that g(·) and h(·) are respe
tively moment and log-moment generating fun
tions of positiverandom variable.Given the properties of fun
tions g(·), h(·) and (·), it is straightforward to show that β(·)

µ
is amoment generating fun
tion of a positive random variable, and α(·) is a log-moment generatingfun
tion of an in�nitely divisible positive random variable. But it is hard to 
on
lude that

ω(·) is a log-moment generating fun
tion of a positive random variable, unless we impose that
h(u) =

qµ
(

β(u)
µ

−1
)

1−β(u) with q > max(0, ρ
µ(1−µ) ) and µ < 1. In that 
ase ω(·) is a log-momentgenerating fun
tion, and we 
an reformulate ω(·) as follows
ω(u) = uρ+

q∗α(u)

1 − uµwith q∗ = q − ρ
µ(1−µ) .The following proposition gives a generalization of proposition (2.1) to order (2,1).Proposition 2.2 We show in Appendix A that the following model is a well de�ned generalizeda�ne model of order (2,1).

ψt(u) = ω(u) + α1(u)xt + α2(u)xt−1 + β(u)ψt−1(u)12



with ψ(u) = ln [Et (exp(uxt+1))], β(u) = µf(u), α1(u) = uµ + g(u) − 1, α2(u) = µ((1 −
µu)f(u) − g(u)) and ω(u) = (1 − β(u))

(
uρ+ ρ

1−µ + h(u)
)
− ρg(u).where f(u) a moment generating fun
tion of a positive in�nitely divisible random, g(u) aLapla
e transform of a positive random variable, h(u) a 
umulant of a positive random variableand µ > 0.The order (1,1) example built in proposition (2.1) is obtained by solving α2(u) = 0. Thefollowing a�ne pro
ess of order (1,1) is obtained by imposing µ = ρ = 0

ψt(u) = h(u) + (g(u) − 1)xtWe have then proved the following general theorem,Theorem 2.1 The following a�ne model ψt(u) = h(u) + q(g(u) − 1)xt (with q ≥ 0, h(u) apositive 
.f.g, g(u) a positive m.g.f) de�ned on positive pro
ess xt 
an be extended to a gener-alized a�ne model (of order (1,1) or (2,1)) with non-
onstant β(.) as shown in propositions(2.1) and (2.2). The 
orresponding generalized model is
ψt(u) = ω(u) + α1(u)xt + α2(u)xt−1 + β(u)ψt−1(u)with β(u) = µf(u), α1(u) = uqµ+ q(g(u) − 1), α2(u) = qµ((1 − µu)f(u) − g(u)) and ω(u) =

(1 − β(u))
(
uρ+ ρ

1−µ + h(u)
)
− ρg(u), where µ, ρ ≥ 0.This family of a�ne pro
esses whi
h have been generalized is well known in the literatureas the family of 
ompound pro
esses with positive value, and it 
ontains the autoregressivegamma pro
ess of Gourieroux and jasiak (2006) (whi
h is in fa
t the dis
rete time 
ounterpartof the Cox-Ingersoll-Ross di�usion pro
ess (Cox, Ingersoll, Ross (1985))) and the autoregressiveinverse gaussian pro
ess.2.3 Cumulant and Moment Stru
turesWe now derive some 
onditional and un
onditional moments (and 
umulants as well) impliedby the generalized a�ne model.

13



2.3.1 Conditional Cumulants and MomentsGiven that the pro
ess xt is de�ned by its 
onditional 
umulant fun
tion, it is more 
onvenientto derive the 
onditional 
umulant of xt+1 and then the 
onditional moments. The 
onditional
umulant of xt+1 of order n denoted κn,t, is given by
κn,t = ψ

(n)
t (0),where f (n)(·) denotes the n-th derivative fun
tion of a fun
tion f(·). We will also use thenotation

κn,t ≡ (κ1,t, κ2,t, ..., κn,t)
⊤. (2.7)From the following paragraph to the end of this paper, we will use the following de�nitionof fun
tion βn,i (u).

βn,i (u) =
n−i∑

j=0

(
n

j

)
β(j) (u)Bn−j,i

(
θ(1) (u) , θ(2) (u) , ..., θ(n−j−i+1) (u)

)where Bn,k (a1, a2, ..., an−k+1) denote the Bell polynomialsProposition 2.3 Let xt be a generalized a�ne pro
ess de�ned by (2.3). Then,
κn,t = ω(n)(0) + α(n)(0)xt +

n∑

i=1

βn,i (0)κi,t−1 (2.8)and
κ̄n,t = ω̄n + ᾱnxt + β̄nκ̄n,t−1 (2.9)where

ω̄n =





ω(1)(0)

ω(2)(0)

:

:

ω(n)(0)





, ᾱn =





α(1)(0)

α(2)(0)

:

:

α(n)(0)



and
β̄n =





β1,1 (0) 0 0 ·· 0

β2,1 (0) β2,2 (0) 0 ·· 0

: : : ·· :

: : : ·· :

βn,1 (0) βn,2 (0) ·· βn,n−1 (0) βn,n (0)



14



A dire
t 
onsequen
e of proposition (2.3) is that κ̄n,t is a V AR(1). Indeed using relation(2.9), it 
an be established that
Et−1 [κ̄n,t] = ω̄n + ρ̄nκ̄n,t−1 (2.10)where

ρ̄n =





α(1)(0) + β1,1 (0) 0 0 ·· 0

α(2)(0) + β2,1 (0) β2,2 (0) 0 ·· 0

: : : ·· :

: : : ·· :

α(n)(0) + βn,1 (0) βn,2 (0) ·· βn,n−1 (0) βn,n (0)



An important impli
ation of proposition (2.3) is that any 
onditional 
umulant κn,t is a linear
ombination of xt and its lagged values. This property is a 
hara
teristi
 of generalized a�netype models. One has di�erent forms when one 
onsiders generalized non-a�ne models de�nedin (2.4). Another 
onsequen
e of the VAR representation is that when β(·) is not 
onstant or
θ(·) is not linear, a 
umulant admits an ARMA representation of higher order. However, onthe one hand when β(·) is 
onstant and θ(u) = u, one has a GARCH(1,1) type equation for
κn,t

κn,t = ω(n)(0) + α(n)(0)xt + βκn,t−1on the other hand when β(·) = 1 and θ(u) = θu, one has the following GARCH(1,1) typeequation for κn,t
κn,t = ω(n)(0) + α(n)(0)xt + θnκn,t−1We will show below that xt admits an ARMA(1,1) representation. Hen
e, kn,t admits anARMA(2,1) representation.There is a mapping between the 
umulants and the moments of a random variable, whi
hallows one to derive the 
onditional moments of xt+1 from its 
onditional 
umulants. Morepre
isely, by denoting the 
onditional moments by mn,t, i.e.,

mn,t = E[xnt+1 | xτ , τ ≤ t],In general the 
onditional moment mn,t is related to 
onditional 
umulant κ1,t,...κn,t through-out the 
omplete Bell polynomial. Indeed one has
mn,t = Bn (κ1,t, ..., κn,t) (2.11)

15



where Bn(a1; ...; an) is the the nth 
omplete Bell polynomial. Using (2.11) we 
an dedu
edthe following relations for the �rst 6 moments.
m1,t = κ1,t

m2,t = κ2,t + κ2
1,t

m3,t = κ3,t + 3κ2,tκ1,t + κ3
1,t

m4,t = κ4,t + 4κ3,tκ1,t + 3κ2
2,t + 6κ2,tκ

2
1,t + κ4

1,t

m5,t = κ5,t + 5κ4,tκ1,t + 10κ3,tκ2,t + 10κ3,tκ
2
1,t + 15κ2

2,tκ1,t + 10κ2,tκ
3
1,t + κ5

1,t

m6,t = κ6,t + 6κ5,tκ1,t + 15κ4,tκ2,t + 15κ4,tκ
2
1,t + 10κ2

3,t + 60κ3,tκ2,tκ1,t

+ 20κ3,tκ
3
1,t + 15κ3

2,t + 45κ2
2,tκ

2
1,t + 15κ2,tκ

4
1,t + κ6

1,t.Therefore, by using the results of Proposition 2.3, one gets the 
onditional moments of xt+1.2.3.2 Un
onditional �rst and se
ond moments of pro
ess xt and 
umulant κ̄n,tAs in a�ne models, we 
an 
ompute un
onditional moments whi
h are useful to understandthe dynami
s of the model and to estimate unknown parameters. We start by fo
using on the
ovarian
e stru
ture of the pro
ess xt whi
h will allow us to show that xt is an ARMA(1,1)(with possibly heteroskedasti
 innovations).Let xt be a generalized a�ne pro
ess of order (1,1) de�ned in (2.3). Using relation (2.9)for n = 1 and taking the un
onditional expe
tation of both side of the equation we have,
E (xt) = E(κ1,t) =

ω̄1

1 − ᾱ1 − β̄1In general the un
onditional expe
tation of the ve
tor of 
umulant κ̄n,t is straightforwardly
omputed using relation (2.10) and taking the un
onditional expe
tation of both sides of theequation, we have
E (κ̄n,t) = (In − ρ̄n)

−1 ω̄n (2.12)For the se
ond order un
onditional moments, we �rst look at the un
onditional varian
e. Let
onsider relation (2.9) for n = 1, and square the two sides of the equation then take theun
onditional expe
tation. Let denote
φ = ᾱ1 + β̄1we have:

E(κ2
1,t) =

ω̄2
1 + ᾱ2

1E (κ2,t) + 2ω̄1φE(κ1,t)

1 − φ216



We 
an then 
ompute E (x2
t

) and V ar (xt) using the following relations E (x2
t

)
= E(κ2

1,t)+

E (κ2,t) and V ar (xt) = E
(
x2
t

)
− E (xt)

2.In general un
onditional varian
e of the ve
tor of 
umulant (κ̄n,t) is obtained by takingthe un
onditional varian
e of the two sides of relation (2.9). one gets
V ar(κ̄n,t) = V ar(xt)ᾱnᾱ

⊺

n + β̄nvar(κ̄n,t)β̄
⊺

n + ᾱncov(xt, κ̄n,t−1)β̄
⊺

nwhi
h implies that V ar (κn,t) is the solution to the following quaternion Matrix equation
V ar (κn,t) − βnV (κn,t)β

⊤

n = θnwhere
θn = V ar (xt)

[
αnα

⊤
n + αnα

⊤
n

(
In − β

⊤

n

)−1
β
⊤

n + βn
(
In − βn

)−1
αnα

⊤
n

]By using the formula
vec(AXB) = (B⊺ ⊗A) vec(X)one gets the un
onditional varian
e-
ovarian
e matrix of κn,t

vec [V ar (κn,t)] =
(
In − βn ⊗ βn

)−1
vec (θn)The un
onditional auto
ovarian
e cov(xt+h, xt) is obtained using the following re
ursion cov(xt+h, xt) =

φcov(xt+h−1, xt) whi
h is a 
onsequen
e of relation (2.9) applied at n = 1. This implies that
cov(xt+h, xt) = φhV ar(xt)hen
e, xt is an ARMA(1,1) whose autoregressive root equals φ. As it was the 
ase for un-
onditional mean and varian
e, this result on un
onditional 
ovarian
e of pro
ess xt 
an begeneralized to 
umulant κ̄n,t.

Cov [κn,t , κn,t+h] = Cov [κn,t , κn,t+h−1]β
⊤

n + cov [κn,t κ1,t+h−1]α
⊤
n

= Cov [κn,t , κn,t+h−1]β
⊤

n + V ar (xt)φ
h−1

(
In − βn

)−1
αnα

⊤
n

= V ar (κn,t)
(
β
⊤

n

)h
+ V ar (xt)φ

h−1
(
In − βn

)−1
αnα

⊤
n

(
In − β

⊤

n

)−1
[
In −

(
β
⊤

n

)h]We 
an also evaluate the un
onditional 
ovarian
e between xt and κn,t+h. Indeed usingone more time relation (2.9), E(xtκn,t+h) is 
omputed re
ursively as following
E(xtκn,t+h) = E(xt)ω̄n + E(x2

t )ᾱn + β̄nE(xtκn,t+h−1) (2.13)with the �rst term E(xtκn,t) = E(xt)ω̄n + E(x2
t )ᾱn + β̄nE(κ1,tκn,t) where E(κ1,tκn,t) isdedu
ed from the varian
e-
ovarian
e matrix of κn,t.17



2.3.3 Higher order 
ovarian
eIn this subse
tion, we use results on �rst and se
ond un
onditional moments of xt and κ̄n,tderived in the previous subse
tion to 
ompute the third and fourth un
onditional moments of
xt. We begin by deriving the third moments.Third order moments of xtUsing the relation between moments and 
umulants, we have

E(x3
t ) = E(m3,t) = E(κ3,t) + 3E(κ2,tκ1,t) + E(κ3

1,t) (2.14)From the previous subse
tion, All the terms in the right hand side of Eq 2.14 are known ex
ept
E(κ3

1,t). E(κ3
1,t) is obtained by 
ubing the two sides of Eq. (2.9) for n = 1, it implies that

(1 − φ3)E(κ3
1,t) = ω̄3

1 + ᾱ3
1E(κ3,t) + 3ᾱ2

1φE(κ1,tκ2,t) + 3ω̄2
1φE(κ1,t)

+ 3ω̄1(ᾱ
2
1 + β̄2

1)E(κ2
1,t) + 3ω̄1ᾱ

2
1E(κ2,t)
onsequently we 
an dedu
e the 
losed form expression of E(x3
t ).We now 
onsider E(xtx

2
t+h). Using the relation between moments and 
umulants, we have

E(xtx
2
t+h) = E(xtκ2,t+h−1) + E(xtκ

2
1,t+h−1) (2.15)

E(xtκ2,t+h−1) is dedu
ed from Eq. (2.13). We need to evaluate E(xtκ
2
1,t+h−1). By squaringthe two sides of Eq. (2.9) for n = 1 and multiply by xt, we show that

E(xtκ
2
1,t) = ω̄2

1E(xt) + 2ω̄1ᾱ1E(x2
t ) + ᾱ2

1E(x3
t ) + (β̄2

1 + 2ω̄1β̄1)E(κ2
1,t)

+ 2ᾱ1β̄1E(κ1,tκ2,t) + 2ᾱ1β̄1E(κ3
1,t)In general, for any integer h, given E(xtκ

2
1,t+h−1), E(xtκ

2
1,t+h) is 
omputed as follows:

E(xtκ
2
1,t+h) = ω̄2

1E(xt) + ᾱ2
1E(xtκ2,t+h−1) + 2ω̄1φE(xtxt+h) + φ2E(xtκ

2
1,t+h−1) (2.16)All the terms of the right hand side of Eq. (2.16) are known. 
onsequently we 
an dedu
e the
losed form expression of E(xtx

2
t+h).We will 
on
lude on this se
tion on third order moments by evaluating E(x2

t κ̄n,t+h). Toa
hieve this purpose, we need E(κ2
1,tκ̄n,t). using the relation (2.9), we have:

(In − φ2β̄n)E(κ2
1,tκ̄n,t) = ω̄2

1E(κ̄n,t) + φ2E(κ2
1,t)ω̄n + ᾱ2

1E(κ2,t)ω̄n + ᾱ2
1E(κ3,t)ᾱn + ᾱ2

1β̄nE(κ2,tκ̄n,t)

+φ2E(κ3
1,t)ᾱn + (3ᾱ2

1 + ᾱ1β̄1)E(κ2,tκ1,t)ᾱn + 2ω̄1ᾱ1E(xtκ̄n,t) + 2ω̄1β̄1E(κ1,t−1κ̄n,t)18



we dedu
e
E(x2

t κ̄n,t) = E(x2
t )ω̄n + E(x3

t )ᾱn + β̄nE(κ2,tκ̄n,t) + β̄nE(κ2
1,tκ̄n,t)We are now able to 
ompute E(x2

t κ̄n,t+h) using the following re
ursion:
E(x2

t κ̄n,t+h) = E(x2
t )ω̄n + E(x3

t )ᾱn + β̄nE(x2
t κ̄n,t+h−1)Fourth order moments of xtUsing the relation between moments and 
umulants, we have

E(x4
t ) = E(m4,t) = E(κ4,t) + 4E(κ3,tκ1,t) + 3E(κ2

2,t) + 6E(κ2,tκ
2
1,t) + E(κ4

1,t)Ex
ept E(κ4
1,t), all the terms in the right hand side are known. E(κ4

1,t) is obtained by raisingthe two sides of Eq. (2.9) for n = 1 to the 4th power, it implies that
(1 − φ4)E(κ4

1,t) = ω̄4
1 + 4ω̄3

1φE(κ1,t) + 6ω̄2
1ᾱ

2
1E(κ2,t) + 4ᾱ3

1ω̄1E(κ3,t) + 6ω̄2
1φ

2E(κ2
1,t)

+12ᾱ2
1ω̄1φE(κ1,tκ2,t) + 4ᾱ3

1φE(κ3,tκ1,t) + 3ᾱ4
1E(κ2

2,t) + 6ᾱ2
1φ

2E(κ2,tκ
2
1,t) + 4ω̄1φ

3E(κ3
1,t)
onsequently we 
an dedu
e the 
losed form expression of E(x4

t ).Let 
onsider the auto
orrelation of x2
t .

E(x2
tx

2
t+h) = E(x2

tκ2,t+h−1) + E(x2
tκ

2
1,t+h−1)From the results derived in the third order moments E(x2

tκ2,t+h−1) is known, we 
an showthat E(x2
tκ

2
1,t+h−1) is 
omputed re
ursively as follows:

E(x2
tκ

2
1,t+h−1) = ω̄1E(x2

t ) + ᾱ2
1E(x2

tκ2,t+h−2) + φ2E(x2
tκ1,t+h−2) + 2ω̄1φE(x2

txt+h−2)with the �rst term
E(x2

tκ
2
1,t−1) = E(κ4

1,t) + E(κ2
1,tκ2,t)Then we obtain the 
losed form expression of the auto
orrelation of x2

t2.4 Cumulant Fun
tion of Future Aggregated ReturnsAn important formula used in the analyti
al 
al
ulation of the term stru
ture of interest ratesand option pri
es is the 
onditional distribution fun
tion of∑h
i=1 uixt+i for given real numbers

ui. A�ne models allow one to derive the 
onditional 
umulant fun
tion of (xt+1, xt+2, ..., xt+h)19



and 
onsequently the one of∑n
i=1 uixt+i. It turns out that this is the 
ase for generalized a�nemodels. Let denote uh = (u1, u2, ..., uh)

⊺ and Vt,h(ūh) = logEt

[
exp

(∑h
i=1 uixt+i

)], if thepro
ess xt is generated by (2.3) then we establish the following result (see appendix B forproof)Proposition 2.4 The 
onditional 
umulant fun
tion of (xt+1, xt+2, ..., xt+h) is given by
Vt,h(ūh) = ah (ūh) xt + bh (ūh) +

h∑

k=1

β̄k (dk)ψt−1 (θk (dk)) (2.17)with
ah (ūh) =

h∑

k=1

β̄k−1 (dk)α (θk−1 (dk))

bh (ūh) =
h∑

k=1




k∑

j=1

β̄j−1 (dk)ω (θj−1 (dk))



The sequen
e (dk) is de�ned re
ursively as follows: dh = uh and for k ≤ h− 1

dk = uk +
h−k∑

j=1

β̄j−1 (dk+j)α (θj−1 (dk+j))where fun
tions β̄j(·) and θj(·) are related to β(·) and θ(·) as follows
θj (u) = θ◦j (u)

β̄0 (u) = 1

β̄j (u) =

j∏

k=1

β (θk−1 (u)) , for j ≥ 1We will often use (2.17) in the next se
tion when we derive yields and option pri
es. When
β(u) = 0 or θ(u) = 0, we obtain the well known a�ne model's result whi
h stipulates that the
onditional log-moment generating fun
tion of (xt+1, xt+2, ..., xt+h) is a�ne in xt.3 Analyti
al Formulas of Pri
es of Finan
ial DerivativesThis se
tion analyti
ally 
hara
terizes the yields and option pri
es when one assumes a gener-alized a�ne model for the interest rate and the sto
hasti
 volatility respe
tively. For ea
h ofthem, we follow two approa
hes. We assume the generalized a�ne model under the physi
al20



measure (P-measure) and spe
ify the pri
e of risk and then derive the pri
e of the �nan
ialderivatives (bonds or options). The se
ond approa
h 
onsists on spe
ifying the generalizeda�ne model under the risk neutral measure (Q-measure) and then derive the pri
es of the�nan
ial derivatives. We start the analysis by studying the term stru
ture model3.1 The Term Stru
ture of Interest Rates3.1.1 Generalized A�ne Model Under the P-MeasureWe assume that under the P-measure, the short term of interest rate denoted rt follows ageneralized a�ne pro
ess given in (2.1), i.e.,
ψPt (u) ≡ lnEPt [exp (urt+1)]

= ωP (u) + αP (u)rt + βP (u)ψPt−1

(
θP (u)

)When βP (u) = 0 or θP (u) = 0, one gets a�ne modes like those of Vasi
ek (1977), CIR (1985)and Du�e-Kan (1996) who derived the term stru
ture of interest rates.In order to derive the dynami
s of rt under the Q-measure and the yield 
urve, one needsto spe
ify the sto
hasti
 dis
ount fa
tor denoted hereMt,t+1 or the pri
e of risk. We follow thegeneral approa
h of Gourieroux and Monfort (2007) who proposed the following formulation:
Mt,t+1 = exp(γrt+1 + θt). (3.1)Given the restri
tion
exp(−rt) = EPt [Mt,t+1], (3.2)one gets

θt = −rt − ψt(γ) and Mt,t+1 = exp(γrt+1 − rt − ψt(γ)). (3.3)In the sequel, we de�ne B(t, h) and rt,h as
B(t, h) = EPt

[
h∏

i=1

Mt+i−1,t+i

]

, rt,h = − log(B(t, h))

h
. (3.4)We are now able to derive the term stru
ture of interest rates, i.e., the formula of rt,h when hvaries.Proposition 3.1

rt,h = dh + ch,0rt + z
(h)
t−121



with
dh =

1

h

h−1∑

k=1

(
k∑

i=1

β̄Pi−1 (γ)ωP (θPi−1 (γ)) − β̄i−1 (dk)ω (θi−1 (dk))

)

ch,0 =
1

h

[
1 +

h−1∑

k=1

(
β̄k−1 (γ)αP

(
θPk−1 (γ)

)
− β̄k−1 (dk)α (θk−1 (dk))

)
]

z
(h)
t−1 =

h−1∑

k=1

[
β̄k (γ)

h
ψPt−1

(
θPk (γ)

)
− β̄k (dk)

h
ψPt−1

(
θPk (dk)

)]The sequen
e dk for k ≤ h− 1 satisfy the following ba
kward re
ursion :
dh−1 = γ − 1 and for k ≤ h− 2

dk = γ − 1 +
h−1−k∑

j=1

[
β̄j−1 (dk+j)α (θj−1 (dk+j)) − β̄j−1 (γ)α (θj−1 (γ))

]Spe
ial 
aseWe study the 
ase of 
onstant fun
tion β(·) and linear fun
tion θ(·), this implies thefollowing model for the short term rate:
ψPt (u) = ω(u) + α(u)rt + βψPt−1 (θu)where β, θ ≥ 0, . Sin
e rt is a positive random variable, ω(u) and α(u) are log-momentgenerating fun
tion of positive random variables. The yield to maturity n formula is thefollows:

y
(n)
t = dn,t +

t−1∑

j=0

cn,jrt−jwhere
dn,t =

1

n

n−1∑

k=1

(

βt+k−1
[
ψP0

(
θt+k−1γ

)
− ψP0

(
θt+k−1ck

)]
+

t+k−1∑

i=1

βi−1
(
ω(θi−1γ) − ω

(
θi−1ck

))
)

cn,0 =
1

n

[

1 +

n−1∑

k=1

βk−1
(
α
(
θk−1γ

)
− α

(
θk−1ck

))]and for j ≥ 1

cn,j =

n−1∑

k=1

βj+k−1

n

(
α
(
θj+k−1γ

)
− α

(
θj+k−1ck

))

22



cn−1 = γ − 1 and for 0 ≤ k ≤ n− 2

ck = γ − 1 +

n−1−k∑

j=1

βj−1
(
α
(
θj−1ck+j

)
− α

(
θj−1γ

))One issue of interest is the positivity of yield, in this simple parti
ular 
ase we are ableto spe
ify some 
onditions under whi
h yields generated by our model are always positive.Fun
tion ω(u) and α(u) are de�ned on u ≤ 0 and are absolutely monotone, in parti
ular
ω′(u) , α′(u) ≥ 0. This implies that ω(u) and α(u) are in
reasing fun
tions. The model iswell de�ned if we 
hoose the pri
e of risk γ ≤ 0, it implies that cn−1 < γ ≤ 0. Sin
e α(u) is anin
reasing fun
tion, it implies that cn−2 < γ ≤ 0. Using the same reasoning, we dedu
e that
ck < γ ≤ 0 for k ≤ n− 1.Sin
e ck < γ ≤ 0 for k ≤ n− 1, it follows that cn,0 ≥ 0, dn ≥ 0 and

n−1∑

k=1

βk

n

[
ψPt−1

(
θkγ
)
− ψPt−1

(
θkck

)]
≥ 0Consequently our model is 
oherent be
ause it generates positive yield y

(n)
t at any givenmaturity. Chara
terization of the dynami
s of rt under the Q-measureAnother question of interest is the 
hara
terization of the dynami
s of rt under the Q-measure. We denote ψQt (u) the 
onditional 
umulant fun
tion of rt+1 under the Q-measure,i.e.,

ψQt (u) ≡ logEQt [exp(urt+1)]. (3.5)We will restri
t our analysis to the generalized a�ne of type I (i.e we restri
t fun
tion θP (u) =

u).Proposition 3.2 Dynami
s of rt under the Q-measure. One has
ψQt (u) = ψPt (u+ γ) − ψPt (γ). (3.6)Hen
e if θP (u) = u,

ψQt (u) = ωQ(u) + αQ(u)rt + βQ(u)ψQt−1(u) + [β(u+ γ) − β(γ)]ψt(γ), (3.7)where
ωQ(u) = ωP (u+ γ) − ωP (γ), αQ(u) = αP (u+ γ) − αP (γ), βQ(u) = βP (u+ γ). (3.8)23



Eq. (3.6) is model free, i.e. it does not depend on our generalized a�ne spe
i�
ation. Inparti
ular, the same equation appears in a�ne models; see Gourieroux and Monfort (2007)and Monfort and Pegoraro (2006a). An additional term appears in (3.7) whi
h vanishes when
β(·) is 
onstant, as in our empiri
al examples. When this term does not vanish, the shortterm of interest rate is not a generalized a�ne under the Q-measure. However, the followingproposition 
hara
terizes the 
onditional 
umulant of (rt+1, ψ

P
t+1(γ)) whi
h will allow us tounderstand the dynami
s of rt+1 under the Q-measure. In the sequel, ψQ

r,ψ(γ),t(u, v) denotesthe 
onditional 
umulant fun
tion of (rt+1, ψ
P
t+1(γ)) under the Q-measure.Proposition 3.3 θP (u) = u implies

ψQ
r,ψ(γ),t (u, v) = ωQ1 (u, v) +

(
αQ1 (u, v) rt + αQ2 (u, v)ψpt (γ)

)
+ βQ1 (u, v)ψQ

r,ψ(γ),t−1 (u, v)

− αQ2 (u, v)βQ1 (u, v)ψQt−1(γ) (3.9)where
ωQ1 (u, v) = vωP (γ)

[
1 − βP

(
u+ vαP (γ) + γ

)]
+ ωP

(
u+ vαP (γ) + γ

)

αQ1 (u, v) = αP
(
u+ vαP (γ) + γ

)
, αQ2 (u, v) = vβP (γ) − 1

βQ1 (u, v) = βP
(
u+ vαP (γ) + γ

)While the de�nition of generalized a�ne models (2.1) is given for univariate pro
esses and oforder (1,1), the extensions to multivariate and higher order is not very di�
ult. Eq. (3.9)means that the bivariate ve
tor (rt+1, ψ
P
t+1(γ)) is a generalized a�ne pro
ess of order (2,1).Consequently, one 
an 
hara
terize formulas of �nan
ial derivatives, in
luding yields, by usingthe generalized a�ne dynami
s of (rt+1, ψ
P
t+1(γ)) under the Q-measure.3.1.2 Generalized A�ne Model Under the Q-MeasureWe now assume that the short term of interest rate rt follows a generalized a�ne pro
ess givenin (2.3) under the Q-measure, i.e.

logEQt [exp(urt+1)] ≡ ψQt (u) = ωQ(u) + αQ(u)rt + βQ(u)ψQt−1(θ
Q(u)).The following proposition provides the formula of the yield 
urve.Proposition 3.4 The yield at horizon n is

rt,n = bn + anrt −
∑n−1

k=1 β̄k (dk)ψ
Q
t−1 (θk (dk))

n
(3.10)24



where
an =

1 −∑n−1
k=1 β̄k−1 (dk)α

Q (θk−1 (dk))

n

bn−1 =
−∑n−1

k=1

[∑k
j=1 β̄j−1 (dk)ω

Q (θj−1 (dk))
]

n

dk = −1 +

n−1−k∑

j=1

β̄j−1 (dk+j)α
Q (θj−1 (dk+j)) , for k < n− 1, dn−1 = −1One 
ould also 
hara
terize the dynami
s of rt under the P-measure if one assumes a sto
hasti
dis
ount fa
tor. We assume again that the sto
hasti
 dis
ount fa
tor is given by3 (3.1). Hen
e,one gets

ψpt (u) = ψQt (u− γ) − ψQt (−γ). (3.11)Again, this equation is model free and appears in a�ne models (Gourieroux and Monfort(2007), Monfort and Pegoraro (2006a)). Likewise, rt+1 is not a generalized a�ne pro
essunder the P-measure. However in the 
ase of generalized a�ne model of type I, the ve
tor
(rt+1, ψt+1(−γ)) is a generalized a�ne pro
ess of order (2,1) as shown in the following propo-sition. In the sequel, ψP

r,ψ(−γ),t denotes the 
onditional 
umulant fun
tion of (rt+1, ψt+1(−γ))under the P-measure:Proposition 3.5 θP (u) = u implies that
ψPr,ψ(−γ),t (u, v) = ωP1 (u, v) +

(
αP1 (u, v) rt + αP2 (u, v)ψpt (−γ)

)
+ βP1 (u, v)ψQ

r,ψ(−γ),t−1 (u, v)

− αQ2 (u, v)βP1 (u, v)ψPt−1(−γ) (3.12)where
ωP1 (u, v) = vωQ (−γ)

[
1 − βQ

(
u+ vαQ (−γ) − γ

)]
+ ωQ

(
u+ vαQ (−γ) − γ

)

αP1 (u, v) = αQ
(
u+ vαQ (−γ) − γ

)
, αP2 (u, v) = vβQ (−γ) − 1

βP1 (u, v) = βQ
(
u+ vαQ (−γ) − γ

)
.3Observe that when one spe
i�es the dynami
s of rt under the Q-measure as a generalized a�ne pro
ess, one
ould allow γ in (3.1) to be time-varying and adapted to the information available at time t. A 
onsequen
e isthat the short term of interest rate will not be a generalized a�ne pro
ess under the P-measure; see Gourierouxand Monfort (2007) for the same dis
ussion about a�ne models.
25



3.2 Option Pri
ingWe now 
onsider models of sto
k returns where we assume that the 
onditional varian
e of thereturns is time-varying and is generalized a�ne. In what follows rt denotes the log-returns ofthe sto
k pri
e, i.e.
rt+1 = ln

(
St+1

St

)The key approa
h behind the analyti
al 
al
ulations of Heston (1993), Du�e, Pan, and Sin-gleton (2000), and Heston and Nandi (2000) is the possibility to write the joint pro
ess (rt, ht)as an a�ne pro
ess, where ht+1 is the 
onditional varian
e of rt+1 given an information setthat 
ontains rt and its lagged values and possibly another variable, latent or not, like insto
hasti
 volatility models. In what follows, we will allow for both 
ases. We will write thejoint model of (rt+1, ht+1). The variable ht+1 
ould be the 
onditional varian
e of rt+2 given
{rτ , hτ , τ ≤ t} (in
luding GARCH type models). The variable ht+1 
ould be an observablevariable like in our empiri
al example where it equals the high frequen
y realized volatility. Inthe rest of this se
tion the information set It is the sigma algebra generated by {rτ , hτ , τ ≤ t}.The 
onditional expe
tation operator E[· | It] will be denoted Et[·].In this se
tion, we restri
t ourself to the generalized a�ne model of type I.3.2.1 Generalized A�ne pro
ess under the P-MeasureWe denote the 
onditional 
umulant fun
tion of (rt+1, ht+1) under the P measure by ψPt (u, v):

ψPt (u, v) = logEPt [exp(urt+1 + vht+1)] = ωP (u, v) + αP (u, v)ht + βP (u, v)ψPt−1(u, v)When one assumes that ht is exa
tly the 
onditional varian
e of rt+1, one needs to impose thefollowing restri
tions on the 
umulant fun
tion in order to guarantee this assumption:
∂2ωP

∂u2
(0, 0) = 0,

∂2αP

∂u2
(0, 0) = 1,

∂βP

∂u
(0, 0) = 0, βP (0, 0) = 0 (3.13)whi
h implies

∂2ψt
∂u2

(0, 0) = V arPt [rt+1] = ht.We denote by r the short term interest rate supposed 
onstant for simpli
ity. We 
onsider thefollowing sto
hasti
 dis
ount fa
tor
Mt,t+1 = exp(γrt+1 + λht+1 + θt). (3.14)26



Observe that both Heston and Nandi (2000) and Christo�ersen et al. (2006) assumed that
λ = 0. There is no theoreti
al foundation for su
h assumption other than simpli
ity. In otherwords, we allow the volatility to be pri
ed.In addition, one needs to impose restri
tions in order to guarantee thatMt,t+1 is a sto
hasti
dis
ount fa
tor, whi
h implies that pri
es under the Q-measure are martingales. This is thepurpose of the following proposition.Proposition 3.6 The parameters γ and λ are restri
ted by the following system of equations

ω (1 + γ, λ) − ω (γ, λ) = r (1 − β (γ, λ))

α (1 + γ, λ) = α (γ, λ)

β (1 + γ, λ) = β (γ, λ) .Observe that when β(·) is a 
onstant fun
tion, the third equation in the previous system holds,whi
h leads to a fully identi�ed system.We will now 
hara
terize the dynami
s of (rt+1, ht+1) under the Q-measure by deriving its
onditional 
umulant fun
tion denoted ψQt (u, v).Proposition 3.7 We have
ΨQ
t (u, v) = ΨP

t (u+ γ, v + λ) − ΨP
t (γ, λ) (3.15)and

ΨQ
t (u, v) = (ωp(u+ γ, v + λ) − ωp(γ, λ))

+ (αp(u+ γ, v + λ) − αp(γ, λ))ht + β(u+ γ, v + λ)ΨQ
t−1 (u, v)

+ (β(u+ γ, v + λ) − β(γ, λ))ψt−1(γ, λ).

(3.16)Several remarks are in order. Similarly to the term stru
ture of interest rates, an addi-tional term appears in (3.16), implying that the pro
ess (rt+1, ht+1) is not generalized a�nepro
ess under the Q-measure. Likewise, this additional term vanishes when the fun
tion β(·)is 
onstant. Again, one 
an still prove that a parti
ular ve
tor is a generalized a�ne model ofhigher order, whi
h will allow us to derive option pri
es. More pre
isely, one 
an show thatthe ve
tor (rt+1, ht+1, ψt+1(γ, λ)) is a generalized a�ne pro
ess of order. We now provide theformula of the option pri
es. 27



Proposition 3.8 The pri
e at time t of a European 
all option with payo� (St+h −X)+ attime t+ h is given by
Ct = exp(−rh)StC1,t − exp(−rh)XC2,t (3.17)where

C1,t =
exp (rh)

2
+

∫ +∞

0

1

πu
Im

[
exp

(
ΨQ
t,t+h (1 + iu) − iu ln

(
X

St

))]
du

C2,t =
1

2
+

∫ +∞

0

1

πu
Im

[
exp

(
−iu ln

(
X

St

)
+ ΨQ

t,t+h (iu)

)]
duand

ΨQ
t,t+h (u) = ah(u)ht + bh(u) +

h∑

k=1

(
βP (dk)

kψPt−1(dk) − βP (γ, λ)kψPt−1(γ, λ)
)with

ah(u) =
h∑

k=1

(
βP (dk)

kαP (dk) − βP (γ, λ)kαP (γ, λ)
)

bh(u) =

h∑

k=1

(
1 − βP (dk)

k

1 − βP (dk)
ωP (dk) −

1 − βP (γ, λ)k

1 − βP (γ, λ)
ωP (γ, λ)

)and
dk = (u+ uk, vk) +

h−1∑

j=k

β (dj+1)
j−k (0, α (dj+1)) for k ≤ h− 1 (3.18)

dh = (u+ uh, vh)where
uh = γ, vh = λ

uj = γ − α (γ, λ)
1 − β (γ, λ)h−j

1 − β (γ, λ)
for 1 ≤ j < h

vj = λ− α (γ, λ)
1 − β (γ, λ)h−j

1 − β (γ, λ)
for 1 ≤ j < h

ψPt−1(dk) = ωP (dk) + αP (dk)ht−1 + βP (dk)ψ
P
t−2(dk)

=
ωP (dk)

1 − βP (dk)
+ αP (dk)

(
∞∑

i=0

βP (dk)
iht−1−i

)This proposition uses Fourier transforms, whi
h is a traditional approa
h in a�ne models. It isimportant to noti
e that, for this purpose, we had to use the logarithmi
 of the 
hara
teristi
fun
tion instead of the logarithmi
 of the moment generating fun
tion. A simple modi�
ationof the notation is su�
ient to do this 
hange.28



3.3 Generalized A�ne pro
ess under the Q-MeasureThis subse
tion spe
i�es the dynami
s of (rt+1, ht+1) under the Q-measure, ΨQ
t (u, v), andderives the option pri
es. We assume that

ΨQ
t+1 (u, v) = ω (u, v) + α (u, v)ht+1 + β (u, v) ΨQ

t (u, v) (3.19)A well de�ned risk-neutral distribution for log-returns must satisfy
exp(r) = EQ [exp (rt+1) |It]where r is the risk-free rate. Thus ΨQ

t (1, 0) must satisfy
ΨQ
t (1, 0) = rProposition 3.9 Eq. (3.19) is a valid risk-neutral model if and only if

ω (1, 0)

1 − β (1, 0)
= r (3.20)

α (1, 0) = 0The result is an impli
ation of the following representation of expression of the model:
ΨQ
t+1 (u, v) =

ω (u, v)

1 − β (u, v)
+ α (u, v)

∞∑

i=0

β (u, v)i ht−i+1We are now able to 
hara
terize the option pri
es.Proposition 3.10 When (3.20) holds, the pri
e at time t of European 
all option with payo�
(St+h −X)+ at time t+ h :

Ct = exp(−rh)C1,t − exp(−rh)XC2,twhere
C1,t =

exp (rh)

2
+

∫ +∞

0

1

πu
Im

[
exp

(
ΨQ
t,t+h (1 + iu) − iu ln

(
X

St

))]
du

C2,t =
1

2
+

∫ +∞

0

1

πu
Im

[
exp

(
−iu ln

(
X

St

)
+ ΨQ

t,t+h (iu)

)]
du

ΨQ
t,t+h (u) = ah(u)ht + bh(u) +

h∑

k=1

(
β(dk)

kψt−1(dk)
)29



with ah(u) =
∑h

k=1

(
β(dk)

k−1α(dk)
), bh(u) =

∑h
k=1

(
1−β(dk)k

1−β(dk) ω(dk)
), ψt−1(dk) = ω(dk)

1−β(dk) +

α(dk)
(∑∞

i=0 β(dk)
iht−1−i

) and the sequen
e (dk)1≤k≤h is de�ned as follows:
dk = (u, 0) +

h−1∑

j=k

β (dj+1)
j−k (0, α (dj+1)) for k ≤ h− 1 (3.21)

dh = (u, 0)We will use these formulas in the empiri
al se
tion.4 Estimation of generalized a�ne modelsIn general we 
an distinguish between parametri
 and non-parametri
 estimation methods. Inthe early version (2002) of Darolles et al.(2006) a detailed dis
ussion have been made on non-parametri
 estimation of dis
rete time a�ne models. In this se
tion we fo
us on parametri
methods, this implies that we 
onsider the general a�ne model de�ned by (2.3) where fun
tions
ω(·), α(·), β(·) and θ(·) are spe
i�ed up to unknown ve
tor of parameters (the dimension of theve
tor must be �nite) whi
h we aim to estimate. Among parametri
 methods we will 
onsiderempiri
al 
hara
teristi
 fun
tion method (ECF) whi
h have been introdu
ed in �nan
e bySingleton (2001), the generalized method of moment (GMM), the quasi-maximum likelihoodand the maximum likelihood.4.1 Empiri
al 
hara
teristi
 fun
tionOur modeling strategy di�ers fundamentally from the "
lassi
" approa
h whi
h 
onsists inwriting down an equation for ea
h 
omponent (it 
ould be the mean, the varian
e, the inten-sity of the jump 
omponent...) of the 
onditional distribution of the pro
ess of interest. Wemodel dire
tly the 
onditional 
hara
teristi
 fun
tion of the pro
ess. For this reason the ECFseems to be the most natural approa
h to estimate e�
iently our generalized a�ne models.The basi
 idea behind ECF is to mat
h the theoreti
al 
hara
teristi
 fun
tion given by themodel and the empiri
al 
hara
teristi
 fun
tion obtained from data. This approa
h has sev-eral advantages, it avoids di�
ulties inherent in 
al
ulating and maximizing the likelihood.Although the likelihood fun
tion 
an be unbounded, its Fourier transform (whi
h is the 
har-a
teristi
 fun
tion) is always bounded. The important theorem whi
h establishes the one-one
orresponden
e between 
hara
teristi
 fun
tion (CF) and the 
umulative distribution fun
tion30



(CDF) suggests that estimation and inferen
e via the ECF should work as the likelihood-basedapproa
hes.Let �rst re
all the ECF prin
iple in the 
ase of a�ne models. It means that we are
onsidering β(u) = 0 or θ(u) = 0. Let denote λ0 the unknown parameter to estimate. We 
anrewrite the a�ne model (1.1) as follows:
E [exp (uxt+1) − exp (ω(u;λ0) + α(u;λ0)xt) |xs, s ≤ t] = 0 ∀u. (4.1)This implies that for any weighting fun
tion, w (often termed instruments in the GMM liter-ature), we have:
E [(exp (uxt+1) − exp (ω(u;λ0) + α(u;λ0)xt))w(xt, v)] = 0 ∀u, v. (4.2)This leads to 
ontinuum of moments restri
tions; hen
e we 
an estimate by applying theGMM to a 
ontinuum of moments restri
tions (see Carras
o, Florens (2000)). The ML e�-
ien
y is a
hieved by 
hoosing Carras
o et al. (2002) weighting fun
tion, i.e w(xt, v) = evxt .Let Consider now the generalized a�ne model (2.3), the model 
an be rewrite as follow:

ψt (u) = β̄j (u)ψt−j (θj (u)) +

j∑

k=1

β̄k−1 (u) [ω(θk−1 (u)) + α(θk−1 (u))xt−k+1] (4.3)This implies that for any weighting fun
tion, w(·, ·)

E
[(
euxt+1 − eβ̄t(u;λ0)ψ0(θt(u;λ0);λ0)+

∑t
k=1 β̄k−1(u;λ0)[ω(θk−1(u;λ0);λ0)+α(θk−1(u;λ0);λ0)xt−k+1]

)
w(xt, v)

]
= 0 ∀u, v.(4.4)where xt = (xt−q+1, ..., xt)

′ and v = (v1, ..., vq)
′. Similarly to the a�ne model results, wespe
ify the following weighting fun
tion w(xt, v) = ex

′
tv.4.2 Generalized method of momentsOne of the advantages of the dis
rete time a�ne models is the fa
t that we 
an 
omputeun
onditional moments of any 
omponent of the pro
ess of interest. This point have beenstudied in detail in Feunou and Tedongap (2007). This is an important result for estimationpurpose be
ause even when there are some unobserved 
omponents in the pro
ess of interest,we 
an still 
ompute the moments of observed 
omponents and use them to implement a GMMestimation routine. It turns out that we keep this advantage in the generalized a�ne model asshown in se
tion 2. In the 
ase of observable variable of interest, there is no need to 
ompute31



the un
onditional moments. We 
an use the 
onditional moments equations whi
h have beenderived in se
tion 2. The derivation of 
onditional moments equations has nothing to do withthe a�ne stru
ture of the model, but it is the 
onsequen
e of the fa
t that we have written amodel dire
tly on 
onditional 
hara
teristi
 fun
tion. This means that in 
ase of generalizednon-a�ne models (2.4) we 
an still 
ompute 
onditional moments equations.The following moment 
onditions have been used in the literature by Bollerslev and zhou(2002) to estimate one fa
tor and two fa
tors sto
hasti
 volatility models by means of 
ondi-tional moments of realized varian
e:
E [xt+1 − µ1,0] = 0 , E [x2

t+1 − µ2,0

]
= 0

E [(xt+1 − µ1,t) xt] = 0 , E [(x2
t+1 − µ2,t

)
xt
]

= 0

E
[
(xt+1 − µ1,t) x

2
t

]
= 0 , E [(x2

t+1 − µ2,t

)
x2
t

]
= 0

E [(xt+1 − µ1,t) xt−1] = 0 , E [(x2
t+1 − µ2,t

)
xt−1

]
= 0

E
[
(xt+1 − µ1,t) x

2
t−1

]
= 0 , E [(x2

t+1 − µ2,t

)
x2
t−1

]
= 0where µ1,0 = E(xt+1), µ2,0 = E(x2

t+1), µ1,t = Et [xt+1] and µ2,t = Et
[
x2
t+1

]. We simulate thegeneralized autoregressive gamma (GARG) model built se
tion (2.1.5) with µ = 2.784E − 05,
ν = 0.1394, ρ = 0.1125, β = 0.9227 and θ = 0.9066. These parameters have been obtained byestimating the GARG on realized varian
e data. For di�erent sample size (T ) and number ofrepli
ation (N) we estimate the GARG and report in table 1 di�erent statisti
s (mean, medianand root mean square errors (RMSE)) a
ross di�erent repli
ation size. The GMM does wellif we 
onsider the longest sample size (4000) and the biggest number of sample (1000).4.3 Maximum and quasi-maximum likelihood methodIn general the 
onditional likelihood 
an be obtained from the 
onditional 
hara
teristi
 fun
-tion using the following inversion formula.

f (xt+1|It) =
1

2π

∫ +∞

−∞

exp (−iuxt+1 + ψt(iu)) du (4.5)
=

1

π

∫ +∞

0
Re [exp (−iuxt+1 + ψt(iu))] duMost of the time, we don't have the likelihood in 
losed form, ex
ept for some spe
i�
 gen-eralized a�ne pro
esses like VARMA, GARG with θ(u) = u. When θ(u) 6= u, we estimatethe GARG on interest rate and realized varian
e data by maximizing (4.6) (using numeri
alintegration tools), we obtain signi�
ant estimators of parameters β and θ. We did not report32



results in this paper. To 
ir
umvent the numeri
al integration di�
ulties, we 
an derive the�rst two 
onditional moments equations (see se
tion 2 for details on 
onditional momentsstru
ture) and then implement a quasi-maximum likelihood. In the 
ase of pro
esses withpositive support, we 
an use the standard gamma density (with two parameters), a gaussiandensity being used when the support is the whole real line. Finally we run the same Monte-Carlo exer
ise as in se
tion 4.2, but we use the QMLE method (with gamma density) insteadof the GMM. Results are summarized in table 2. Compared to GMM, the QMLE have somedi�
ulties in estimating parameters ν and µ.5 Three Empiri
al ExamplesThis se
tion provides three empiri
al examples developed in 
ompanion papers.5.1 The Term Stru
ture of Realized RiskThis example is studied in Feunou and Meddahi (2007a). There are two goals. The �rst oneis to model the joint dynami
s of the returns and the realized varian
e. The se
ond goal is to
ompute the term stru
ture of the value-at-risk, i.e. to 
hara
terize the quantile fun
tion ofthe aggregated returns, ∑h
i=1 rt+i, when h varies.We 
onsider the daily realized varian
e 
omputed as the sum of squared intra-daily returns,�ve-minutes and thirty-minutes returns in our empiri
al appli
ation. The re
ent literatureon volatility shows the importan
e of su
h measures. The basi
 theory on realized volatilityassumes that the underlying pro
ess is in 
ontinuous time and shows that the realized varian
e
onverges to the integrated varian
e when the length of intra-day returns goes to zero. In ourempiri
al analysis, we spe
ify the model in dis
rete time and we do not make the formal
onne
tion between the realized varian
e and the daily returns. We will spe
ify dis
retemodels, a�ne or generalized a�ne, and allow the data to sele
t the best model. We will,however, use some insights from 
ontinuous time when we spe
ify the dis
rete model. In whatfollows the 
onditioning information is It = σ(rτ , RVτ , τ ≤ t) where rt is the daily returns.We start our analysis by modeling the realized varian
e as either an a�ne pro
ess or ageneralized one. Consider the a�ne model given by

ψt(u) = logEt[exp(uRVt+1)] = ω(u) + α(u)RVt. (5.1)Given the non-negativity of the realized varian
e pro
ess, we will 
onsider two examples. The33



�rst one 
orresponds to the Inverse Gaussian 
ase while the se
ond is the Gamma 
ase, whi
h
orresponds to the exa
t dis
retization of the square-root pro
ess, studied in Gourieroux andJasiak (2006)):
Inverse Gaussian : ω(u) = ν(1 −

√
1 − 2uµ), α(u) =

ρ

µ
(exp(1 −

√
1 − 2uµ) − 1) (5.2)

Gamma : ω(u) = −ν log(1 − uµ), α(u) =
ρu

1 − uµ
(5.3)When we extend our analysis to the generalized a�ne 
ase, i.e.,

ψt(u) = logEt[exp(uRVt+1)] = ω(u) + α(u)RVt + βψt−1(u), (5.4)we still 
onsider the same two examples of Inverse-Gaussian and Gamma. We prove in Se
tion2 that this leads to a proper 
umulant fun
tion.We use the maximum likelihood method to estimate the four models (two models onrealized varian
e only, and two on joint realized varian
e and returns). Joint estimation orestimation on realized varian
e only yield quite the same estimator for the realized varian
edynami
. Also, inverse gaussian and gamma model provide very similar results. For thisreason in this paper we report only the estimation of the dynami
 of returns 
onditionalon realized varian
e and the dynami
 of realized varian
e given by the maximization of thejoint likelihood of returns and realized varian
e in the inverse gaussian 
ase. These empiri
alresults are provided in Table 3. The main empiri
al result is that the 
oe�
ient β is non-zerowhatever the model or the realized volatility measure (based on �ve-minutes or thirty-minutes).In parti
ular, the in
rease of the log-likelihood is substantial when one allows β to be non-zero.Another interesting result is that the inverse Gaussian model des
ribes better the data for thetwo frequen
ies.We now want to spe
ify a joint model for the returns and the realized varian
e. When one
onsiders a 
ontinuous time sto
hasti
 volatility model
d log pu = (a+ bσ2

u)du+ σudWuand assumes that there is no leverage e�e
t, one gets that the daily return rt+1 = log(pt+1)−
log(pt) has the following distribution:

rt|σ(pτ , σs, τ ≤ t, s ≤ t+ 1) ∼ N (a+ bIVt+1, IVt+1),whi
h suggests the following dis
rete time model that we study:
rt+1 | σ(rτ , RVτ , RVt+1, τ ≤ t) ∼ N (a+ bRVt+1, c+ dRVt+1). (5.5)34



We assume that RVt+1 follows (5.4) where α(u) follows either (5.2) or (5.3). By denoting thejoint 
umulant fun
tion of (rt+1, RVt+1) as ψr,RV ;t(v, u) de�ned by
ψr,RV ;t(v, u) ≡ logEt[exp(vrt+1 + uRVt+1)],one gets

ψr,RV ;t(v, u) = (va+ v2c/2) + ψt(vb+ v2d/c + u).Hen
e, the joint pro
ess rt, RVt is indeed a generalized a�ne pro
ess be
ause one has
ψr,RV ;t(v, u) = ω̃(v, u) + α̃(v, u)RVt + βψr,RV ;t−1(v, u), (5.6)where
ω̃(v, u) = (va+ v2c/2)(1 − β) + ω(vb+ v2d/2 + u) (5.7)

α̃(v, u) = α(vb+ v2d/2 + u). (5.8)We 
ompute the term stru
ture of the Value-at-Risk, i.e., we 
ompute the 5%-quantile of
rt+1:t+h ≡ 1√

h

h∑

i=1

rt+i.For this purpose, we derive the 
onditional 
hara
teristi
 fun
tion of rt+1:t+h and then weinvert it to get the 
umulative distribution fun
tion. This approa
h has been used in thea�ne 
ase and 
ontinuous time by Du�e and Pan (2001).In pra
ti
e, the value at risk of rt+1:t+h will depend on RVt its lagged values. In order tographi
ally present the results, one needs to 
hoose RVt. We pro
eed by taking from the datathree values for RVt: a small value (low 
ase), a median one (median 
ase) and a large one(high 
ase). Then, we use the lagged values of ea
h of them to plot the term stru
ture of thevalue-at-risk (VaR).Figures 1 to 5 present and 
ompare A�ne and Generalized a�ne term stru
ture of thevalue-at-risk. Figure 3 shows that in a low varian
e day, the VaR in
reases with the maturityand that the a�ne model overestimates the VaR. In 
ontrast, in a high or median volatilityday, a�ne model overestimates the VaR for lowest maturity and underestimates it for longermaturities. Underestimation of the VaR 
ould lead to important risk management problems;see Feunou and Meddahi (2007a) for more dis
ussions. Likewise, we show in Feunou andMeddahi (2007a) that it is useful to 
onsider realized varian
es, i.e., we did the same approa
hwith the Heston and Nandi (2000) daily model and show that the model with realized volatilityis the best one. We also provide in Feunou and Meddahi (2007a) the term stru
ture of anotherrisk measure 
alled the expe
ted shortfall. 35



5.2 No-Arbitrage VARMA Term Stru
ture ModelsThis example hinges on Feunou (2007) where no-arbitrage VARMA term stru
ture models withma
roe
onomi
 variables are studied in detail. Ang and Piazzesi (2003) argued that ma
ro-e
onomi
 variables add something new in traditional three fa
tors term stru
ture models. Onemotivation of generalized a�ne models studied in this paper is the possibility that they o�erto redu
e the dimension of the state ve
tor usually used in a�ne models. In parti
ular weargue that an a�ne model (of order (1,1)) on a ve
tor of dimension n+ 1 is less parsimoniousand would yield poor out-of sample fore
ast 
ompared to a generalized a�ne model (of order(1,1)) on n 
omponents of the same ve
tor. In the 
ontext of this example, we will 
ompare forinstan
e a VARMA model (re
all that a VARMA is a generalized a�ne model, see se
tion 1and 2 for full details) on three observed yields to a VAR on the same three observed yields andone ma
roe
onomi
 variable. We will run an out-of-sample fore
asting exer
ise to 
omparethe 
onsidered models. In the literature the "Nelson-Sielgel with AR(1) fa
tor dynami
" isknown as one of the best performer in fore
asting the entire yield 
urve at di�erent horizons(see Diebold and Li (2006) for more details). Our 
ompetitors are then the "Nelson-Sielgelwith AR(1) fa
tor dynami
" and the random walk model (see Du�ee(2002) where the randomwalk model is shown to provide better out-of-sample fore
asting results 
ompared to a bun
hof a�ne models).The state ve
tor is denoted by Zt+1, we 
onsider the following VARMA(1,1) dynami
 underthe histori
al probability measure P .
Zt+1 = µ+ φZt + Σ (εt+1 − Θεt) , ε ∼ i.i.d. N (0, I).As shown in se
tion 1 and 2, this model is part of the generalized a�ne 
lass. Indeed the
onditional 
umulant fun
tion of Zt+1 denoted ψt(u) satis�es the following re
ursive relation:

ψt(u) = ω(u) + α(u)′Zt + ψt−1(θ(u))with
ω(u) = u′µ+

1

2
u′Σ

(
I4 − ΘΘ′

)
Σ′u, α(u) = u′

(
φ− ΣΘΣ−1

)
, θ(u) =

(
ΣΘΣ−1

)′
u. The spe
i�
ation of the pri
ing kernel is similar the one used in Ang and Piazzesi (2003),

Mt+1 = exp

(
−y(1)

t − 1

2
λ⊺

t λt − λ⊺

t εt+1

)36



To maintain the tra
tability of the model, a�ne pri
e of risk (λt) is often used λt = λ0 +λ1Zt,(again see Ang and Piazzesi (2003)). In the 
ontext of our VARMA model, Feunou(2007)dis
uss this spe
i�
ation and add the 
onditional expe
tation of state ve
tor Et(Zt+1), i.e.,
λt = λ0 + λ1Zt + λ2Et(Zt+1) (5.9)Several interpretation 
an be given to equation (5.9). First, we 
an reformulate it as follows

λt = λ0 + λ1Zt + λ2

(
µ+

(
φ− ΣΘΣ−1

)
Zt + ΣΘΣ−1Et−1(Zt)

)

= λ∗0 + λ∗1Zt + λ∗2Et−1(Zt)where
λ∗0 = λ0 + λ2µ, λ∗1 = λ1 + λ2

(
φ− ΣΘΣ−1

)
, and λ∗2 = λ2ΣΘΣ−1.Thus, the parameter λ2 
aptures the past information impa
t on the 
urrent market pri
eof risk. Another way of rewriting the pri
e of risk is to express it in terms of the expe
tedvariable Et−1(Zt) and the unexpe
ted news Σεt:

λt = λ∗0 + λ∗1Σεt + (λ∗1 + λ∗2)Et−1(Zt)Feunou (2007) shows that bond yields (with maturity n) are no longer a�ne of the statevariable Zt, but are rather a�ne fun
tion of the state variable Zt and it past 
onditionalexpe
tation Et−1(Zt), i.e.
y

(n)
t = an + b⊺1,nZt + b⊺2,nEt−1(Zt). (5.10)Another representation derived in Feunou (2007) is

y
(n)
t = an + (b1,n + b2,n)

⊺Et−1(Zt) + b⊺1,nΣεt, (5.11)where the 
oe�
ients an, b1,n, and b2,n are given in Feunou (2007).The estimation of the unknown parameters (parameters of the histori
al distribution andparameters of the pri
e of risk) is done in two steps. The �rst step estimates the parametersof the histori
al distribution of the state ve
tor by using the the maximum likelihood method.By taking the parameters of the histori
al dynami
 to their estimated values (results of the�rst step), we estimate in the se
ond step the pri
ing kernel's parameters by minimizing thesquared di�eren
e between the model implied yields and the observed yields (in pra
ti
e, thematurities are 3, 12, 36, 60 and 120 months). Sin
e there are observed yields in the stateve
tor, Feunou (2007) (see also Ang et al (2006)) argued that the se
ond step is a 
onstrained37



optimization problem. The yields data used have been obtained from unsmoothed Fama-Blissforward rates (see Diebold and Li(2006) for full details on 
onstru
tion and des
ription of theseyields data) and they are the same used in Diebold and li(2006). The Ma
roe
onomi
 Dataare the 2 fa
tors termed "in�ation" and "real a
tivity" used in Ang and Piazzesi (2006). Weestimate and fore
ast re
ursively, using data from 1985:1 to the time that the fore
ast is made,beginning in 1994:1 and extending through 2000:12. In Tables (4) to (6) we 
ompare h-month-ahead out-of sample fore
asting results from "Nelson�Siegel with AR(1) fa
tor dynami
" tono arbitrage VAR and VARMA models, for maturities of 3, 12, 36, 60 and 120 months, andfore
ast horizons of h = 1, 6 and 12 months.To summarize the RMSE results, the best model in DL(2006) ("Nelson�Siegel with AR(1)fa
tor dynami
 model") performs better only at horizon 1 for 3 and 120 months yield. Ingeneral the best performer is the VARMA(1,1) model on 1, 24, and 96 months yield, ex
eptfor the 10 years yield at horizon 6 months where the VAR(1) model on 1, 24, and 96 monthsyield and in�ation performs better.In 
on
lusion, by using observable variables in either a no-arbitrage VAR or VARMAmodel we 
an do better than "Nelson�Siegel with AR(1) fa
tor dynami
" in fore
asting theentire yield 
urve at any horizon. Ma
ro-e
onomi
 fa
tors add new information whi
h are not
ontained into a�ne yields only model, but we 
an 
ope with these ma
ro-e
onomi
 fa
tors byimplementing a no arbitrage generalized a�ne model (here the VARMA) on the 
lassi
 threefa
tors model.5.3 Realized Option Pri
ing modelThis subse
tion hinges on Feunou, Christo�ersen, Ja
obs and Meddahi (2007). We used themodel developed in the �rst empiri
al example and used the option pri
ing formulas derivedin Se
tion 3.2 where ht equals the realized varian
e RVt. We model jointly the dynami
sof the return rt and realized varian
e RVt in the same way as in se
tion 5.1, with a slightmodi�
ation of the distribution of the sto
k log-returns rt 
onditional on realized varian
e
RVt. Following Christo�ersen et al (2006), Feunou (2006) and Feunou and Tedongap (2007),we used a skewed inverse Gaussian distribution, whi
h nests the normal distribution. Thisextension is empiri
ally important.The model is given by

rt+1 | σ(rτ , RVτ , RVt+1, τ ≤ t) ∼ a+ bRVt+1 − η(c + dRVt+1) +
1

η
yt+1. (5.12)38



with yt+1 ∼ IG(η2(c + dRVt+1)). IG means the standard inverse gaussian distribution. The
onditional 
umulant fun
tion of the return rt+1 
onditional on It and RVt+1 is given by
E[exp(urt+1)|RVt+1, It] = exp(ω0(u) + α0(u)RVt+1)with

ω0(u) = u(a− cη) + cη2

(
1 −

√
1 − 2u

η

)
, and α0(u) = u(b− dη) + dη2

(
1 −

√
1 − 2u

η

)
.In the a�ne 
ase, the 
onditional 
umulant fun
tion of RVt+1 given It is given by (5.1) where

ω(u) and α(u) are de�ned either by (5.2) for the inverse gaussian 
ase or by (5.3) for thegamma 
ase. We extend this a�ne 
ase to the generalized a�ne of order (1,2) as follows
ψt(u) = logEt[exp(uRVt+1)] = ω(u) + α(u)RVt + β1ψt−1(u) + β2ψt−2(u) (5.13)Consequently, the joint 
umulant fun
tion of (rt+1, RVt+1) given It is

ψr,RV ;t(v, u) = ω0(v) + ψt(u+ α0(v)).Eq. (5.13) implies that the joint pro
ess (rt, RVt) is a generalized a�ne pro
ess
ψr,RV ;t(v, u) = ω̃(v, u) + α̃(v, u)RVt + β1ψr,RV ;t−1(v, u) + β2ψr,RV ;t−2(v, u) (5.14)with ω̃(v, u) = ω0(v)(1 − β1 − β2) + ω(u+ α0(v)) and α̃(v, u) = α(u+ α0(v)).We assume that the generalized a�ne model is de�ned under the risk-neutral probabilitymeasure. The estimation is done by minimizing the MSE of the implied Bla
k-S
holes volatilityfrom the option (IVMSE) de�ned as

IVMSE =
1

n

n∑

i=1

(σi − σi (θ))
2where the implied volatilities are obtained as

σi = BS−1 (Ci, Ti,Xi, S, r) and σi (θ) = BS−1 (Ci (θ) , Ti,Xi, S, r) .with BS−1 being the inverse of the Bla
k-S
holes formula, Ti the time to maturity, Xi thestrike pri
e, S the pri
e of the underlying sto
ks and r the riskless interest rate. Figures 6,7 and 8 represent the daily implied volatility bias, option pri
e bias and implied volatilityRMSE. The generalized a�ne model 
learly outperforms the a�ne model in terms of pri
ingerrors. This result holds whatever the maturity of the moneyness; see Tables 7 and 8.39



6 Con
lusionThe paper extends a�ne models by introdu
ing moving average type 
omponents in the 
ondi-tional 
umulant fun
tion. The extension is important theoreti
ally be
ause important modelslike ARMA are not a�ne, beside that we show how we 
an build parsimonious in�nite or-der a�ne models. The extension is also empiri
ally important as shown in three empiri
alexamples. In parti
ular the term stru
ture exer
ise shows that a generalized a�ne model ontraditional three fa
tors term stru
ture model fore
asts better the entire yield 
urve than ana�ne model on three fa
tors and ma
roe
onomi
 variables. There is an alternative approa
hthat leads to non-Markov a�ne pro
esses. It uses the 
onditional Lapla
e transform of thepro
ess xt de�ned as Lt(u) = exp(ψt(u)) instead of the 
umulant fun
tion. The traditionala�ne models are 
hara
terized by
Lt(u) = exp(ω(u) + α(u)xt).In a 
ompanion paper, we are 
urrently studying the pro
ess de�ned by

Lt(u) = γ(u) + exp(ω(u) + α(u)xt) + β(u)Lt−1(u).
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Appendix AIn this appendix, we build a generalized a�ne model of type I where the fun
tion β(·) varies. Letus 
onsider a positive pro
ess Xt with 
onditional 
umulant fun
tion Ψt.
Et [exp (uXt+1)] = exp (Ψt (u))We de�ne Ψt (u) re
ursively as follows:

Ψ0 (u) = ω (u) + a0 (u,X0)

Ψ1 (u) = ω (u) + a0 (u,X1) + a1 (u,X0)

Ψ2 (u) = ω (u) + a0 (u,X2) + a1 (u,X1) + a2 (u,X0)and generally, we have
Ψt (u) = ω (u) +

t∑

i=0

ai (u,Xt−i) (A.1)The �rst issue is to give some 
onditions on sequen
e fun
tions ai(u, x) and ω (u) su
h that Ψt(u) is awell de�ned 
umulant fun
tion.If ω (u) and ai (u, x) are 
umulant fun
tions ∀ i, then Ψt (u) is a well de�ned 
umulant fun
tion.Indeed, the sum of 
umulant fun
tion is a 
umulant fun
tion.Consequently we will 
hoose ω (u) and ai (u, x) su
h that they will be always 
umulant fun
tions.Another 
onsequen
e is the fa
t that we 
an write Xt+1 as follows
Xt+1 = ηt+1 +

t∑

i=0

Zi,t+1where ηt+1 and Zi,t+1 are mutually 
onditionally independent with 
umulant fun
tion ω (u) and
ai (u,Xt−i). This give us a simple approa
h to simulate Xt+1.The �nal goal is to rewrite de�nition of Ψt (u) given by (A.1) re
ursively. To a
hieve this goal thefollowing expression is given to 
umulant fun
tion ai (u, x)

ai (u, x) = Pi (x) [exp (a (u) i+ b (u)) − 1] (A.2)
Pi (x) = exp (λ0 + λ1i)xAs it was the 
ase with Ψt (u), we need to make sure that (A.2) is a valid 
umulant fun
tion.This is done using Lemma 5.4.1 of Luka
s (1970) (page 111) where it is shown that p(g(u) − 1) is anin�nitely divisible 
umulant fun
tion whenever g(u) is a 
hara
teristi
 fun
tion and p > 0.Thus if a (u) and b (u) are 
umulant fun
tions and X a positive pro
ess, then ai (u, x) is a 
umulantfun
tion. Sin
e pro
ess Xt is built using 
umulant generating fun
tion, it is hard to simulate. We givean answer in the following lines. Proposition 6.1 shows how a random variable with 
umulant fun
tion

ai (u, x) 
an be simulated. 44



Proposition 6.1 p(g(u) − 1) is the 
umulant fun
tion of Z i�
Z =

N∑

n=0

Ynwhere random variables N and Yn are mutually independent, N follows Poisson distribution of param-eter p and the moment generating fun
tion of Yn is g(u).Sin
e Ψt (u) is the 
onditional 
umulant fun
tion of Xt+1 (whi
h is a positive random variable), wemust then 
hoose ω (u), a (u) and b (u) su
h that Ψt (u) is a 
umulant fun
tion of a positive randomvariable. The following proposition addresses this issue.Proposition 6.2 If a (u), b (u) and ω (u) are 
umulant fun
tions of positive random variable, then
Ψt (u) is a well de�ned 
onditional 
umulant fun
tion of positive random variable Xt+1We are now ready to write Ψt (u) re
ursively.

Ψt (u) = ω (u) +

t∑

i=0

Pi (Xt−i) [exp (a (u) i+ b (u)) − 1]

= ω (u) +

t∑

i=0

Pi (Xt−i) exp (a (u) i+ b (u)) −
t∑

i=0

Pi (Xt−i)

= ω (u) +
t∑

i=0

exp ((a (u) + λ1) i+ λ0 + b (u))Xt−i −
t∑

i=0

exp (λ0 + λ1i)Xt−iProposition 6.3 ω (u) 
an always be reformulated as following
ω (u) =

c (u)

1 − exp (a (u) + λ1)
− c (0)

1 − exp (λ1)As shown below, the proof of Proposition 6.3 is a dire
t 
onsequen
e of the fa
t that ω (u) is a
umulant fun
tion.We 
an then rewrite Ψt (u) as following.
Ψt (u) = ft (u) − ft (0)with

ft (u) =
c (u)

1 − exp (a (u) + λ1)
+

t∑

i=0

exp ((a (u) + λ1) i+ λ0 + b (u))Xt−i

=
c (u)

1 − exp (a (u) + λ1)
+ exp (λ0 + b (u))

t∑

i=0

exp (a (u) + λ1)
i
Xt−i45



Proposition 6.4 ft+1 (u) evolves re
ursively as follows:
ft+1 (u) = c (u) + exp (λ0 + b (u))Xt+1 + exp (a (u) + λ1) ft (u)An immediate 
onsequen
e of Proposition 6.4 is the re
ursive formulation of Ψt(u) given by proposition6.5.Proposition 6.5
Ψt(u) = ω0 (u) + α1 (u) ft(0) + α2 (u) ft−1(0) + β (u)Ψt−1(u) (A.3)where

ω0 (u) = c(u) − c(0)eb(u)

α1 (u) = eb(u) − 1

α2 (u) = eλ1

[
ea(u) − eb(u)

]

β (u) = eλ1+a(u)Note that in the right hand side of equation (A.3), we have ft(0) instead of Xt. For this reasonthe 
onditional 
umulant generating fun
tion of ft(0) is evaluated. The joint 
onditional momentgenerating fun
tion of Xt+1 and ft+1(0) is:
Et [exp (uXt+1 + vft+1(0))] = Et

[
exp

(
uXt+1 + v

(
c(0) + eλ0Xt+1 + eλ1ft(0)

))]

= exp
(
vc(0) + veλ1ft(0) + Ψt(u+ veλ0)

)Thus if we denote Ψc
t (u, v) = ln (Et [exp (uXt+1 + vft+1(0))]), we have

Ψc
t (u, v) = vc(0) + veλ1ft(0) + Ψt(u+ veλ0)

= vc(0) + veλ1ft(0) + ω0

(
u+ veλ0

)
+ α1

(
u+ veλ0

)
ft(0)

+α2

(
u+ veλ0

)
ft−1(0) + β

(
u+ veλ0

)
Ψt−1(u+ veλ0)

= vc(0) + veλ1ft(0) + ω0

(
u+ veλ0

)
+ α1

(
u+ veλ0

)
ft(0)

+α2

(
u+ veλ0

)
ft−1(0) + β

(
u+ veλ0

) [
Ψc

t−1 (u, v) − vc(0) − veλ1ft−1(0)
]The whole expression of Ψc

t (u, v) is summarized in the following proposition.Proposition 6.6
Ψc

t (u, v) = W (u, v) +A1 (u, v) ft(0) +A2 (u, v) ft−1(0) +B (u, v)Ψc
t−1 (u, v)where

W (u, v) = vc(0)
(
1 − β

(
u+ veλ0

))
+ ω0

(
u+ veλ0

)

A1 (u, v) = veλ1 + α1

(
u+ veλ0

)

A2 (u, v) = α2

(
u+ veλ0

)
− veλ1β

(
u+ veλ0

)

B (u, v) = β
(
u+ veλ0

)46



In 
on
lusion the ve
tor (Xt+1, ft+1(0)) is a generalized a�ne of order (2,1), implying a univariategeneralized a�ne for ft+1(0) as stated in the following 
orollary.Corollary 1 Noti
e that by imposing u = 0 we have a generalized a�ne model of order (2, 1) for
ft(0).Indeed

Et [exp (vft (0))] ≡ exp
(
Ψf

t (v)
)

= exp (Ψc
t (0, v))with

Ψc
t (0, v) = W (0, v) +A1 (0, v) ft(0) +A2 (0, v) ft−1(0) +B (0, v)Ψc

t−1 (0, v)

ψf
t (u) = ωf (u) + αf

1 (u)ft + αf
2 (u)ft−1 + βf (u)ψf

t−1(u)where
ψf (u) = ln [Et (exp(uft+1))]

βf (u) = µf(u)

αf
1 (u) = uµ+ g(u) − 1

αf
2 (u) = µ((1 − µu)f(u) − g(u))

ωf(u) = (1 − βf (u))

(
uρ+

ρ

1 − µ
+ h(u)

)
− ρg(u)with µ = eλ1 , f(u) = ea(ueλ0 ) a moment generating fun
tion of a positive in�nitely divisiblerandom, g(u) = eb(ueλ0 ) a moment generating fun
tion of a positive random variable and h(u) =

ω(ueλ0) a 
umulant generating fun
tion of a positive random variable.Hen
e we get the result stated in proposition (2.2).Proposition 6.7 Generally, for any given s, (ft(0), ft(s)) is a generalized a�ne of order (2, 1)We 
an restri
t ft(0) to be positive by just imposing c (0) to be positive and 
onsidering positiveinitial value f0(0). On the other hand ft(0) 
an take any sign if any restri
tion is made on c (0) and
f0(0). All these assertions are 
onsequen
es of the re
ursive de�nition of ft+1 (0)

ft+1 (0) = c (0) + exp (λ0)Xt+1 + exp (λ1) ft (0)47



Sin
e Xt+1 is a positive random variable, if ft (0) ≥ 0 and c (0) ≥ 0, then ft+1 (0) ≥ 0. c (0) is anundetermined parameter with undetermined sign. This implies that if the sign of c (0) and ft (0) areundetermined then ft+1 (0)'s sign is also undetermined.Generalized a�ne of order (1, 1) (for ft(0)) 
an be obtained by restri
ting fun
tions a and b tosatisfy A2 (0, v) = 0. Solving A2 (0, v) = 0 implies
b (v) = a (v) + ln

(
1 − veλ1−λ0

)whi
h in fa
t is equivalent to imposing the following restri
tion to the moment generating fun
tion
f .

f(u) =
g(u)

1 − µuWe then get the result of proposition (2.1).Proof of Proposition 6.1: The proof is quite easy, in fa
t it is done by realizing that if G is thedistribution fun
tion 
orresponding to 
hara
teristi
 fun
tion g (or moment generating fun
tion), then
F = e−p

∑
∞

0
pn

n!G
n⋆ is the distribution fun
tion 
orresponding to 
hara
teristi
 fun
tion (or momentgenerating fun
tion exp (p(g(u) − 1))). In this expression Gn⋆ means the 
onvolution of n identi
aldistribution fun
tion G. The simulation of random variable 
orresponding to distribution fun
tion Fis also easy to deal with. Let 
onsider a sequen
e of iid random variable (Yi)i=1,2..., and a dis
reterandom variable N whi
h is independent to (Yi)i=1,2... and whi
h follows a Poisson distribution withparameter p. The following random variable X has F as distribution fun
tion:

Z =
N∑

n=0

Ynwhere Y0 is a 
onstant.Proof of Proposition 6.2: The result is the 
onsequen
e of the fa
t that p(g(u)−1) is the 
umulantfun
tion of positive random variable when g (u) is the moment generating fun
tion of a positive randomvariable. This result is dedu
ed from the previous Proposition, indeed sin
e p(g(u)−1) is the 
umulantfun
tion of Z =
∑N

n=0 Yn, and g(u) the moment generating fun
tion of Yn. Yn ≥ 0 ⇒ Z ≥ 0Proof of Proposition 6.3: In fa
t, for any given 
hoi
e of a 
umulant fun
tion of positive randomvariable ω (u), 
hoose c (u) as follows
c (u) = (1 − exp (a (u) + λ1))

[
ω (u) +

δ

1 − exp (λ1)

]for any real δ. Sin
e ω (u) and a (u) are a 
umulant fun
tions, thus ω (0) = a (0) = 0, whi
h impliesthat
c (0) = δ48



Proof of Proposition 6.4: Indeed
c (u) + exp (λ0 + b (u))Xt+1 + exp (a (u) + λ1) ft (u)

= c (u) + exp (λ0 + b (u))Xt+1 +
exp (a (u) + λ1) c (u)

1 − exp (a (u) + λ1)
+ exp (λ0 + b (u))

t∑

i=0

exp (a (u) + λ1)
i+1

Xt−i

=
c (u)

1 − exp (a (u) + λ1)
+ exp (λ0 + b (u))

t+1∑

i=0

exp (a (u) + λ1)
i
Xt+1−i

= ft+1 (u)Proof of Proposition 6.5:
ft+1 (u) = c (u) + exp (λ0 + b (u))Xt+1 + exp (a (u) + λ1) ft (u)and

Ψt (u) = ft (u) − ft (0)imply that
Ψt(u) + ft(0) = c(u) + eb(u)

[
ft(0) − c(0) − eλ1ft−1(0)

]

+eλ1+a(u) [Ψt−1(u) + ft−1(0)]Proof of Proposition 6.7: Indeed
Et [exp (uft+1(0) + vft+1(s))] = Et

[
exp

(
u
(
c(0) + eλ0Xt+1 + eλ1ft(0)

)

+v
(
c(s) + eλ0+b(s)Xt+1 + eλ1+a(s)ft(s)

)

)]

= exp

(
uc(0) + vc(s) + ueλ1ft(0)

+veλ1+a(s)ft(s) + Ψt(ue
λ0 + veλ0+b(s))

)

≡ exp (Ψc,s
t (u, v))

Ψc,s
t (u, v) = uc(0) + vc(s) + ueλ1ft(0) + veλ1+a(s)ft(s) + Ψt(ue

λ0 + veλ0+b(s))

= uc(0) + vc(s) + ueλ1ft(0) + veλ1+a(s)ft(s) + ω0

(
ueλ0 + veλ0+b(s)

)

+α1

(
ueλ0 + veλ0+b(s)

)
ft(0) + α2

(
ueλ0 + veλ0+b(s)

)
ft−1(0)

+β
(
ueλ0 + veλ0+b(s)

)
Ψt−1(ue

λ0 + veλ0+b(s))

= uc(0) + vc(s) + ueλ1ft(0) + veλ1+a(s)ft(s) + ω0

(
ueλ0 + veλ0+b(s)

)

+α1

(
ueλ0 + veλ0+b(s)

)
ft(0) + α2

(
ueλ0 + veλ0+b(s)

)
ft−1(0)

+β
(
ueλ0 + veλ0+b(s)

) [
Ψc,s

t−1 (u, v) − uc(0) − vc(s) − ueλ1ft−1(0) − veλ1+a(s)ft−1(s)
]49



Hen
e
Ψc,s

t (u, v) = W s (u, v) +As
1 (u, v)

′

ft(0, s) +As
2 (u, v)

′

ft−1(0, s) +Bs (u, v)Ψc,s
t−1 (u, v)where

ft(0, s) =

(
ft(0)

ft(s)

)

W s (u, v) = (uc(0) + vc(s))
(
1 − β

(
ueλ0 + veλ0+b(s)

))
+ ω0

(
ueλ0 + veλ0+b(s)

)

As
1 (u, v) =

(
ueλ1 + α1

(
ueλ0 + veλ0+b(s)

)

veλ1+a(s)

)

As
2 (u, v) =

(
α2

(
ueλ0 + veλ0+b(s)

)
− ueλ1β

(
ueλ0 + veλ0+b(s)

)

−veλ1+a(s)β
(
ueλ0 + veλ0+b(s)

)
)

Bs (u, v) = β
(
ueλ0 + veλ0+b(s)

)Appendix BThis appendix provides the proofs of Se
tion 2 and Se
tion 3. Proof of Proposition 2.4:From (2.3) we have
ψt (u) = β̄j (u)ψt−j (θj (u)) +

j∑

k=1

β̄k−1 (u) [ω(θk−1 (u)) + α(θk−1 (u))xt−k+1]

exp (Vt,h(ūh)) = Et

[
exp

(
h∑

i=1

uixt+i

)]

= Et

[
exp

(
h−1∑

i=1

uixt+i + ψt+h−1 (uh)

)]

= Et





exp
(∑h−1

i=1 uixt+i

)
×

× exp

(
β̄h (uh)ψt−1 (θh (uh))

+
∑h

k=1 β̄k−1 (uh) [ω(θk−1 (uh)) + α(θk−1 (uh))xt+h−k]

)





= exp

(
β̄h (uh)ψt−1 (θh (uh)) + β̄h−1 (uh)α(θh−1 (uh))xt
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[
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u
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)]thus
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+
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(h)
h

)
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(
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where
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u

(h−1)
1 , u

(h−1)
2 , ..., u

(h−1)
h−1

)⊺

u
(h−1)
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(h)
j + β̄h−1−j

(
u

(h)
h

)
α
(
θh−1−j

(
u

(h)
h

))

u
(h)
j = ujLet denote
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(k)
kwe have dh = uh and for k ≤ h− 1

dk = u
(k)
k = u

(k+1)
k + β̄0 (dk+1)α (θ0 (dk+1))
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(k+2)
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k +
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Vt,h(ūh) = β̄h (dh)ψt−1 (θh (dh)) + β̄h−1 (dh)α (θh−1 (dh))xt +

h∑

k=1

β̄k−1 (dh)ω (θk−1 (dh)) + Vt,h−1(ūh−1)
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


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

Proof of Proposition 3.4. The yield to maturity n
(
y
(n)
t

) is related to the short term rate asfollowing 51



for n = 1 we have y(1)
t = rt , for n≥ 2
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]Proof of Proposition 3.6. One has
Et [Mt+1] = exp(−r)

Et [Mt+1 exp (rt+1)] = 1,whi
h leads to
θt + Ψt (γ, λ) = −r

θt + Ψt (1 + γ, λ) = 0.Hen
e,
θt = −r − Ψt (γ, λ)

Ψt (1 + γ, λ) − Ψt (γ, λ) = r53



By using the following expression of the model:
Ψt+1 (u, v) =

ω (u, v)

1 − β (u, v)
+ α (u, v)

∞∑

i=0

β (u, v)
i
ht−i+1one gets,

ω (1 + γ, λ)

1 − β (1 + γ, λ)
− ω (γ, λ)

1 − β (γ, λ)
+

∞∑

i=0

[
β (1 + γ, λ)i α (1 + γ, λ) − β (γ, λ)i α (γ, λ)

]
ht−i = rwhi
h implies

ω (1 + γ, λ)

1 − β (1 + γ, λ)
− ω (γ, λ)

1 − β (γ, λ)
= r

β (1 + γ, λ)
i
α (1 + γ, λ) − β (γ, λ)

i
α (γ, λ) = 0, ∀i ≥ 0.Therefore,

ω (1 + γ, λ)

1 − β (1 + γ, λ)
− ω (γ, λ)

1 − β (γ, λ)
= r

β (1 + γ, λ) = β (γ, λ)

α (1 + γ, λ) = α (γ, λ) .Proof of Proposition 3.7.
EQ

t [exp (urt+1 + vΨt+1 (γ))] = EQ
t [exp (urt+1 + v (ω (γ) + α (γ) rt+1 + β (γ)Ψt (γ)))]thus

Ψ∗

t (u, v) = vω (γ) + vβ (γ)Ψt (γ) + ΨQ
t (u∗)

= vω (γ) + vβ (γ)Ψt (γ) + Ψt (u∗ + γ) − Ψt (γ)where
u∗ = u+ vα (γ)this implied that

Ψ∗

t+1 (u, v) = vω (γ) + (vβ (γ) − 1)Ψt+1 (γ) + Ψt+1 (u∗ + γ)

= vω (γ) + (vβ (γ) − 1)Ψt+1 (γ) + ω (u∗ + γ)

+α (u∗ + γ) rt+1 + β (u∗ + γ)Ψt (u∗ + γ)

= vω (γ) + (vβ (γ) − 1)Ψt+1 (γ) + ω (u∗ + γ) +

+α (u∗ + γ) rt+1 + β (u∗ + γ) [Ψ∗

t (u, v) − vω (γ) − (vβ (γ) − 1)Ψt (γ)]
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Table 1: Monte 
arlo exer
ise for the GMM.Mean, Median and RMSE of parameters estimates a
ross N samples (of T observations). Parametersused in the simulation of GARG model are µ =2.78E-05, ν =0.139, ρ =0.112, β =0.922 and θ =0.906Par Mean Median RMSE Mean Median RMSE Mean Median RMSEN=1000, T=250 N=1000, T=500 N=1000, T=1000
µ 2.58E-05 3.66E-05 1.68E-05 2.61E-05 3.66E-05 1.66E-05 2.64E-05 3.66E-05 1.64E-05
ν 0.077 0.109 0.079 0.077 0.109 0.078 0.078 0.109 0.077
ρ 0.104 0.115 0.018 0.104 0.115 0.018 0.105 0.115 0.018
β 0.695 0.946 0.437 0.702 0.946 0.430 0.710 0.946 0.423
θ 1.318 0.879 0.780 1.307 0.879 0.770 1.293 0.879 0.755N=2000, T=250 N=2000, T=500 N=2000, T=1000
µ 2.80E-05 3.67E-05 1.55E-05 2.90E-05 3.66E-05 1.49E-05 2.97E-05 3.66E-05 1.44E-05
ν 0.083 0.109 0.072 0.086 0.109 0.069 0.088 0.109 0.066
ρ 0.106 0.115 0.017 0.107 0.115 0.016 0.108 0.115 0.015
β 0.744 0.946 0.395 0.766 0.946 0.372 0.784 0.946 0.353
θ 1.248 0.879 0.733 1.208 0.878 0.693 1.175 0.878 0.657N=4000, T=250 N=4000, T=500 N=4000, T=1000
µ 3.20E-05 3.66E-05 1.28E-05 3.24E-05 3.66E-05 1.25E-05 3.27E-05 3.66E-05 1.24E-05
ν 0.095 0.109 0.056 0.096 0.109 0.054 0.097 0.109 0.053
ρ 0.110 0.115 0.012 0.111 0.115 0.012 0.111 0.115 0.011
β 0.837 0.946 0.291 0.847 0.946 0.278 0.852 0.946 0.270
θ 1.084 0.879 0.557 1.066 0.878 0.533 1.056 0.879 0.517
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Table 2: Monte 
arlo exer
ise for the QMLE.Mean, Median and RMSE of parameters estimates a
ross N samples (of T observations). Parametersused in the simulation of GARG model are µ =2.78E-05, ν =0.139, ρ =0.112, β =0.922 and θ =0.906Par Mean Median RMSE Mean Median RMSE Mean Median RMSEN=1000, T=250 N=1000, T=500 N=1000, T=1000
µ 6.00E-05 5.13E-05 5.37E-05 5.97E-05 5.20E-05 5.19E-05 6.13E-05 5.31E-05 5.43E-05
ν 0.142 0.051 0.453 0.154 0.051 0.415 0.148 0.050 0.427
ρ 0.110 0.109 0.029 0.108 0.109 0.027 0.108 0.106 0.028
β 1.028 0.959 0.356 1.048 0.960 0.415 1.066 0.964 0.488
θ 0.879 0.909 0.189 0.875 0.908 0.204 0.870 0.909 0.206N=2000, T=250 N=2000, T=500 N=2000, T=1000
µ 5.45E-05 5.02E-05 4.20E-05 5.46E-05 4.99E-05 4.12E-05 5.56E-05 5.15E-05 4.23E-05
ν 0.216 0.057 0.963 0.220 0.055 0.915 0.179 0.052 0.711
ρ 0.109 0.109 0.023 0.107 0.107 0.023 0.107 0.107 0.024
β 0.998 0.937 0.270 0.993 0.941 0.243 1.001 0.947 0.255
θ 0.891 0.918 0.164 0.893 0.918 0.158 0.888 0.915 0.161N=4000, T=250 N=4000, T=500 N=4000, T=1000
µ 5.30E-05 5.07E-05 3.82E-05 5.26E-05 5.17E-05 3.57E-05 5.30E-05 5.31E-05 3.57E-05
ν 0.244 0.048 0.942 0.373 0.049 3.038 0.275 0.050 2.347
ρ 0.108 0.109 0.022 0.108 0.107 0.021 0.107 0.106 0.021
β 0.969 0.940 0.168 0.963 0.941 0.146 0.966 0.964 0.147
θ 0.901 0.914 0.126 0.905 0.913 0.121 0.903 0.909 0.122
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Table 3: MLE Estimation of Generalized- Autoregressive Normal Inverse GaussianPro
ess on returns and realized varian
e Data.The data is the Deuts
he mark (DM) / US dollar (USD) ex
hange rate returns and realized varian
e.Sample period is 1986:12:01 to 1996:12:01 with a total of 2449 observations30 min 5 minA�ne G-A�ne A�ne G-A�nepar Est STD Est STD Est STD Est STD
β 0.6111 0.0396 0.5449 0.0419
ρ 0.3255 0.0203 0.1754 0.0179 0.3444 0.0193 0.2150 0.0192
µ 0.2341 0.0114 0.1834 0.0087 0.1642 0.0071 0.1328 0.0058
ν 1.2565 0.0398 0.5045 0.0545 2.0818 0.0647 0.9380 0.0961
a 0.0063 0.0139 0.0063 0.0140 0.0064 0.0180 0.0064 0.0180
c -0.0214 0.0448 -0.0214 0.0449 -0.0180 0.0433 -0.0180 0.0434
b 1.74E-08 5.709E-06 1.44E-08 6.024E-06 4.98E-08 1.093E-05 1.54E-08 5.777E-06
d 0.9282 0.0290 0.9282 0.0290 0.7551 0.0236 0.7551 0.0236LIK -1600.0932 -1547.4719 -1838.6743 -1790.0531BIC 0.8069 0.7850 0.9234 0.9034

57



Table 4: Out-of-sample 1-month-ahead fore
asting results.We present the results of out-of-sample 1-month-ahead fore
asting using eight models, as des
ribedin detail in the text. We estimate all models re
ursively from 1985:1 to the time that the fore
astis made, beginning in 1994:1 and extending through 2000:12. We de�ne fore
ast errors at t+1 as
yt+1(τ) − ŷt+1(τ), and we report the mean, standard deviation and root mean squared errors of thefore
ast errors, as well as their �rst and 12th sample auto
orrelation 
oe�
ients.Maturity Mean Std. Dev. RMSE ρ̂(1) ρ̂(12) Mean Std. Dev. RMSE ρ̂(1) ρ̂(12)Random walk Nelson�Siegel with AR(1) fa
tor dynami
s3 months 0.033 0.176 0.179 0.220 0.053 -0.045 0.170 0.176 0.247 0.0171 year 0.021 0.240 0.241 0.340 -0.153 0.023 0.235 0.236 0.425 -0.2133 years 0.007 0.279 0.279 0.341 -0.133 -0.056 0.273 0.279 0.332 -0.1175 years -0.003 0.276 0.276 0.275 -0.131 -0.091 0.277 0.292 0.333 -0.11610 years -0.011 0.254 0.254 0.215 -0.145 -0.062 0.252 0.260 0.259 -0.115VAR(1) on 1, 24, 96 months yields VARMA(1,1) on 1, 24, 96 months yields3 months -0.043 0.196 0.200 0.126 0.320 -0.021 0.231 0.230 0.014 0.2991 year -0.011 0.235 0.234 0.380 -0.139 0.004 0.230 0.229 0.055 -0.0063 years 0.018 0.269 0.268 0.358 -0.153 0.023 0.250 0.249 0.143 -0.0955 years -0.014 0.281 0.280 0.375 -0.154 -0.007 0.267 0.265 0.266 -0.10010 years -0.163 0.274 0.318 0.386 -0.094 -0.152 0.264 0.304 0.348 -0.066VAR(1) on 1,24, 96 months yields and in�ation VAR(1) on 1,24, 96 months yields and real a
tivity3 months 0.078 0.196 0.210 0.120 0.295 -0.082 0.202 0.217 0.143 0.3161 year 0.088 0.227 0.243 0.328 -0.144 -0.057 0.239 0.245 0.411 -0.1493 years 0.134 0.261 0.292 0.294 -0.099 0.024 0.265 0.264 0.332 -0.1395 years 0.052 0.273 0.276 0.315 -0.107 -0.031 0.278 0.278 0.351 -0.13610 years -0.050 0.269 0.272 0.354 -0.100 -0.107 0.277 0.296 0.403 -0.092
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Table 5: Out-of-sample 6-months-ahead fore
asting results.We present the results of out-of-sample 6-months-ahead fore
asting using eight models, as des
ribedin detail in the text. We estimate all models re
ursively from 1985:1 to the time that the fore
astis made, beginning in 1994:1 and extending through 2000:12. We de�ne fore
ast errors at t+6 as
yt+6(τ) − ŷt+6/t(τ), and we report the mean, standard deviation and root mean squared errors of thefore
ast errors, as well as their sixth and eighteenth sample auto
orrelation 
oe�
ients.Maturity Mean Std. Dev. RMSE ρ̂(6) ρ̂(18) Mean Std. Dev. RMSE ρ̂(6) ρ̂(18)Random walk Nelson�Siegel with AR(1) fa
tor dynami
s3 months 0.220 0.564 0.605 0.381 -0.214 0.083 0.510 0.517 0.301 -0.1901 year 0.181 0.758 0.779 0.139 -0.150 0.131 0.656 0.669 0.168 -0.1743 years 0.099 0.873 0.879 0.018 -0.211 -0.052 0.748 0.750 0.049 -0.1895 years 0.048 0.860 0.861 0.008 -0.249 -0.173 0.758 0.777 0.069 -0.27310 years -0.020 0.758 0.758 0.019 -0.271 -0.251 0.676 0.721 0.058 -0.288VAR(1) on 1, 24, 96 months yields VARMA(1,1) on 1, 24, 96 months yields3 months -0.074 0.494 0.496 0.193 -0.109 0.001 0.531 0.528 0.312 -0.1631 year -0.040 0.696 0.693 0.085 -0.142 0.015 0.665 0.661 0.208 -0.1683 years -0.089 0.777 0.777 -0.014 -0.197 -0.028 0.725 0.721 0.047 -0.2005 years -0.180 0.789 0.805 -0.006 -0.220 -0.103 0.735 0.738 0.049 -0.22310 years -0.388 0.735 0.827 -0.019 -0.186 -0.297 0.681 0.739 0.018 -0.198VAR(1) on 1,24, 96 months yields and in�ation VAR(1) on 1,24, 96 months yields and real a
tivity3 months 0.590 0.464 0.750 0.143 0.116 -0.184 0.508 0.537 0.156 -0.0421 year 0.562 0.671 0.872 0.028 -0.025 -0.151 0.712 0.723 0.067 -0.1133 years 0.396 0.769 0.861 -0.045 -0.135 -0.116 0.787 0.791 -0.020 -0.1915 years 0.186 0.789 0.806 -0.023 -0.178 -0.218 0.798 0.822 -0.007 -0.21910 years -0.040 0.727 0.723 -0.060 -0.187 -0.341 0.739 0.810 -0.019 -0.187
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Table 6: Out-of-sample 12-months-ahead fore
asting results.We present the results of out-of-sample 12-months-ahead fore
asting using eight models, as des
ribedin detail in the text. We estimate all models re
ursively from 1985:1 to the time that the fore
astis made, beginning in 1994:1 and extending through 2000:12. We de�ne fore
ast errors at t+12 as
yt+12(τ) − ŷt+12/t(τ), and we report the mean, standard deviation and root mean squared errors ofthe fore
ast errors, as well as their their 12th and 24th sample auto
orrelation 
oe�
ients.Maturity Mean Std. Dev. RMSE ρ̂(12) ρ̂(24) Mean Std. Dev. RMSE ρ̂(12) ρ̂(24)Random walk Nelson�Siegel with AR(1) fa
tor dynami
s3 months 0.150 0.724 0.739 -0.288 0.001 0.150 0.724 0.739 -0.288 0.0011 year 0.173 0.823 0.841 -0.332 -0.004 0.173 0.823 0.841 -0.332 -0.0043 years -0.123 0.910 0.918 -0.408 0.015 -0.123 0.910 0.918 -0.408 0.0155 years -0.337 0.918 0.978 -0.412 0.003 -0.337 0.918 0.978 -0.412 0.00310 years -0.531 0.825 0.981 -0.433 -0.003 -0.531 0.825 0.981 -0.433 -0.003VAR(1) on 1, 24, 96 months yields VARMA(1,1) on 1, 24, 96 months yields3 months -0.152 0.792 0.801 -0.214 -0.076 -0.137 0.708 0.716 -0.059 -0.1231 year -0.188 0.913 0.926 -0.307 -0.027 -0.170 0.794 0.807 -0.143 -0.0763 years -0.325 0.953 1.001 -0.393 0.001 -0.267 0.832 0.868 -0.269 -0.0435 years -0.459 0.956 1.055 -0.413 -0.006 -0.371 0.849 0.921 -0.305 -0.04910 years -0.710 0.875 1.123 -0.440 -0.006 -0.596 0.775 0.974 -0.357 -0.053VAR(1) on 1,24, 96 months yields and in�ation VAR(1) on 1,24, 96 months yields and real a
tivity3 months 0.854 0.851 1.202 0.020 -0.045 -0.329 0.852 0.908 -0.245 -0.0811 year 0.743 1.002 1.242 -0.137 -0.005 -0.359 0.994 1.051 -0.344 -0.0303 years 0.436 1.044 1.125 -0.286 0.016 -0.390 1.018 1.084 -0.420 -0.0085 years 0.153 1.050 1.054 -0.323 0.001 -0.528 1.007 1.131 -0.430 -0.01410 years -0.143 0.933 0.937 -0.414 -0.001 -0.682 0.901 1.125 -0.455 -0.011
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Table 7: Implied volatility Root mean squared error by maturity, Implied volatilitybias and option pri
e bias by MoneynessWe estimate the models on a total of 16, 506 
ontra
ts with an average 
all pri
e of 46.05 and averageimplied volatility of 20.26. The estimation have been done by minimizing the Bla
k-S
holes IVRMSEMoneyness S/X<0.975 0.975<S/X<1 1<S/X<1.025 1.025<S/X AllModel IVRMSE (%)A�ne 3.8809 4.2988 4.4313 5.0642 4.3768G-A�ne 2.9471 2.9476 3.2201 3.7181 3.1915Model IV bias (%)A�ne 0.2134 -0.0661 0.0346 -0.3556 -0.0166G-A�ne 0.0211 0.1873 0.3723 -0.2216 0.0694Model Option pri
e biasA�ne 0.4357 -0.3601 -0.4654 -1.2721 -0.3124G-A�ne 0.1809 0.0281 0.0990 -0.9638 -0.1342
Table 8: Implied volatility Root mean squared error by maturity, Implied volatilitybias and option pri
e bias by MoneynessWe estimate the models on a total of 16, 506 
ontra
ts with an average 
all pri
e of 46.05 and averageimplied volatility of 20.26. The estimation have been done by minimizing the Bla
k-S
holes IVRMSEMaturity DTM<30 30<DTM<90 90<DTM<180 180<DTM AllModel IVRMSE (%)A�ne 5.4750 4.3179 3.9963 3.8295 4.3768G-A�ne 3.9103 3.1432 2.8824 2.9301 3.1915Model IV bias (%)A�ne 0.5038 -0.2423 -0.0693 0.1737 -0.0166G-A�ne 0.8447 0.1338 -0.2344 -0.4328 0.0694Model Option pri
e biasA�ne 0.3352 -0.5526 -0.5843 0.0199 -0.3124G-A�ne 0.8570 0.3845 -0.5387 -1.8517 -0.1342
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Figure 1: Generalized Autoregressive Normal Inverse gaussian term stru
ture ofvalue-at-riskWe use parameters estimated from the MLE to 
ompute the term stru
ture of value at risk. Several
ases have been 
onsidered depending on the day where the term stru
ture is evaluated. The 
ases areHigh volatility day (day with higher realized varian
e), Median volatility day and Low volatility day
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Figure 2: Autoregressive Normal Inverse gaussian term stru
ture of value-at-riskWe use parameters estimated from the MLE to 
ompute the term stru
ture of value at risk. Several
ases have been 
onsidered depending on the day where the term stru
ture is evaluated. The 
ases areHigh volatility day (day with higher realized varian
e), Median volatility day and Low volatility day
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Figure 3: Term stru
ture of Value-at-risk Conditional on a low varian
e dayWe use parameters estimated from the MLE to 
ompute the term stru
ture of value at risk. We
ompared A�ne and Generalized a�ne term stru
ture

10 20 30 40 50 60 70 80 90 100

1.1

1.2

1.3

1.4

1.5

1.6

Maturity in days

Va
R

 / 
SQ

R
T(

M
at

ur
ity

)

Term structure of Value−at−Risk / SQRT(Maturity) : Median Variance

 

 

G−Affine

Affine

Figure 4: Term stru
ture of Value-at-risk Conditional on a median varian
e dayWe use parameters estimated from the MLE to 
ompute the term stru
ture of value at risk. We
ompared A�ne and Generalized a�ne term stru
ture
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Figure 5: Term stru
ture of Value-at-risk Conditional on a high varian
e dayWe use parameters estimated from the MLE to 
ompute the term stru
ture of value at risk. We
ompared A�ne and Generalized a�ne term stru
ture.
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Figure 6: Implied Volatility BiasThe �gure displays implied volatility bias as a fun
tion of the day at whi
h option is pri
ed. Impliedvolatility bias is the di�eren
e between model and observed bla
k s
holes implied volatility. For ea
hday we 
ompute average available Implied volatility bias
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Figure 7: Option pri
e BiasThe �gure displays Option pri
e bias as a fun
tion of theb day at whi
h option is pri
ed. Option pri
ebias is the di�eren
e between model and observed Option pri
e. For ea
h day we 
ompute averageavailable option bias
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Figure 8: Implied Volatility Root mean squared error (IVRMSE)The �gure displays IVRMSE as a fun
tion of day at whi
h option is pri
ed. IVRMSE is the square-rootof the average squared di�eren
e between model and observed bla
k s
holes implied volatility.
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