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The design of control charts in statistical quality control addresses the optimal selection of
the design parameters (such as the sampling frequency and the control limits) and

includes sensitivity analysis with respect to system parameters (such as the various process
parameters and the economic costs of sampling). The advent of more complicated control
chart schemes has necessitated the use of Monte Carlo simulation in the design process,
especially in the evaluation of performance measures such as average run length. In this
paper, we apply two gradient estimation procedures—perturbation analysis and the likeli-
hood ratio/score function method—to derive estimators that can be used in gradient-based
optimization algorithms and in sensitivity analysis when Monte Carlo simulation is em-
ployed. We illustrate the techniques on a general control chart that includes the Shewhart
chart and the exponentially-weighted moving average chart as special cases. Simulation
examples comparing the estimators with each other and with “brute force” finite differences
demonstrate the possibility of significant variance reduction in settings of practical interest.
(Statistical Quality Control; Control Charts; Average Run Length; Sensitivity Analysis; Economic
Design Problem; Monte Carlo Simulation; Perturbation Analysis; Likelihood Ratio/Score Function
Method)

1. Introduction

Two critical issues in the design of control charts in
statistical quality control are the optimal selection of
the design parameters—such as sample size, sam-
pling frequency, and control limits—and sensitivity
analysis with respect to system parameters such as
the economic costs of sampling and the characteris-
tics of the potential process shifts (cf. Montgomery
1996). Depending on the design approach, the per-
formance measures of interest fall into two main
types: average run lengths or expected economic

costs. The increasing complexity of many of the
recently proposed control charts in the research
literature has led to analytically intractable models,
so Monte Carlo simulation is routinely used to
estimate performance. Examples include Grimshaw
and Alt (1997), where control charts for quantile
function values are proposed; Albin et al. (1997),
where a number of different control charts are
compared in their average run length to false alarms
and to detection of process mean and standard
deviation shifts; and Baxley (1995), where variable
sampling interval control charts are applied.
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The generality of Monte Carlo simulation makes it a
popular tool, since it allows the modeller to be quite
flexible. Among the clearest advantages are the fol-
lowing.

• Assumptions on process characteristics can be
relaxed (e.g., normality, independence, and stationar-
ity assumptions). For example, in Grimshaw and Alt
(1997), a control chart is derived under a large sample
approximation invoking the Central Limit Theorem.
However, they point out that, in practice, relatively
small sample sizes are used. In their small test exam-
ple, the simulation estimate of in-control average run
length was 147.6, compared with the large sample
approximation of 200.

• Any control chart can be handled, including
Shewhart, Cumulative Sum (CUSUM), Exponentially
Weighted Moving Averages (EWMA), and Bayesian.
In comparing control charts, Albin et al. (1997) “chose
to use simulation. Essentially one program (with less
than fifty lines of code) is used for all combinations of
charts and run rules.”

• An economic cost model can be made as general
as desired. Barish and Hauser (1963) applied Monte
Carlo simulation to test various combinations of pa-
rameters in an economic cost control chart design.

On the other hand, when it comes to the design and
sensitivity analysis of control charts, the use of Monte
Carlo simulation has been limited to “brute force”
application. In other words, sensitivity analysis is
conducted by changing the value of the parameter of
interest and rerunning the simulation (e.g., Albin et al.
1997 for different process shift amounts). Optimiza-
tion is carried out in a somewhat ad hoc trial-and-
error manner, i.e., no formal optimization techniques
are employed (e.g., Barish and Hauser 1963). In a
recent paper by Lele (1997), derivative estimates play
a crucial role in the control chart design problem, but
the solution proposed there uses brute-force finite
differences.

Thus, the primary goal of this paper can be stated as
follows: to investigate efficiency improvement of
Monte Carlo simulation in the design and analysis of
control charts by introducing gradient estimation tech-
niques.

Gradient estimation techniques generally require

little additional overhead in the simulation and usu-
ally result in significant computational savings over
the multiple runs needed to construct finite difference
estimates. Moreover, the optimal economic design
problem can be addressed using gradient-based algo-
rithms (cf. Fu 1994). For problems of the type consid-
ered in Lele (1996, 1997), where derivative estimates
are required, our numerical results indicate that the
gradient estimators derived here are superior to finite
differences.

In this paper, we consider the two most com-
monly used gradient estimation techniques: pertur-
bation analysis (PA) and the likelihood ratio (LR)
method (also known as the score function method).
Monographs for the former are Ho and Cao (1991),
Glasserman (1991), Cao (1994), and Fu and Hu
(1997a), and for the latter is Rubinstein and Shapiro
(1993). These methods have been applied predomi-
nantly to queueing and inventory models. This
work represents the first application to statistical
quality control.

Specifically, in this paper we derive sensitivity
estimates for average run lengths with respect to
different types of parameters: the control limits, the
sampling frequency, and various process shift pa-
rameters. In §2, we introduce the problem setting
with the requisite notation and briefly discuss the
gradient estimation technique to be applied. In §3,
we consider the standard in-control and out-of-
control average run length performance measures
and present sensitivity estimators with respect to
the control limits for a fairly general control chart
that includes the classical Shewhart and EWMA
charts as special cases. The detailed derivations and
technical proofs of unbiasedness have been placed
in the Appendix and in Fu and Hu (1997b). In §4, we
incorporate the dynamics of the process shift. In
addition to considering the control limit parameters,
we also derive estimators with respect to the sam-
pling frequency and various process shift parame-
ters. In §5, we concisely summarize, compare, and
contrast the practical implementation of the various
estimators. Section 6 contains simulation results
comparing the numerical properties of the estima-
tors with each other and with “brute force” finite
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differences. Section 7 concludes with a summary
and a discussion of avenues for further research.

2. Problem Setting
We consider the standard control chart setting involv-
ing a single measurable process variable with two
distinct states called “in control” and “out of control”
(cf. Montgomery 1996). Samples of the process are
taken at regularly spaced intervals and a test statistic
generated (possibly based on past samples, as well).
The test statistic is compared with control limits (that
may vary as a function of time, as well) to declare the
process in control or out of control. We begin by
defining the following notation:

h 5 sampling interval, i.e., samples are taken every
h time units;

n 5 sample size;
F 0 5 sampling process c.d.f. (with p.d.f. f 0) when in

control;
F 1 5 sampling process c.d.f. (with p.d.f. f 1) when

out of control;
m0 5 in-control process parameter (usually the

mean);
m1 5 out-of-control process parameter;
X i 5 output from the ith sample, i.i.d. F 0 or F 1 (X

indicates “generic” version);
Y i 5 test statistic after ith sample;
LCL i 5 lower control limit for the ith test statistic;
UCL i 5 upper control limit for the ith test statistic.

In words, samples of size n are taken every h units of
time to generate {X i}, from which the test statistic
sequence {Y i} is derived. An out-of-control signal is
declared if the test statistic Y i falls outside of the
interval defined by the lower and upper control limits
[LCL i, UCL i]. The underlying process has an in-
control c.d.f. F 0 and an out-of-control c.d.f. F 1. The
sampling distributions F 0 and F 1 can be quite general,
with standard distributions assumed (invoking the
central limit theorem) being the normal distribution or
the chi-squared distribution.

In this paper, we will assume that the test statistic
generated by the control chart at the ith sampling has
the following general form:

Yi 5 c~Xi, Yi21!, i . 1, (1)

where c is a function independent of other system
parameters, and Y 1 5 X 1 is specified as the initial
condition. For notational convenience in the analysis
in the next section, we will write

Yi 5 c i~Xi, Yi21!, i $ 1, (2)

by taking c 1( x, y) 5 x and c i 5 c for i . 1.

Example 1. Shewhart X# -chart:

Yi 5 Xi for all i $ 1.

Example 2. EWMA chart:

Yi 5 aXi 1 ~1 2 a!Yi21

for all i $ 2, 0 , a , 1, Y1 5 X1.

As described above, an out-of-control signal is de-
clared when the test statistic falls outside of the
specified control limits. The corresponding sample
number is defined as the run length, which is the
performance measure of interest:

L 5 min$i : Yi¸@LCLi, UCLi#%. (3)

The expectation of this stopping time for {Yi} is what is
commonly known as the average run length (ARL). We
will consider three types of the ARL performance mea-
sure: the in-control and out-of-control ARLs, and the
ARL under process shift dynamics. The in-control (out-
of-control) ARL assumes that the process is in control
(respectively, out of control) the entire time. Ideally, one
wants long in-control run lengths and short out-of-
control run lengths. The third type of ARL assumes that
the process starts in control, but goes out of control at
some later time. It is usually considered in the context of
the economic design problem, where different costs are
assigned to the in-control and out-of-control periods.
The following quantities are introduced to characterize
the process shift dynamics:

T 5 (r.v.) time to go from F 0 to F 1;
F 5 c.d.f. (with p.d.f. f ) for T, parametrized by g

(e.g., the mean);
G i 5 c.d.f. (with p.d.f. g i) for X i [ {F 0, F 1}.

Starting from a new in-control state, the process will
go out of control after T units of time, where T is a
random variable independent of {X i} with c.d.f. F,
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p.d.f. f, and parameter g (e.g., the mean). The event
{hL , T} indicates a false alarm. The underlying
dynamics that drive the process out of control may be
quite general, since Monte Carlo simulation is to be
employed, e.g., T need not be exponentially distrib-
uted, as is assumed in most analytical models. The
sampling distribution sequence {G i} forms a discrete-
time stochastic process which takes on the “value” F 0

or F 1, depending on whether or not the process is in
control.

We introduce the following notation, which condi-
tions on the value of the process shift time T and the
initial test statistic Y 1:

J~t, y! 5 E@L|T 5 t, Y1 5 y#, (4)

J~t! 5 E@J~t, X1!#, (5)

where the second definition is a slight abuse of nota-
tion used for the convenience of representing the
“standard” initial starting condition of Y 1 5 X 1 (ex-
pectation taken only with respect to second argu-
ment). Using this notation, the three performance
measures of interest can be expressed as follows:

ARLT 5 E@E@L|T, Y1 5 X1## 5 E@J~T!#,

ARL0 5 E@L|T 5 `, Y1 5 X1# 5 J~`!,

ARL1 5 E@L|T 5 0, Y1 5 X1# 5 J~0!.

ARL0 is the in-control (on-target) ARL, and ARL1 is
the out-of-control (off-target) ARL. ARLT is the ARL
for a process that starts in control, but shifts out of
control at time T. ARLT is useful for control chart
design based on economic costs; when there is no
confusion, the T argument (or subscript) will be
dropped. Furthermore, except where specified other-
wise, the initial condition Y 1 5 X 1 is implicit through-
out.

We will derive estimators for sensitivities of the
average run length

dARL0

du
,

dARL1

du
, and

dARLT

du
,

where u will represent different types of parameters:
the sampling frequency, control limit parameters, and

various process parameters. The easiest to use gradi-
ent estimation techniques are the straightforward like-
lihood ratio method (LRM) and infinitesimal pertur-
bation analysis (IPA). They are based on the following
respective interchanges of expectation and differenti-
ation:

dE@L~T, X1, X2, . . . ; u!#

du

5 EFL z
d ln fL~T, X1, X2, . . . ; u!

du G , (6)

dE@L~T, X1, X2, . . . ; u!#

du

5 EFdL~T, X1, X2, . . . ; u!

du G , (7)

where f L represents the joint p.d.f. for the input r.v.s
that determine L. The straightforward LRM in (6) is
applicable only to distributional parameters, al-
though the so-called “push out” method can be used
to extend the approach to some structural parame-
ters (cf. Rubinstein and Shapiro 1993). However, in
this paper, we will consider only the straightfor-
ward LRM.

Unfortunately, IPA is not applicable to our problem
setting, because L is a discrete random variable, taking
on integer values. As a consequence, L as a function of
the parameter will be piecewise constant with jumps,
and thus the resulting IPA estimator dL/du in (7) will
be 0. We will apply an extension of IPA introduced by
Gong and Ho (1987) that employs conditional Monte
Carlo, known as smoothed perturbation analysis
(SPA). The particular approach taken here is based on
the general framework of Fu and Hu (1992), as pre-
sented in Fu and Hu (1997a). The general form of the
estimator contains two parts: the IPA estimator, zero
in this case; and conditional contributions represent-
ing the product of a probability jump rate and the
resulting jump in the performance measure. In the
following two sections, we present the various estima-
tors, leaving the detailed derivations and unbiased-
ness proofs to the Appendix.
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3. In-Control and Out-of-Control
ARLs

For the in-control and out-of-control ARLs, we consider
derivative estimates with respect to the control limits.
Throughout this section, we treat the two cases simulta-
neously by defining the two constants, t0 5 `, t1 5 0, to
correspond to the in-control and out-of-control cases,
respectively. We can then use T 5 tj, j 5 0, 1 to refer to
the two cases concurrently, where {Xi} would have
corresponding p.d.f. fj and c.d.f. Fj. For example, under
this notation, we have ARLj 5 J(tj).

3.1. Control Limits
We consider the constant control limits case first:

l 5 LCLi, u 5 UCLi.

If u is a parameter in both LCL and UCL, as is typically
the case, then the chain rule can be applied to obtain
the sensitivities

dE@L#

du
5

dE@L#

du
du
du

1
dE@L#

dl
dl
du

.

Since the control limits are not distributional parameters,
the straightforward LRM cannot be applied, although it is
possible that the “push out” method could be applicable
(cf. Rubinstein and Shapiro 1993). For example, in the
Shewhart chart case, the control limits are usually of the
form m 6 ks/=n, so that derivatives with respect to the
control limits are related to other derivatives.

Right-hand and left-hand derivative PA estimators
can be derived by considering Du . 0 and Du , 0,
respectively. In the former case, the analysis centers on
the possibility that an increase in the upper control limit
could cause the run length to be extended beyond the
current stopping time (see Figure 1), whereas in the latter
case, a decrease in the upper control limit could cause
the run length to be shortened to any of the earlier
samples (see Figure 2). In the Appendix, we provide the
detailed derivation and establish unbiasedness for the
following PA estimators:

SdARLj

du D
PA,R

5
fj~c L

21~u, YL21!!

1 2 Fj~c L
21~u, YL21!!

dc L
21~u, YL21!

du

3 J~t j, c~X, u!!1$YL . u%, (8)

SdARLj

du D
PA,L

5 O
i,L

fj~c i
21~u, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!

3
dc i

21~u, Yi21!

du
J~t j, c~X, u!!, (9)

Figure 1 Extension of Run Length Caused by Positive Perturbation in
Upper Control Limit

Figure 2 Shortening of Run Length Caused by Negative Perturbation in
Upper Control Limit
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where X ; F j and c i
21( z , z ) denotes the inverse with

respect to the first argument, so that

Xi 5 c 21~Yi, Yi21!, i . 1, c 1
21~w, y! 5 w.

For example, we have for the EWMA control chart:

c i
21~w, y! 5 H w i 5 1,

~w 2 ~1 2 a!y!/a i . 1, (10)

dc i
21~w, y!

dw
5 a 21$i.1% 5 H 1 i 5 1,

1/a i . 1. (11)

In (8), the first two terms represent the probability rate
that the run length at L will be extended, with the J
term giving the expected length of the extension and
the indicator term imposing the condition that this
extension can only take place if the out-of-control
signal was a violation of the upper control limit. In (9),
the first two terms represent the probability rate that
the run length at L will be shortened, with the J term
again giving the expected amount shortened at sample
i, and the summation over i , L indicating that the
shortening can take place at any of the earlier samples.
In terms of practical implementation, the estimators
may require an additional simulation to estimate the
term J(t j, c(X, u)).

In a similar fashion, the following unbiased estima-
tors can be derived:

SdARLj

dl D
PA,R

5 2O
i,L

fj~c i
21~l, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!

3
dc i

21~l, Yi21!

dl
J~t j, c~X, l!!, (12)

SdARLj

dl D
PA,L

5 2
fj~c L

21~l, YL21!!

Fj~c L
21~l, YL21!!

dc L
21~l, YL21!

du

3 J~t j, c~X, l!!1$YL , l%. (13)

Example 1. Shewhart chart: J(t j, c(X, u)) 5 J(t j,
c(X, l )) 5 E[L] 5 E[(L 2 i)|L . i]

SdARLj

du D
PA,R

5
fj~u!

1 2 Fj~u!
1$XL . u% z L,

SdARLj

du D
PA,L

5 O
i,L

fj~u!

Fj~u! 2 Fj~l!
~L 2 i!

5
fj~u!

Fj~u! 2 Fj~l!
L~L 2 1!

2
,

SdARLj

dl D
PA,R

5 2O
i,L

fj~l!
Fj~u! 2 Fj~l!

~L 2 i!

5 2
fj~l!

Fj~u! 2 Fj~l!
L~L 2 1!

2
,

SdARLj

dl D
PA,L

5 2
fj~l!
Fj~l!

1$XL , l% z L.

In this case, no additional simulation is required for
any of the four estimators.

Example 2. EWMA chart:

SdARLj

du D
PA,R

5
fj~c L

21~u, YL21!!

1 2 Fj~c L
21~u, YL21!!

a 21$L.1%

3 J~t j, aX 1 ~1 2 a!u!1$YL . u%,

SdARLj

du D
PA,L

5 O
i,L

fj~c i
21~u, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!
a 21$i.1%

3 J~t j, aX 1 ~1 2 a!u!,

SdARLj

dl D
PA,R

5 2O
i,L

fj~c i
21~l, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!
a 21$i.1%

3 J~t j, aX 1 ~1 2 a!l!,

SdARLj

dl D
PA,L

5 2
fj~c L

21~l, YL21!!

Fj~c L
21~l, YL21!!

a 21$L.1%

3 J~t j, aX 1 ~1 2 a!l!1$YL , l%,
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where c i
21 is given by (10). In this case, additional simula-

tion will be required for all of the estimators. The additional
simulation is used to estimate ARLj for the cases where the
initial condition is given by Y1 5 aX1 1 (1 2 a)u and Y1

5 aX1 1 (1 2 a)l, instead of the usual Y1 5 X1.
Next we consider the general case where the control

limits are also indexed by the sample number, i.e., we
have a sequence {[l i, u i]}. We can use the chain rule to
find sensitivities as follows:

­E@L#

­u
5 O

i

­E@L#

­ui

­ui

­u
1 O

i

­E@L#

­li

­li

­u
,

so for example this includes the constant control limit
chart as a special case.

For the right-hand (left-hand) derivative w.r.t. u i

(l i), we can only have a change if L 5 i, so there is no
longer a summation. Otherwise, similar to before, our
estimators are the following:

SdARLj

dui
D

PA,R

5
fj~c i

21~ui, Yi21!!

1 2 Fj~c i
21~ui, Yi21!!

dc i
21~ui, Yi21!

dui

3 J~t j, c~X, ui!!1$YL . uL%1$L 5 i%,

SdARLj

dui
D

PA,L

5
fj~c i

21~ui, Yi21!!

Fj~c i
21~ui, Yi21!! 2 Fj~c i

21~li, Yi21!!

3
dc i

21~ui, Yi21!

dui
J~t j, c~X, ui!!1$L . i%,

SdARLj

dli
D

PA,R

5 2
fj~c i

21~li, Yi21!!

Fj~c i
21~ui, Yi21!! 2 Fj~c i

21~li, Yi21!!

3
dc i

21~li, Yi21!

dli
J~t j, c~X, li!!1$L . i%,

SdARLj

dli
D

PA,L

5 2
fj~c i

21~li, Yi21!!

Fj~c i
21~li, Yi21!!

dc i
21~li, Yi21!

dli

3 J~t j, c~X, li!!1$YL , lL%1$L 5 i%.

3.2. Process Distribution
Next, we consider derivatives with respect to param-
eters m j in the process sampling distributions, F j ( j
5 0, 1). Since m j is a distributional parameter,
straightforward LR can be applied via (6) to give the
following estimator:

SdARLj

dm j
D

LR

5 L z O
i51

L d ln fj~Xi!

dm j
. (14)

Note that the form of this estimator is independent of
the form of the control chart, i.e., the only dependence
on c is through L. This makes the estimator extremely
easy to implement. In addition, unbiasedness will
hold under standard conditions on the sampling dis-
tribution, e.g., all common continuous distributions
such as the normal, lognormal, and gamma distribu-
tions will satisfy the conditions. As an example, for the
usual normal distribution assumption on {X i}, with
mean m j and standard deviation s, we have the
following:

SdARLj

dm j
D

LR

5 L z O
i51

L Xi 2 m j

s 2 , (15)

SdARLj

ds D
LR

5 L z O
i51

L S ~Xi 2 m j!
2

s 3 2
1
sD . (16)

For the PA estimator, the effect of changing a
parameter in F j is to cause a shift in {X i}, which is
similar to shifting both of the control limits simulta-
neously. First, we recall the standard PA form for the
derivative of a random variable with respect to a
parameter u in its known distribution:

dX
du

5 2
dFj~X; u!/du

fj~X; u!
. (17)

Common cases are dX/du 5 1 when u is a location
parameter (as in the mean of a normal distribution or
a uniform distribution); and dX/du 5 X/u when u is
a scale parameter (as in the mean of an exponential
distribution).

Since the control chart has dependence on previous
data in the general form of the chart given by (1), the
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relationship between Y i and X i is used to “propagate”
perturbations. Differentiating, we have

dYi

du
5

dc

dXi

dXi

du
1

dc

dYi21

dYi21

du
, i . 1,

dY1

du
5

dX1

du
.

(18)

In particular, for the EWMA control chart, we have

dYi

du
5 a

dXi

du
1 ~1 2 a!

dYi21

du
, i . 1,

dY1

du
5

dX1

du
.

(19)

The general form of the estimator is then derived by
considering the possible changes in X i caused by a
change in m j. If they are positively correlated, then the
estimator is given by the negative of the sum of the
two left-hand derivative estimators w.r.t. the control
limits, whereas if they are negatively correlated, then
the estimator is given by the sum of the two right-
hand derivative estimators w.r.t. the control limits.
Thus, the final estimator can be written as follows:

SdARLj

dm j
D

PA

5 SdYL

dm j
D 2

1$YL . u%
fj~c L

21~u, YL21!!

1 2 Fj~c L
21~u, YL21!!

3
dc L

21~u, YL21!

du
J~t j, c~X, u!!

2 O
i,L

fj~c i
21~l, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!

3
dc i

21~l, Yi21!

dl SdYi

dm j
D 2

J~t j, c~X, l!!

1 SdYL

dm j
D 1

1$YL , l%
fj~c L

21~l, YL21!!

Fj~c L
21~l, YL21!!

3
dc L

21~l, YL21!

dl
J~t j, c~X, l!!

2 O
i,L

fj~c i
21~u, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!

3
dc i

21~u, Yi21!

du SdYi

dm j
D 1

J~t j, c~X, u!!, (20)

where x1 5 max( x, 0) and x2 5 max(2x, 0). Note
that at most two of the four terms will be nonzero for
a given case, since the sign of d/dm j is either positive
or negative.

Example 1. Shewhart chart:

SdARLj

dm j
D

PA

5 S fj~u!

1 2 Fj~u!
1$XL . u% z L

2
fj~l!

Fj~u! 2 Fj~l!
L~L 2 1!

2 D1H dX
dm j

, 0J
1 S fj~l!

Fj~l!
1$XL , l% z L

2
fj~u!

Fj~u! 2 Fj~l!
L~L 2 1!

2 D1H dX
dm j

. 0J .

Example 2. EWMA chart:

SdARLj

dm j
D

PA

5 SdYL

dm j
D 2

1$YL . u%
fj~c L

21~u, YL21!!

1 2 Fj~c L
21~u, YL21!!

a 21$L.1%

3 J~t j, c~X, u!!

2 O
i,L

fj~c i
21~l, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!
a 21$i.1%

3 SdYi

dm j
D 2

J~t j, c~X, l!! 1 SdYL

dm j
D 1

1$YL , l%

3
fj~c L

21~l, YL21!!

Fj~c L
21~l, YL21!!

a 21$L.1%J~t j, c~X, l!!

2 O
i,L

fj~c i
21~u, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!
a 21$i.1%

3 SdYi

dm j
D 1

J~t j, c~X, u!!.

Next, we note that we can also consider derivatives
with respect to parameters in the relationship c itself,
as well. For example, in the case of the EWMA control
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chart, one might be interested in sensitivities with
respect to the smoothing constant a. Again, we simply
differentiate the relationship to obtain a propagation
rule:

dYi

da
5 Xi 2 Yi21, (21)

which is used in the estimator (20) above.

4. Process Shift ARL
Now we consider the case where the process begins in
control and goes out of control after a random time T.
Thus, the distribution of each X i depends on T, so that
L also depends on T implicitly. The dependence of
{X i} on T is not on the actual value of T, but just on
which sampling interval it occurs. Therefore, we de-
fine the index random variable for the last in-control
sample taken (refer to Figure 3)

h 5 max$j : hj , T%

i.e.,

Xi , H F0 for i # h,
F1 for i . h.

4.1. Control Limits
These estimators resemble very closely the corre-
sponding in-control and out-of-control estimators,
with the following exceptions:

• The initial condition on the additional run length
involves the residual time of T at the time of the
out-of-control signal;

• The probability rate term is replaced with a ran-
dom distribution G i, equal to either F 1 or F 0 depend-
ing on whether the out-of-control signal is a true or
false alarm, respectively.
Otherwise proceeding in the same manner, we obtain
the following estimators:

SdARLj

du D
PA,R

5
gL~c L

21~u, YL21!!

1 2 GL~c L
21~u, YL21!!

dc L
21~u, YL21!

du

3 J~tres, c~X, u!!1$YL . u%, (22)

SdARLj

du D
PA,L

5 O
i,L

gi~c i
21~u, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!

3
dc i

21~u, Yi21!

du
J~tres, c~X, u!!, (23)

SdARLj

dl D
PA,R

5 2O
i,L

gi~c i
21~l, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!

3
dc i

21~l, Yi21!

dl
J~tres, c~X, l!!, (24)

SdARLj

dl D
PA,L

5 2
gL~c L

21~l, YL21!!

GL~c L
21~l, YL21!!

dc L
21~l, YL21!

dl

3 J~tres, c~X, l!!1$YL , l%,
(25)

where

tres 5 ~T 2 hL! 1 (26)

is the residual time until the system actually goes out
of control from the epoch at which an out-of-control
signal is declared. Thus, if T # hL, the system is
already out of control, and hence the residual time is
zero.

Example 1. Shewhart chart:

SdARLj

du D
PA,R

5
gL~u!

1 2 GL~u!
J~tres!1$XL . u%, (27)

SdARLj

du D
PA,L

5 O
i,L

gi~u!

Gi~u! 2 Gi~l!
J~tres!, (28)

SdARLj

dl D
PA,R

5 2O
i,L

gi~l!
Gi~u! 2 Gi~l!

J~tres!, (29)

Figure 3 Relationship Between n, T, and h
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SdARLj

dl D
PA,L

5 2
gL~l!
GL~l!

J~tres!1$XL , l%. (30)

Example 2. EWMA chart: c i
21 given by (10):

SdARLj

du D
PA,R

5
gL~c L

21~u, YL21!!

1 2 GL~c L
21~u, YL21!!

a 21$L.1%

3 J~tres, c~X, u!!1$YL . u%, (31)

SdARLj

du D
PA,L

5 O
i,L

gi~c i
21~u, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!
a 21$i.1%

3 J~tres, c~X, u!!, (32)

SdARLj

dl D
PA,R

5 2O
i,L

gi~c i
21~l, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!
a 21$i.1%

3 J~tres, c~X, l!!, (33)

SdARLj

dl D
PA,L

5 2
gL~c L

21~l, YL21!!

GL~c L
21~l, YL21!!

a 21$L.1%

3 J~tres, c~X, l!!1$YL , l%. (34)

For the general case where the control limits are also
indexed by the sample number, {[l i, u i]}:

SdARLj

dui
D

PA,R

5
gi~c i

21~ui, Yi21!!

1 2 Gi~c i
21~ui, Yi21!!

dc i
21~ui, Yi21!

dui

3 J~tres, c~X, ui!!1$YL . uL%1$L 5 i%,

SdARLj

dui
D

PA,L

5
gi~c i

21~ui, Yi21!!

Gi~c i
21~ui, Yi21!! 2 Gi~c i

21~li, Yi21!!

3
dc i

21~ui, Yi21!

dui
J~tres, c~X, ui!!1$L . i%,

SdARLj

dli
D

PA,R

5 2
gi~c i

21~li, Yi21!!

Gi~c i
21~ui, Yi21!! 2 Gi~c i

21~li, Yi21!!

3
dc i

21~li, Yi21!

dli
J~tres, c~X, li!!1$L . i%,

SdARLj

dli
D

PA,L

5 2
gi~c i

21~li, Yi21!!

Gi~c i
21~li, Yi21!!

dc i
21~li, Yi21!

dli

3 J~tres, c~X, li!!1$YL , lL%1$L 5 i%.

4.2. In-Control and Out-of-Control Process
Parameters

Similar to the case of the in-control and out-of-control
ARLs, we can easily derive estimators for parameters
in the in-control and out-of-control sampling distribu-
tions. Basically, the only difference in the estimators is
that there are nonzero contributions only when the
sampling distribution being used for X i is the one in
which the parameter m j enters:

dXi

dm0
5

d ln gi~ z !

dm0
5 0 for i $ T/h ~where Xi , F1!,

(35)

and

dXi

dm1
5

d ln gi~ z !

dm1
5 0 for i , T/h ~where Xi , F0!.

(36)

Recall that the random variable T is assumed indepen-
dent of m0 and m1.

Again, straightforward LR can be applied to give
the following estimator:

SdARLT

dm j
D

LR

5 L z O
i51

L d ln gi~Xi!

dm j
. (37)

Similarly, we can derive the following PA estimator:
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SdARLT

dm j
D

PA

5 SdYL

dm j
D 2

1$YL . u%
gL~c L

21~u, YL21!!

1 2 GL~c L
21~u, YL21!!

3
dc L

21~u, YL21!

du
J~tres, c~X, u!!

2 O
i,L

gi~c i
21~l, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!

3
dc i

21~l, Yi21!

du SdYi

dm j
D 2

J~tres, c~X, l!!

1 SdYL

dm j
D 1

1$YL , l%
gL~c L

21~l, YL21!!

GL~c L
21~l, YL21!!

3
dc L

21~l, YL21!

du
J~tres, c~X, l!!

2 O
i,L

gi~c i
21~u, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!

3
dc i

21~u, Yi21!

du SdYi

dm j
D 1

J~tres, c~X, u!!. (38)

Example 1. Shewhart chart: tres given by (26),

SdARLT

dm j
D

PA

5 SdXL

dm j
D 2

1$XL . u%
gL~u!

1 2 GL~u!
J~tres!

2 O
i,L

gi~l!
Gi~u! 2 Gi~l! SdXi

dm j
D 2

J~tres!

1 SdXL

dm j
D 1

1$XL , l%
gL~l!
GL~l!

J~tres!

2 O
i,L

gi~u!

Gi~u! 2 Gi~l! SdXi

dm j
D 1

J~tres!. ~39!

Note that if T is exponentially distributed, then by the
memoryless property, J(t res) can be replaced by L, and
no extra simulation is required.

Example 2. EWMA chart: tres given by (26),

SdARLT

dm j
D

PA

5 SdYL

dm j
D 2

1$YL . u%
gL~c L

21~u, YL21!!

1 2 GL~c L
21~u, YL21!!

a 21$L.1%

3 J~tres, c~X, u!!

2 O
i,L

gi~c i
21~l, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!
a 21$i.1%

3 SdYi

dm j
D 2

J~tres, c~X, l!! 1 SdYL

dm j
D 1

1$YL , l%

3
gL~c L

21~l, YL21!!

GL~c L
21~l, YL21!!

a 21$L.1%J~tres, c~X, l!!

2 O
i,L

gi~c i
21~u, Yi21!!

Gi~c i
21~u, Yi21!! 2 Gi~c i

21~l, Yi21!!
a 21$i.1%

3 SdYi

dm j
D 1

J~tres, c~X, u!!. (40)

4.3. Sampling Frequency
We now consider the case where the parameter is h, the
sampling interval. Since this is a structural parameter,
the straightforward LRM is not applicable, so we con-
sider only the PA estimator. The key characteristic in the
analysis is to note that a change in the sampling interval
may cause a change in the sample number in which the
out-of-control signal is declared. Consider the right-hand
estimator, Dh . 0. Writing h(h) to denote the dependence
of h on the sampling interval, we observe increasing the
sampling interval may cause the interval in which the
process actually goes out of control to decrease, specifi-
cally h(h 1 Dh) 5 h(h) 2 1, which would imply that for
h 1 Dh, we would have

Xi , H F0 for i # h 2 1,
F1 for i . h 2 1,

so that the distribution of X h would change. In other
words, T has shifted from falling in the interval [hh,
(h 1 1)h) to falling in the preceding interval (see
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Figure 4). Based on this critical event change, one
can derive the following estimator (see the Appen-
dix):

SdARLT

dh D
PA,R

5
h z f~hh!

F~~h 1 1!h! 2 F~hh!
@J~@hh#2! 2 L#,

@x#2 5 ~x 2 e!, e3 0 1. (41)

Similarly, one can derive the following left-hand
derivative estimator:

SdARLT

dh D
PA,L

5
~h 1 1! z f~~h 1 1!h!

F~~h 1 1!h! 2 F~hh!

3 @L 2 J~@~h 1 1!h#1!#,

@x#1 5 ~x 1 e!, e3 0 1. (42)

If T is a continuous random variable, it can be easily
shown

E@J~@hh#2!# 5 E@J~T 2 h!#,

E@J~@~h 1 1!h#1!# 5 E@J~T 1 h!#.

In general, the estimators require one additional
quantity to be estimated by simulation. However, in
the case of the Shewhart chart, two particular coupling
constructions (see Fu and Hu 1997b for details) can be
used to derive efficient estimators for the expected
values of J([hh]2) 2 L and L 2 J([(h 1 1)h]1), which
in turn lead to the following estimators that require
only the customary in-control and out-of-control
ARLs:

SdARLT

dh D
PA,R1

5
h z f~hh!

F~~h 1 1!h! 2 F~hh!
@~h 2 L!1$h , L,

3 F 1
21~F0~Xh!!¸@LCL, UCL#%

1 ARL1 z 1$h 5 L,

3 F 1
21~F0~Xh!! [ @LCL, UCL#%#,

SdARLT

dh D
PA,R2

5
h z f~hh!

F~~h 1 1!h! 2 F~hh!
@~21!1$h , L%

1 ARL1 z 1$h 5 L, Xh11 [ @LCL, UCL#%#,

SdARLT

dh D
PA,L1

5 2
~h 1 1! z f~~h 1 1!h!

F~~h 1 1!h! 2 F~hh!
@~~h 1 1! 2 L!

3 1$h 1 1 , L, F 0
21~F1~Xh!!¸@LCL, UCL#%

1 ARL1 z 1$~h 1 1!h 5 L,

3 F 0
21~F1~Xh!! [ @LCL, UCL#%#,

SdARLT

dh D
PA,L2

5 2
~h 1 1! z f~~h 1 1!h!

F~~h 1 1!h! 2 F~hh!
@~~h 1 1! 2 L!

3 1$~h 1 1! , L, X̃¸@LCL, UCL#%

1 1$h 1 1 , L, X̃ [ @LCL, UCL#%

1 ARL1 z 1$h 1 1 5 L, X̃ [ @LCL, UCL#%#.

4.4. Process “Drift” Parameters
Next, we consider sensitivities to parameters that
enter the dynamics of the process going from in
control to out of control. In particular, we consider the
derivative with respect to g, a parameter in the distri-
bution of T.

Figure 4 Potential Change Caused by Perturbation Dh . 0
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Since g is a distributional parameter, straightfor-
ward LR can be applied to give

SdARLT

dg D
LR

5 L z
d ln f~T!

dg
. (43)

Note that in contrast to the previous LR estimators
given by (14) and (37), this one just has a single
multiplicative term and not a sum of a possibly large
number of terms, the latter of which can cause an
undesirable linear growth in the variance of the esti-
mator. Thus, one would expect this estimator (43) to
have relatively low variance.

For the PA estimator, a little thought reveals that the
resulting estimator is similar to the previous one, since
the change occurs only in the timing of the samplings.
The only differences are the following: DT , 0
corresponds to Dh . 0, DT . 0 corresponds to Dh
, 0, and the probability rate term is slightly different,
as computed in the Appendix. Thus, we have the
following estimators:

SdARLT

dg D
PA,R

5
2f~hh!

F~~h 1 1!h! 2 F~hh!

dT
dg

U
T5hh

3 @J~@hh#2! 2 L#, (44)

SdARLT

dg D
PA,L

5
2f~~h 1 1!h!

F~~h 1 1!h! 2 F~hh!

dT
dg

U
T5~h11!h

3 @L 2 J~@~h 1 1!h#1!#. (45)

As in the previous section, for the Shewhart control
chart an efficient estimator can be derived by using
either of the two coupling constructions discussed in
the Appendix for estimating the expected values of
J([hh]2) 2 L and L 2 J([h 1 1)h]2).

5. Implementation of the Estimators
In this section, we summarize the practical implemen-
tation of the various estimators. The LR estimators
never require any additional simulation wherever
applicable (the same is true for the IPA estimator,
which is not applicable in this problem setting at all)
and are always straightforward to implement. PA
estimators based on SPA often require additional
simulation to estimate quantities that are not available

explicitly in the original simulation. In Fu and Hu
(1992), it is noted that this could lead to an impractical
amount of extra computation. However, for the prob-
lem considered here, the amount of extra burden is
quite minimal, being on the order of one additional
simulation or less. The quantities to be estimated in
the PA estimators are just ARLs that can be easily
estimated by simulations with different starting con-
ditions on T and Y 1. Hence, all of the estimators are at
least as efficient as finite differences in terms of
amount of simulation required to generate an esti-
mate. However, the precision of the estimators is just
as important and will be tested for some examples in
the next section.

6. Numerical Results
Numerical properties of the estimators were investi-
gated via simulation examples for the Shewhart and
EWMA charts. We purposely selected most of the
examples to be cases where analytical results are
available in order to easily judge the accuracy of the
estimates. The applicability of the estimators, how-
ever, is far wider than the examples considered here.
For sensitivities with respect to control limits, we
compared the PA estimates with brute-force finite
difference (FD) estimates, particularly with symmetric
difference (SD) estimates using common random
numbers. For sensitivities with respect to parameters
in the sampling distributions and the process shift
timing distribution, we compared all three of the PA,
LR, and SD estimates.

The various cases are based on the following distri-
butions and parameter settings:

• normal sampling distribution F j with s/=n 5 1,
m 0 5 0 and m1 5 0.1, 1.0, 3.0, corresponding to small,
moderate, and large shifts, respectively;

• 95% and 99.5% control limits corresponding to 61.96
and 62.81, respectively (and hence, in-control ARLs of 20
and 200, respectively, for the Shewhart chart);

• exponential distribution F with mean g 5 20 for
the process shift time T.
Without loss of generality, we took the sampling fre-
quency to be h 5 1. As shown in the tables displaying the
results, not every combination was simulated. For the
EWMA chart, the control limits were set at 61.94 for m1

FU AND HU
Efficient Design and Sensitivity Analysis of Control Charts

Management Science/Vol. 45, No. 3, 1999 407



5 0.25, 1.0, 3.0, yielding respective theoretical ARLs of
61.1, 10.6, 1.4, respectively, and an in-control ARL of 82.5
(Crowder 1987). In considering the process shift dynam-
ics, only the Shewhart chart with wider control limits
was considered. We report the results for derivatives
with respect to the control limits, the process means, and
the process shift time mean. Omitted is the derivative
with respect to sampling frequency, since it yields basi-
cally an identical PA estimator to that for the process
shift mean.

Each case was run for 10,000 replications, and
Tables 1 through 3 report the results in the form of the
sample mean with standard error in parentheses;
“ana” indicates analytical results where available. For
the PA estimators that require extra simulation, we
performed only one additional run, so the computa-
tional burden would not exceed that of the SD estima-
tor. Finally, the variance of the SD estimator of course
decreases as the difference size D is increased, but at
the cost of bias. Different sizes for D were tried; the
results reported here are for D 5 0.1, which gave
reasonable variance without introducing too much
bias. (For example, biases of well over 10% of the
mean were obtained for the control limit derivatives
when D 5 0.5 was used.)

The simulation results indicate that the PA esti-
mates are generally superior to SD estimates, but some
estimators are more promising than others. Table 4
takes a closer look at the variance estimates in the
most promising setting, the RH PA estimator with
respect to the control limits. In order to obtain approx-
imately valid confidence intervals using standard sta-
tistical estimation (i.e., via the chi-squared distribu-
tion), we used a batched estimator with batches of size
5, giving a total of 20,000 samples. For further com-
parison, the variances of SD estimators without com-
mon random numbers (CRN)—i.e., using indepen-
dent streams—are also reported. The results indicate
that the variance reduction of the PA estimator over
SD is statistically significant and can be quite substan-
tial, exceeding that in going from independent SD to
CRN SD, and achieving two orders of magnitude
reduction in one case (implying the need for over 100
times more replications for SD than for PA to obtain
the same precision). Greater variance reduction is
achieved for moderate to large shifts (one standard
deviation or more) in the process.

The LR estimates are worse than SD estimates for all
cases, except the case with respect to a parameter in
the process shift distribution, when it also beat the PA

Table 1 Shewhart Chart Derivative Estimators: Mean (Standard Error)

m

Control
Limits

ARL d/du d/dl d/dm

sim ana PA, L PA, R SD ana PA, L PA, R SD ana PA LR SD ana

0.0 61.96 19.9 20.0 23.3 23.4 23.4 23.4 223.1 223.3 221.9 223.4 20.2 2.4 21.5 0.0
(0.2) (0.5) (0.4) (0.7) (0.4) (0.5) (0.7) (0.5) (2.0) (0.8)

0.0 62.81 200.6 200.0 306 306 302 314 2317 2306 2300 2314 11.2 25.3 26.5 0.0
(2.0) (6.8) (5.2) (7.7) (5.4) (6.8) (7.8) (5.9) (64.9) (9.2)

0.1 61.96 19.4 19.5 26.6 27.0 26.9 27.0 218.0 218.0 218.2 218.3 28.7 26.4 29.0 28.8
(0.2) (0.6) (0.4) (0.7) (0.4) (0.4) (0.6) (0.6) (1.9) (0.8)

0.1 62.81 191.9 193.4 373 373 377 379 2218 2212 2206 2216 2155 2124 2159 2163
(1.9) (8.6) (5.4) (8.4) (4.6) (4.9) (6.4) (8.1) (61.2) (9.0)

1.0 61.96 5.8 5.9 8.4 8.6 8.4 8.7 20.18 20.17 20.15 20.17 28.3 27.5 28.2 28.5
(0.1) (.18) (.08) (.21) (.02) (.001) (.03) (.18) (.35) (.21)

1.0 62.81 28.1 28.4 59.5 61.8 60.9 62.5 20.28 20.22 20.25 20.23 259.3 258.9 260.5 262.3
(0.3) (1.3) (0.6) (1.3) (.08) (.004) (.08) (1.2) (3.9) (1.3)

3.0 61.96 1.2 1.2 0.32 0.32 0.35 0.32 0.00 0.00 0.00 0.00 20.32 20.31 20.35 20.32
(.00) (.01) (.001) (.02) (.000) (.000) (.000) (.01) (.01) (.02)

3.0 62.81 1.8 1.74 1.20 1.19 1.14 1.18 0.00 0.00 0.00 0.00 21.20 21.20 21.14 21.18
(.01) (.03) (.01) (.04) (.000) (.000) (.000) (.03) (.05) (.04)
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estimates. This is because there is only a single ran-
dom variable involved in the estimator, so the usual
increasing (with length of simulation run) variance
problem is absent.

7. Summary and Avenues for
Further Research

We have derived PA and LR sensitivity estimators for
control charts that can be efficiently implemented

when Monte Carlo simulation is used for performance
evaluation. Such estimators are useful for sensitivity
analysis and optimization in the design of control
charts. We considered the average run length perfor-
mance measure and a fairly general control chart that
includes both the Shewhart chart and the EWMA
chart as special cases. Simulations performed on a few
examples indicate that the RH PA estimators w.r.t. the
control limits and the LR estimators w.r.t. a parameter

Table 3 EWMA Charts: Mean (Standard Error) a 5 0.75, LCL/UCL 5 6 1.94, s/=n 5 1

m ARL

d/du d/dl d/dm

PA, L PA, R SD PA, L PA, R SD PA LR SD

0.0 79.6 145.9 150.4 147.2 2145.3 2147.8 2145.2 20.5 0.1 23.8
(0.8) (2.5) (2.6) (3.4) (2.6) (2.6) (3.5) (3.0) (16.6) (4.0)

0.25 58.4 162.0 163.7 169.8 234.5 236.1 234.3 2127.5 2124.6 2125.2
(0.6) (2.9) (1.9) (3.3) (1.3) (0.6) (1.4) (3.0) (11.7) (3.2)

1.0 9.3 19.8 19.8 19.9 20.09 20.10 20.09 219.7 217.4 219.8
(0.1) (.37) (.20) (.43) (.02) (.001) (.03) (.37) (.87) (.43)

2.0 2.1 2.01 2.02 1.98 0.00 0.00 0.00 22.01 21.93 21.98
(.02) (.04) (.02) (.06) (.00) (.00) (.00) (.04) (.08) (.06)

3.0 1.2 0.34 0.34 0.37 0.00 0.00 0.00 20.34 20.33 20.37
(.00) (.01) (.002) (.02) (.00) (.00) (.00) (.01) (.02) (.02)

Table 2 Shewhart Charts with Process Dynamics: Mean (Standard Error) LCL/UCL 5 6 2.81, s/=n 5 1, m 0 5 0, T , exp(20)

m1

ARL d/du d/dl

sim ana PA, L PA, R SD ana PA, L PA, R SD ana

1.0 192.3 194.12 365.1 366.8 365.8 372.4 2225.1 2219.4 2215.9 2223.7
(1.9) (8.5) (5.3) (8.3) (4.8) (5.0) (6.6)

1.0 43.2 43.7 60.3 62.2 60.9 63.0 26.0 26.1 25.7 26.2
(0.3) (1.2) (0.6) (1.3) (0.4) (0.1) (0.4)

3.0 19.1 19.4 3.64 3.91 3.40 3.73 22.65 22.57 22.38 22.65
(0.2) (.06) (.18) (.21) (.18) (.05) (.20)

m1

d/dm 0 d/dm 1 d/dE[T]

PA LR SD ana PA LR SD ana PA, L PA, R LR SD ana

0.1 22.5 12.2 1.5 0.00 2137.5 2129.0 2140.8 2148.7 20.04 0.17 0.03 0.24 0.03
(1.7) (11.7) (2.8) (9.4) (61) (8.6) (.08) (.14) (.14) (.26)

1.0 20.04 4.1 20.4 0.00 254.3 253.9 254.7 256.8 0.67 0.78 0.68 0.60 0.71
(.38) (2.9) (.62) (1.2) (4.5) (1.2) (.08) (.09) (.04) (.16)

3.0 0.08 20.3 0.04 0.0 21.1 21.1 21.1 21.1 0.79 0.79 0.79 0.76 0.82
(.18) (1.9) (.28) (.03) (0.3) (.04) (.02) (.02) (.03) (.03)
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in the process shift dynamics offer the potential for
significant variance reduction over standard CRN SD
estimators.

Although ARL performance measures are the most
commonly used, in cases where the sample size
and/or sampling interval are variable, other appropri-
ate performance measures such as average time to
signal and average number of observations to signal
can also be handled. Also, the techniques are not
restricted to just the mean of the process.

Application of the estimators to the economic opti-
mal design of control charts is one natural avenue of
research to pursue. In this approach, costs and profits
are attached to various actions such as sampling and
testing, investigation and correction, good production
and nonconformance. Montgomery (1996) devotes a
chapter to the problem of economic design; see also
Ho and Case (1994) for a literature review. The focus
has been on deriving analytical expressions for the
time-average cost; in general, only the Shewhart case
has yielded analytically tractable solutions, and, even

in these cases, one must usually employ numerical
analysis techniques to search for the optimum. A very
general formulation of the economic design problem
proposed by Lele (1997) assumes a control chart of the
form analyzed in this paper. For the Shewhart X-bar
charts, he was able to find the optimum design ana-
lytically, but for the EWMA charts and a Bayes’
procedure, he had to employ Monte Carlo simulation.
Derivatives were required in his solution procedure,
obtained using finite differences; this would be a
natural application for our approach, and is pursued
in Fu et al. (1999).1

1 M. C. Fu was supported in part by the National Science Founda-
tion under Grants NSF EEC-9402384 and DMI-9713720 and by a
1996 Summer Research Grant from the Maryland Business School.
J. Q. Hu was supported in part by the National Science Foundation
under Grants EEC-9527422 and DDM-9212368. The authors thank
the associate and departmental editors and two referees for useful
comments and suggestions that led to a much improved paper; the
inclusion of likelihood ratio estimators was suggested by the
associate editor.

Table 4 Variance Estimates for Shewhart Chart: Mean (95% c.i.) Based on 2000 Samples

m1

Control
Limits

Variance of dARL/dm Batched Estimator

Right-hand
(RH) PA SD CRN SD non-CRN

0.0 61.96 315 976 2634
(296 335) (919 1040) (2478 2805)

0.0 62.81 55428 138974 293651
(52146 59031) (130745 148009) (276263 312742)

0.1 61.96 326 1220 2865
(306 347) (1148 1300) (2696 3052)

0.1 62.81 57238 199348 361046
(53848 60959) (187545 212308) (339667 384518)

1.0 61.96 12.3 115 234
(11.6 13.2) (109 123) (221 250)

1.0 62.81 705 4858 7958
(663 750) (4571 5174) (7487 8475)

2.0 61.96 0.204 4.91 12.78
(0.192 0.217) (4.62 5.23) (12.02 13.61)

2.0 62.81 6.65 69.4 144.3
(6.25 7.08) (65.2 73.9) (135.8 153.7)

3.0 61.96 0.003 0.52 1.33
(0.003 0.003) (0.49 0.55) (1.25 1.42)

3.0 62.81 0.12 3.09 8.60
(0.11 0.13) (2.90 3.29) (8.09 9.16)
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Appendix: Detailed Derivations and Theorems on
Unbiasedness
Details of the derivations are provided in these appendices, with the
exception of the coupling construction used in §4.3. Technical
conditions and a full proof of unbiasedness are provided for the first
case only. Due to space limitations here, refer to Fu and Hu (1997b)
for the remainder of the detailed derivations and technical unbi-
asedness theorems.

Section 3.1. Control Limits
We derive in detail the estimator for the upper control limit u, and
sketch the derivation for the lower control limit l. We consider both
the left-hand and right-hand derivatives. For Du . 0, it is obvious
that L(u 1 Du) Þ L(u) if and only if u , Y L(u) # u 1 Du, i.e.,

E@L~u 1 Du! 2 L~u!#

5 E@~L~u 1 Du! 2 L~u!!1~u , YL # u 1 Du!#.

In this case, the perturbation Du causes the test statistic to no longer
signal out of control, and hence the run length is extended as a
result (see Figure 1). In particular, we can think of the process as
starting over with a new initial condition c(X, Y L), i.e., the
additional length is equal to J(t j, c(X, Y L)). On the other hand,
letting z 5 (L, X 1, . . . , X L21), we have

E@~L~u 1 Du! 2 L~u!!1~u , YL # u 1 Du!#

5 E@E@~L~u 1 Du! 2 L~u!!1~u , YL # u 1 Du!uz##

5 E@E@~L~u 1 Du! 2 L~u!!uz, u , YL # u 1 Du#

3 1~YL . u!P~u , YL # u 1 Duuz, YL . u!#.

Note that in the last equation, we introduce the condition Y L . u so
that our estimator will be simpler; otherwise, the implicit condition
Y L ¸ [l, u] would have to be used in calculating P(u , Y L # u
1 Duz), resulting in a more complicated estimator.

Therefore, we have the probability rate term for the change is
calculated via

lim
Du30 1

P~u , YL # u 1 Duuz, YL . u!

Du

5 5
fj~c L

21~u, YL21!!

1 2 Fj~c L
21~u, YL21!!

dc L
21~u, YL21!

du
L . 1;

fj~u!

1 2 Fj~u!
L 5 1;

where c i
21( z , z ) denotes the inverse with respect to the first

argument. Also,

lim
Du30 1

E@~L~u 1 Du! 2 L~u!!uz, u , YL # u 1 Du#

5 lim
Du30 1

E@LuT 5 t j, Ỹ1 5 c~X1, YL!, u , YL # u 1 Du#

5 E@LuT 5 t j, Ỹ1 5 c~X1, u!#.

Putting this all together yields the final right-hand estimator for
dARL j/du, j 5 0, 1, given by (8). For unbiasedness, we need

lim
Du30

1
Du

E@L~u 1 Du! 2 L~u!#

5 E@ lim
Du30

E@~L~u 1 Du! 2 L~u!!uz, u , YL # u 1 Du#

3 1~YL . u!
1

Du
P~u , YL # u 1 Duuz, YL . u!G .

As usual, we use the dominated convergence theorem to establish
this. Basically, to apply the dominated convergence theorem the key
condition required is the bound

E@ sup
0#Du#e

E@LuT 5 t j, Ỹ1 5 c~X1, u 1 Du!#

3 1~YL . u!
1

Du
P~u , YL # u 1 Duuz, YL . u!G , `,

for any e . 0, for which the following conditions suffice to establish.

Condition (A1). c( z , z ) is continuously differentiable and strictly
increasing w.r.t. its first argument.

Condition (A2). c21( z , z ) is a decreasing function w.r.t. its second
argument,

U dc 21~x, z !

dx
U , K

for all x, where K . 0 is a constant, and Fj(c21(u, l )) , 1, for j 5 0, 1.

Condition (A3). uf j( x)u , K for all x, j 5 0, 1.

Condition (A4). E[LuT 5 t j, Ỹ 1 5 c(X 1, u 1 Du)] , K, for 0
# Du # e, j 5 0, 1.

The conditions on c in (A1) and (A2) are mild. For example, it can
easily be shown that the EWMA control chart satisfies them.
Condition (A3) is easily verifiable and holds for most of the
well-known distributions. On the other hand, (A4) is a technical
condition not as straightforward to verify as the other conditions,
but viewed as a bound on average run length, it is reasonable to
assume it holds for systems of practical interest.

Theorem 1. Under (A1)–(A4), (8) is an unbiased estimator for
dARL j/du, j 5 0, 1.

Proof. In the estimator (8), the existence of c21( z , z ) and its
differentiability are guaranteed by (A1). We note that due to (A4),
the actual quantity on which we need to establish a bound is

U 1
Du

P~u , YL # u 1 Duuz, YL . u!U .

Since c21( z , z ) is decreasing w.r.t. its second argument due to (A2)
and l # Y L21 # u,
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U 1
Du

P~u , YL # u 1 Duuz, YL . u!U

5 U 1
Du

Fj~c 21~u 1 Du, YL21!! 2 Fj~c 21~u, YL21!!

1 2 Fj~c 21~u, YL21!!
U

(using (A2) and (A3))

#
1

Du
Kuc 21~u 1 Du, YL21! 2 c 21~u, YL21!u

1 2 Fj~c 21~u, l!!
,

#
K 2

1 2 Fj~c 21~u, l!!
via (A2). h

For the left-hand derivative Du , 0, we know L(u 1 Du) Þ L(u) if
u 1 Du , Y i # u for some i , L. In this case, we have a larger set
of possible changes, in that any in-control signal prior to the first
out-of-control may be altered to out of control, thus shortening the
run length to that point (see Figure 2). If such a change occurs for
sample i, the run length is reduced to i, and we have

lim
Du30 2

E@~L~u 1 Du! 2 L~u!!uz, u 1 Du , Yi # u#

5 i 2 E@LuYi 5 u2, L . i, T 5 t j#

5 2E@LuT 5 t j, Ỹ1 5 c~X1, u!#.

For each term i, we condition on the set of all sample information
except X i itself, z i 5 {L, X 1, . . . , X L}\{X i}, so that the probability
rate term for the change is calculated via

lim
Du30 2

P~Yi . u 1 Duul # Yi # u!

Du

5 5
2

fj~c i
21~u, Yi21!!

Fj~c i
21~u, Yi21!! 2 Fj~c i

21~l, Yi21!!

dc i
21~u, Yi21!

du

L . 1;

fj~u!

Fj~u! 2 Fj~l!
L 5 1;

and the final left-hand estimator for dARL j/du is given by (9).

Section 4.3. Sampling Frequency
We condition on h(h) 5 i. By definition of h(h), we have hi , T
, h(i 1 1). Based on the possible values of h(h 1 Dh), we consider
four cases:

h~h 1 Dh! . i 1$T . ~h 1 Dh!~i 1 1!% 5 0 since Dh . 0;

h~h 1 Dh! , i 2 1 1$T # ~h 1 Dh!~i 2 1!% 5 0

for Dh , h/~i 2 1!;

h~h 1 Dh! 5 i L~h 1 Dh! 5 L~h!

if ~h 1 Dh!i , T # ~h 1 Dh!~i 1 1!;

h~h 1 Dh! 5 i 2 1 f~h 1 Dh!~i 2 1! # T , ~h 1 Dh!i.

Thus, we need only consider further the case (h 1 Dh)(i 2 1) # T
, (h 1 Dh)i. The probability rate term in this case is calculated in
the usual way by

P~h~h 1 Dh! 5 i 2 1uh~h! 5 i!

5 P~~i 2 1!~h 1 Dh! , T # i~h 1 Dh!uih , T # ~i 1 1!h!

5 P~ih , T # i~h 1 Dh!uih , T # ~i 1 1!h!, 0 , Dh , h/i

5
P~ih , T # i~h 1 Dh!!

P~ih , T # ~i 1 1!h!
5

F~i~h 1 Dh!! 2 F~ih!

F~~i 1 1!h! 2 F~ih!

f lim
Dh30

P~h~h 1 Dh! 5 i 2 1uh~h! 5 i!
Dh

5
i z f~ih!

F~~i 1 1!h! 2 F~ih!
,

and the final estimator is given by the following:

h z f~hh!

F~~h 1 1!h! 2 F~hh!
@L PP 2 L DNP#, (46)

where the three paths are defined as follows:
NP, the nominal (original) sample path: hh , T # (h 1 1)h;
DNP, the degenerated nominal path: T 5 [hh]1 f h DNP 5 h;
PP, the perturbed path: T 5 [hh]2 f h PP 5 h 2 1.
Since the run-length performance measure L does not depend on

the actual value of T but just on h, L is the same on DNP as on NP,
so L DNP 5 L and (46) yields (41).

We now turn to the left-hand derivative Dh , 0, to consider
P(h(h 1 Dh) 5 i 1 1uh(h) 5 i):

P~h~h 1 Dh! 5 i 1 1uh~h! 5 i!

5 P~~i 1 1!~h 1 Dh! , T # ~i 1 2!~h 1 Dh!uih , T # ~i 1 1!h!

5 P~~i 1 1!~h 1 Dh! , T # ~i 1 1!huih , T # ~i 1 1!h!,

2h~i 1 2! , Dh , 0

5
P~~i 1 1!~h 1 Dh! , T # ~i 1 1!h!

P~ih , T # ~i 1 1!h!

5
F~~i 1 1!h! 2 F~~i 1 1!~h 1 Dh!!

F~~i 1 1!h! 2 F~ih!

f lim
Dh30

P~h~h 1 Dh! 5 i 1 1uh~h! 5 i!
Dh

5 2
~i 1 1! z f~~i 1 1!h!

F~~i 1 1!h! 2 F~ih!
,

and the final estimator is given by the following:

~h 1 1! z f~~h 1 1!h!

F~~h 1 1!h! 2 F~hh!
@L DNP 2 L PP#, (47)

where the three paths are defined as follows:
NP, the nominal (original) sample path: hh , T # (h 1 1)h;
DNP, the degenerated nominal path: T 5 [(h 1 1)h]2 f hDNP 5 h;
PP, the perturbed path: T 5 [(h 1 1)h]1 f h PP 5 h 1 1.
Again, since L is the same on DNP as on NP, we have L DNP 5 L,

and the estimator (47) corresponds to (42).
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Section 4.4. Process “Drift” Parameters
To obtain the left-hand derivative given by (44), consider the
probability rate for DT , 0:

P~h~T 1 DT! 5 i 2 1uh~T! 5 i!

5 P~~i 2 1!h , T 1 DT # ihuih , T # ~i 1 1!h!

5 P~ih , T # ih 2 DTuih , T # ~i 1 1!h!

5
F~ih 2 DT! 2 F~ih!

F~~i 1 1!h! 2 F~ih!
.

To obtain the right-hand derivative given by (45), consider the
probability rate for DT . 0:

P~h~T 1 DT! 5 i 1 1uh~T! 5 i!

5 P~~i 1 1!h , T 1 DT # ~i 1 2!huih , T # ~i 1 1!h!

5 P~ih 2 DT , T # ~i 1 1!huih , T # ~i 1 1!h!

5
F~~i 1 1!h! 2 F~~i 1 1!h 2 DT!

F~~i 1 1!h! 2 F~ih!
.
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