On a paradox in GMM estimation
with nuisance parameters

Georgios Skoulakis *
University of Maryland

October 13, 2006

Abstract

This paper examines an apparent paradox in GMM parameter estimation in the
presence of nuisance parameters. Conventional wisdom might suggest that the asymp-
totic efficiency of the estimator of the parameter of interest should increase when the
true value of the nuisance parameter is known and this knowledge is incorporated in
the estimation. It turns out, however, that the opposite phenomenon, arguably char-
acterized as counterintuitive, is possible under certain scenarios. We provide necessary
and sufficient conditions for the paradox to occur. Examples are given to illustrate the
several possible cases. An example of an asset pricing factor model shows that the risk
premium estimator that uses the true and known factor mean could be more or less
efficient than the estimator that assumes no knowledge of the factor mean, depending
on the underlying parameters.
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1 Introduction

Consider the estimation of a parameter § = (6, 6,)" based on a set of moment conditions
where 6, is the parameter of interest and 6, is a nuisance parameter. When a parametric
model is available, maximum likelihood estimation can be described as a moment-based
estimation procedure that uses the loglikelihood function. Suppose that the true value of
the nuisance parameter 5 can be assumed known. In this case, and under certain regularity
conditions, the estimator of 6, that uses the known value of 0, is at least as asymptotically
efficient as the estimator of #; that does not make use of the known value of 6, and is
obtained through joint estimation of #; and #,. This fact is in line with the common intuition
that suggests incorporating additional (valid) information into the estimation should lead to

efficiency gains at least in asymptotic terms.

Nevertheless, when more general moment conditions are utilized, the opposite counter-
intuitive phenomenon might take place in which case using the known (and true) value of
the nuisance parameter 6, makes the estimator of 6, less asymptotically efficient. An early
example of such paradoxical behavior in which a statistic becomes more efficient when the
true value of a parameter is replaced by an estimator can be traced back to Pierce (1982).
Particular examples for which the aforementioned paradox occurs can be found in Robins
et al. (1992), Robins et al. (1994), Lawless et al. (1999) and Zou and Fine (2002). In
a recent paper, Henmi and Eguchi (2004) provide a thorough analysis of this paradox in
the context of estimating functions. Using geometric arguments and projected estimating
functions, they obtain a common lower bound for the asymptotic covariance matrices of
the two estimators of 6, obtained when the nuisance parameter 6, is assumed known and
unknown respectively. Since the lower bound is common, a ranking of the two estimators
in terms of asymptotic efficiency is obtained whenever the lower bound is achieved for one
of the inequalities. In the setup of Henmi and Eguchi (2004), observations are i.i.d. and
the number of estimating functions equals the dimension of the parameter . This environ-
ment corresponds to an exactly identified GMM estimation with i.i.d. data. We generalize
their results to a more general GMM setup incorporating over-identifying restrictions and
non-i.i.d. time series observations. Using simple matrix algebraic arguments we obtain the
common lower bound for the two estimators of interest and use it to rank them when certain
conditions hold. Although this result is useful towards understanding the paradox, it is not

powerful enough in the sense that there exist cases in which the bound is not achieved in



either inequality. Therefore, a conclusion cannot be reached as to which estimator is more ef-
ficient. To characterize the paradox, we obtain a matrix that serves as a "sufficient statistic”
for addressing the paradox. The positive (or negative) definiteness of this matrix determines
whether the paradox occurs (or not). Specific examples are provided to illustrate cases in
which the paradox does or does not occur. In particular, we offer an interesting example of
an asset pricing factor model for which the risk premium is the parameter of interest and
the factor mean is the nuisance parameter. Incorporating the known (and true) value of
the factor mean does not necessarily improve the asymptotic efficiency of the risk premium
estimate. This example is interesting because, in contrast to other instances of the paradox,
the model is linear in the parameters and further the ranking of the two estimators changes

depending on the values of the underlying parameters.

Other research on GMM estimation in the presence of nuisance parameters includes the
work of Crepon, Kramarz and Trognon (1997). They show how to estimate the parameter of
interest following a two-step hybrid GMM procedure while replacing the nuisance parameter
by an empirical counterpart. The resulting estimator of the parameter of interest is as
efficient as the estimator obtained using the complete set of moment conditions and thus it
entails no loss of efficiency. Another issue studied in the literature that might appear related
to our paper is the concept of partial redundancy of moment conditions. This subject has
thoroughly been studied by Breusch et al. (1999) and Qian (2002). Roughly speaking, a
subset of moment conditions is called partially redundant for the parameter 6, if there is no
efficiency loss in estimating #; associated with ignoring this set of moment conditions. The
difference with our framework is that when we estimate 6; based on a subset of conditions
we use the assumed known (and true) value of the nuisance parameter 5 instead of an

estimator.

The rest of the paper is organized as follows. In section 2, we provide the motivation
for the subject of the paper. In section 3, we describe the estimation environment, state
the main question we seek to address, and provide a theoretical result characterizing the
paradox. In section 4, we offer three examples to illustrate some of the possible scenarios.
The final section concludes. The proofs not contained in the main text are collected in the

Appendix.



2 Motivation

The subject of this paper was motivated by the following example from the asset pricing
literature. Linear factor models are widely used in asset pricing to describe the trade-
off between risk and return. Given a pervasive factor of small dimension, a factor model
prescribes a linear relationship between expected asset returns and betas. Specifically, let f;
be the k-dimensional factor. Assume there are n assets in the economy and denote by R,
the vector of asset returns in excess of the risk-free rate. Denote by 1y and pp the expected
values of f; and R; respectively. The beta matrix is the n x k matrix defined by B = X RfZ?
where Yy = E[(R; — pug)(fi — py)'] and Xy = E[(f; — p;)(fe — p1)']. The factor model, in
its most familiar form, is described by the pricing equation pup = B\, where A is the vector
of risk premia. In the beta representation above, the parameter of interest is the vector of
risk premia A. Alternatively, we can define b = 2;1)\ and rewrite the pricing equation as
fr = Mryb. In this represenation b measures covariance risk, whereas A measures beta risk
in the standard beta representation. The GMM approach to estimating b is based on the

asset pricing equation p1p = Xgsb, which is equivalent to the moment condition
E[R; — Ry(fi — Mf)/b] = Op. (1)

We are primarily interested in estimating the parameter b, and in that sense ¢ is a nuisance
parameter. Since the factor mean p is typically unknown, we also need to make use of the

moment condition

Elf, — 1g] = O 2)
Estimation then proceeds by applying GMM on the vector moment condition

Elg(x4;0)] = Opsr (3)
where z; = (R}, f})’, 0 = (V', 1/};)’, and

Rl =) [ oo | g

g(wy;0) = fi— i

We denote the GMM estimator of § based on the moment condition (3) by 67 = (b, /)"

Let us now assume that the factor mean p, is known. Under this assumption, one can

use GMM to obtain an estimator of the parameter b, denoted by by, based on the moment

4



condition (1) and the known and true value of u,. The following question then arises: is
estimator by more efficient than estimator bp? At first glance, it would appear that by should
be more efficient since it uses the true value of p, while the procedure used to obtain br
instead treats ;1 as unknown and estimates it. It turns out, that the answer to the question
is actually not straightforward and it depends on the underlying parameters. Indeed, there
are cases in which by is more efficient than BT. We view this situation as counterintuitive
and paradoxical. In the next section, we address this question in a general GMM setup and

obtain a theoretical result characterizing the paradox.

3 Analysis of the paradox

Consider using GMM to estimate the parameter § € R* based on the moment conditions
Elg(x4;0)] = On (5)

where ¢(-;-) is an n-dimensional function with n > k, and x; is the observed time series
data. The following standard notation is used throughout the paper: 0,, denotes the n x
1 zero vector, I,, denotes the m x m identity matrix, and 0,,», denotes the m X r zero
matrix. Further, for square matrices A and B, we write A = B when A — B is positive
semidefinite. For the following analysis, we assume that the appropriate regularity conditions
are satisfied so that standard GMM results, such as consistency and asymptotic normality,
apply. Moreover, all GMM estimators we consider are based on the optimal GMM weighting
matrix, that is the inverse of the asymptotic covariance matrix of the moment conditions.
Hence, we only consider asymptotically efficient GMM estimators given a set of moment

conditions. Define the n x k& matrix

D—E [% (22 9)] (6)

and assume D is of full rank equal to k. This condition ensures identification of the parameter

. The time series {g(x;;60)} is assumed to satisfy a central limit theorem so that

[e.e]

% ZtT:l g(x;0) 2, N(0,,S) with § = Zk——oo Elg(xs;0)9(zi_1: 0)]- (7)

The asymptotically efficient GMM estimate of 6 based on the moment condition (5) is

denoted by f7. Under appropriate regularity conditions, 67 is consistent and asymptotically



normal with
VT(0r — 6) -5 N(0y, (D'S™'D) 7).

Suppose the parameter 6 is partitioned as § = [ ¢} 6, |/, with 6; € R* i = 1,2 such that
k1 + ko = k. Consider a scenario under which the parameter 6, is of primary interest while
0, is a nuisance parameter in the sense that, although we are not interested in 65, we cannot
obtain an estimate of 6, unless we jointly estimate 6, and 6. If 65 is assumed to be known

we can use the known and true value to estimate 6.

Suppose that g(x:;60) in the moment condition in (5) can be divided in two parts as

follows

ot =i

where the dimension of g;(z;0) equals n;, i = 1,2 with n; > k; so that ny + ny = n. If we

assume that the true value of 65 is known, we can estimate 6; using the moment condition
Elgi(x4;0)] = 0,,. (8)

Consider the following decompositions of the matrices D and S:

Dy Dy
D=| Dy Dy | =
[ D D2 ] le DQQ]
where
Dz’:|:D;:|7Dij:E|:aT0;($t§0):|72a]:172
and

Sll 512 00 . o
5= |: 521 522 :| ’ Si‘j - Z E[gi(mﬁe)gj(mt—kae) ]

k=—00

We assume that the matrix Dy is of full rank equal to k; so that €, is identified by the
moment condition (8) when 65 is known. Denote by éLT the estimator of #; obtained from
the moment condition (8) using the true value of 6. Also denote 67 = (6} 1,05 7)"; that is,
017 is the estimator of §; obtained from joint estimation based on the moment condition
(5). The theoretical question we would like to answer is whether knowledge of the true value

0, can improve the asymptotic efficiency of the estimator of 6.
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Our first result derives a common lower bound for the asymptotic covariance matrices
f/l and V; of the two estimators élyT and 0, p respectively. The lower bound is achievable
under certain conditions which we identify. When either of these conditions is satisfied, a
ranking of the two estimators in terms of asymptotic efficiency obtains. The following two

conditions turn out to be pivotal for the question we seek to address in this paper.
Condition A. The following equality holds: Dy = SngfllDH.
Condition B. The following equality holds: DyS™'D; = Ok, -
First, we obtain the lower bound for V;. It follows from standard GMM results that
Vi = (D} S5 Dyy) (9)
Define the n; x n auxiliary matrix
J=1 1 Opxn, | (10)

and note that JD; = D;; and JSJ' = Sy;. It follows that
(S™'Dy — J'S3' D) S (S7'Dy — J'SitDyy) = DyS™'Dy — Dy, S Diy

which in turn implies
D}, Si'Dyy = DST'Dy — (S7'Dy — J'S;'Dn) S (ST'Dy — J'S3' D) - (11)

Hence D{S™'D; = D! S;;'Di; since S is positive definite. Applying Corollary 7.7.4 in
Horn and Johnson (1990) we obtain V; = (D’HSflan)_l = (D},S~1D;)~". Moreover, due
to positive definiteness of S, it follows from (11) that (D’HSflan)_l — (D,S7'Dy) " is
equivalent to S™'D; — J’SﬁIDH = Opxn,- Simple algebra shows that the last equation is

equivalent to Condition A. Thus, we have established the following lemma.

Lemma 1 Denote by Vi the asymptotic covariance matriz of the estimate él,T obtained when

we use the known (true) value of 05. Then
Vo= (Dis™'Dy)

and the equality V; = (D’lelDl)_l holds if and only if Condition A is satisfied.



The lower bound for the asymptotic covariance V; is obtained as follows. First, note that
Vi equals the k; x ki upper-left block of the matrix (D’S~1D)~!. Since

D;
Dy

D,S™'D; D,S7'D,

rqo—1 _
D5 D—{ DyS'D; D4S~'D,

] ST Dy Dy =
we obtain from the formula for the inverse of a partitioned matrix that
Vi = ((D1S™'D1) — (D387 D1) (DyS™' Dy) "1 (DyS™ Dy)) (12)

The matrix (D5S™1Dy)~! is positive definite since D, has full rank. Hence, equation (12)
implies D;S~'D; = V7! which is equivalent to V; = (D};S7'D;)~!. Furthermore, the
equality Vi = (D1S™'D;)~! is equivalent to

(D387 D1) (D387 D2) ™ (D5S™ D1) = Ogyy

which, due to the positive definiteness of (D5S~1D,)~! is equivalent to Condition B. The

following lemma states the obtained result.

Lemma 2 Denote by Vi the asymptotic covariance matriz of the estimate 01 r obtained when

we assume that 09 s unknown. Then
Vi = (DyS7'Dy) ™
and the equality Vi = (D’lS_lDl)*1 holds if and only if Condition B is satisfied.

Combining Lemmas 1 and 2 yields the following theorem which is our first result towards

answering the question raised in this paper.

Theorem 3 Under Condition A, the estimator éLT that uses the known value of 05 is asymp-

totically more efficient than the estimator 0y r that treats 0y as unknown:
avar(0y 7] = avar[éLT].
Under Condition B, 01 is asymptotically more efficient that the estimator él,T-'

avar[éLT] = avar|f; 7.



Although useful, the above theorem is not sharp enough to always provide an answer
to the main question posed in the paper. There exist cases in which the lower bound in
Lemmas 1 and 2 is not achieved and therefore we cannot compare the two estimators. The
following theorem provides a matrix that serves as a ”sufficient statistic” in the sense that
knowing whether this matrix is positive (negative) semidefinite allows one to rank the two

estimators in terms of asymptotic efficiency.
Theorem 4 Define the ky X ki matrix
F = DS [Dy(DyS™'Dy) "Dy — G| S7' Dy (13)

where

0 0
G — n1Xni ni Xngﬁ ) 14
Oumens oz — S 95751z 14

Then, the following classification holds:
avar[fy 7] = avar[f, 7] < F is positive semidefinite,
avar[fy ] = avar[fy 1] < —F is positive semidefinite,

avar[éLT] = avar|f1 7] < F = 0ny xn, -
A comment is in order on how Conditions A and B relate to the positive definiteness of

F and —F' and the ranking of the two estimators ¢; 7 and él,T- When Condition A holds we

have

11 12
GS_1D1 _ Onlxn1 On1><n2 :| |: S S :| |: D11

On2><n1 (SZQ)—l §21 g2 Dy :| = Onxm
since (522)7" 92! = — G555, Therefore, under Condition A,
F = D|S™'Dy(Dy,S ' Dy) ' DS~ Dy

which is obviously positive semidefinite and so avar[fy ;] = avar[f;r]. When Condition B

holds, we have
F=-D/S7'GS™'D,

and so —F' is positive semidefinite since G is positive semidefinite. Thus, under Condition

B, it follows that avar[éLT] = avar|f; 7).



4 Examples

In the section we provide three examples to illustrate the several possible cases. The first
example represents what can be thought of as the regular situation in which the paradox
does not occur. In the second example, we have a case in which the two estimators are
asymptotically equivalent in terms of efficiency and knowledge of the true value of the nui-
sance parameter does not enhance the efficiency of the estimator of the parameter of interest.
This example is interesting in the sense that neither of the bound obtained in Lemmas 1
and 2 is achieved and therefore one has to resort to Theorem 4 for an answer. The third
example is the asset pricing example used in section 2 to motivate the paper. This is the
most intriguing example since it provides a model for which either estimator can be more

efficient than the other depending on the underlying parameters.

Example 1: Consider the standard linear regression model with two regressors
Y = Bz +ywi + &

where
Eleiz] = Eleqwy] = 0.

We assume that (z;,wy,e;)" are i.i.d. and that the disturbances are homoscedastic with
Elet|z, ws] = o?. We consider 3 to be the parameter of primary interest while v is a
nuisance parameter. Let 6 = (5,7v)" and x; = (y, 2, w;)’. Using the notation developed in
the previous section, we write the moment condition as

Elg(x¢;0)] = 02 with g(z;0) = (s = Bz = ywn)z

90 0)] = 02 with g 0) = | (417 7207

Simple algebra yields
B[] Elzw]

D=~ Blaw) Eu?]

} and S = —¢?D.
Hence, Condition A is always satisfied since
Dy = —E[zw] = Szlsﬁan

while Condition B is satisfied only if E[zw;] = 0 since

E[tht]
o?

DyS™'D; =
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Therefore, when E [z,w,;] # 0, we can estimate 3 more efficiently if we use the known value
of v. If F[z;w] = 0 the two estimators are asymptotically equivalent.
Example 2: Consider the heteroscedastic regression model
Yy = o+ By + &
with
Ele] = E[xy] = Elmes] = 0, and E[e?|z] = v(xy).
We assume that (zy,&;)" are i.i.d. and denote
v, = E[2?], v. = Ele?] and 74, = ElzFv(x,)], k=0,1,2.

We consider (3 to be the parameter of interest and a to be the nuisance parameter. The

moment conditions used to estimate = (3, )’ are

Elg(xy;0)] = 05 where g(z4;0) = [ (y;t_—&a_—ﬁg;)ft ] .

Moreover, we have

_ Ve _ 0 . To T1
=[] =[] 5= [T 0]

Hence,

—T1Vg —T1Vg

D,S'D, =

-1
PR D21 = 07 521311 Dll ==
ToTo — T7q T2T0

implying that Conditions A and B are simultaneously satisfied if and only if 71 = 0. There-
fore, if 71 = 0 then B, and BT are asymptotically equivalent while if 71 # 0 Conditions A
and B provide no conclusion. However, we can provide an answer to whether (3, or BT is
more asymptotically efficient by computing the matrix F' from Theorem 4. Simple algebra

yields

0 0

G —
0 To —

7'07'2—7'%

P ] and Dy(DyS'D,) "' D, = (Lyl [ ’ ] [0 1]=0.

T2

Therefore, we obtain F' = 0y49 and so the two estimators are always asymptotically equiva-

lent.
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Example 3: We now revisit the asset pricing factor model introduced in section 2. The
goal is to compare the relative efficiency of the estimators by, which is based on the moment
condition (3), and by, which uses the known and true value of 7 and is based on the moment

condition (1). The associated time-series regression of returns on factors
Ry = pp + B(f; — py) + &1, with Eleg] = 0, Eleef]] = Opur (15)

will be used in the sequel. To reduce notational complexity we make the following simplifying

assumption.

/

Assumption I The following conditions hold: (i) (f;, ;) are iid., (ii) f; is symmetric

around its mean i, and (iii) Ele|f;] = 0,.
The asymptotic covariance of g(x;0) is the (n 4+ k) x (n + k) matrix
S =Eg(x;0)g(x;0)] = 2

which can be decomposed in a natural fashion as

511 512 2 ZJhf
S=3%,= = 16
N 1

where

he = Ry — Ri(fe — p1y)'0 = g1(w;0)
and

Sh = Elhly], Sy = Elhef]] = X,

In addition the (n + k) x 2k matrix D is given by

dg(x; 0) ~Ygry ppbl
D=F |27 . 1
|: 89, } { kak _]k (7)

Observe that under Assumption I and using the time-series regression (15) we obtain

Ehf = E[ht(ft_,uf)/]
= El(ur + B(fi —py) +e)(1 — (ft—ﬂf)/b)<ft—ﬂf)/]
— _uRb/Zf —FBEf

12



ooand so
Ehf = ZRf(]k — bb,Zf) (18)

Recall that the asymptotic covariance matrix of by equals V, = (D};S;;*Dy1)~" while the

asymptotic covariance matrix of by equals the upper-left k& x k sub-matrix of (D’'S~'D)~1.

It follows from (16) and the formula for the inverse of a partitioned matrix that

- _ »ho oyt
Slzzglz[th 2f:| (19)
where
St = (Zh — DS Sp) T = 5 4 B S B s (20)
= (S, =SS e (21)
f fh=p “hf )
th — _E}lehf<2f — thzglﬁhf)*l = —EhthEfl, (22>
DI = =R (Th — Zhg D ) T = T (23)

Next, we examine whether Conditions A and B are satisfied. Note that

—Xgy [gl ]
D, = Dy =
! [ Ok x ]’ 2 [ —1I

and so using (19) we obtain

DLSTIDy = —(bplp X — SIM SR,
Combining expressions (23), (20) and (18) yields

D= NS S = X7 (I — Sbb ) S B = —D7 SRS 4 b B
and so

DyST'Dy = 57N (SR 5 Sgky).

Since both 2]71 and E’RfEhZRf are invertible we cannot have D,S™1D; = 0. Hence,

Condition B is not satisfied. Furthermore, employing (18) once again, we obtain
52151 Dy = XSy, ' Sry = (I — bW'S )X, 5,  Sgy

13



Also note that Dy; = 0px%. Hence, since Z’RfE,:lZRf is invertible, Condition A holds if and
only if I, —b0'Y s = Opxi & Z;l = bb'. But this is impossible since Z;l has rank equal to k

while b0’ has rank equal to 1. Therefore, Condition A cannot be satisfied either.

We conclude that the lower bound obtained in Lemmas 1 and 2 does not help in deter-
mining which estimator is more efficient. However, we can directly compare the asymptotic
covariance matrices of the two estimators by computing their difference. Since this derivation
is no more complicated than the derivation of the matrix F', it seems preferable to present
an explicit expression for the difference between V, and V. The result is captured in the

following proposition.

Proposition 5 The difference between the asymptotic covariance matrices, V, and Vi, of

the GMM estimators by and by respectively, is given by
Vy—Vi= (2= 'S;b) bb.

Hence, the estimator by that uses the known (true) value of py is asymptotically more (less)
efficient than the estimator by that does not use the known (true) value of ju; if and only if
Vb <2 (VS >2).

5 Conclusion

This paper seeks to answer the following theoretical question in the context of GMM estima-
tion when nuisance parameters are present: When is it the case that using the known value
of a nuisance parameter will improve the asymptotic efficiency of the estimator of the param-
eter of interest? Perhaps contrary to one’s intuition, it is indeed possible that incorporating
the known value of a nuisance parameter leads to some efficiency loss in the estimation of the
parameter of interest. We refer to such a situation as a paradox. We provide necessary and
sufficient conditions for the paradox to occur. Concrete examples are presented to illustrate
cases for which the paradox does or does not occur. An intriguing example of an asset pricing
factor model shows that the risk premia estimator that incorporates the known value of the
factor mean could be more or less asymptotically efficient than the estimator that treats the

factor mean as unknown, depending on the values of the underlying parameters.
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6 Appendix

Proof of Theorem 4: By Corollary 7.7.4 in Horn and Johnson (1990) we have V; = Vi &
Vil = VL. Hence, using expressions (12), (9), and (11) we obtain that V; = Vj is equivalent

to
(DyS™'Dy) (DYS™ Do) M (D4S™IDy) = (S7'Dy — J'Si' D)’ S (S7'Dy — J'Sy' Diy)

where J is defined by (10). Next, we simplify the right hand side in the above inequality.
First, note that

S™'Dy — J'S'Dyy = SN (Dy — SIS D) = S7'Q
where
_ On1><k:1
@ = { Doy — So1S17' D1 } '
Hence,
(S™'Dy — J'SE'D1)' S (S7'Dy — J'SitDiy)
= Q35_1Q1
. [ 0n1 x k1 :|/ Sll 812 On1><k1
Dy — 891577 D1y S g2 Dy — 52151_111711
= (Dgy — 5'2151_11D11)/522(D21 - 52131_111)11)-

Moreover, we can write

Dy — 85151,' Dy = —Q2D4
where

Q2 =[ S2S7" —1I., |-
Summarizing, we have

i 1=

DiS™'Dy(DyS™'Dy) T DYSTIDy = DIQLSTQeDy &

DiS™H[Dy(DyS™ Dy) 1Dy — SQ55%Q2S] ST'Dy = Opyny -

Y
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Finally, we observe

Sl gl2 ] _ [ 0n2><n1 B (522)_1 }

(Q2S = [ 52181_11 —1I, } { §21 g22

which, in turn, implies

0 0
S 1522 S _ nixXni n1><n2_ — G
@570 [ Oy S22 — 21571512 ]

and hence completes the proof. Q.E.D.

Proof of Proposition 5. First, recall that Vj, is the upper-left submatrix of the covariance

matrix (D’S™'D)~!. Combining expressions (17) and (19) we obtain

psn=| g g

where
Ui = X5 5" Sy, (24)
Uiy = =S (X" Sgebb’ — B, (25)
Us = Uy = —(B/'S, 5" — /") gy, (26)
Uss = b/ (Sl 5" S gy )bb' — bb' S S — SIS0 + 57 (27)

Hence, using the formula for the inverse of a partitioned matrix and the formula for the

inverse of a sum of matrices, we obtain that
Vo = (U1 — UoUsy' Ust) ™! = Uyt + U U PiUs Uy
where
Py = (Uyp — UnUj'Upa) ™"
Combining (22) and (18) yields
S ppbb — XM = S (Sppbb + L E7t) = B8RS
and so from (25) it follows
Upp = =X, X ErsEs (28)
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Since D1 = —X gy and Sy1 = X, we have Vi, = (D11S'Dyy) ' = (E}%nglERf)*l. Therefore,
using expressions (24), (28), and (26) we obtain

Vi— Vo = Up' +Un'UnPiUn Uy — (S35 Sey) !
= Up'SiE'SreUr!
UL S S S PN S B SR UL
—Un S S SRy (S, ' Sry) T SR B SR U

or equivalently

Vi — V= U S S PSS, Uyt (29)
where

Py = (2" 4 ERfEJTIPlEJZlE’Rf — ERf(Z}%fE#ERf)’lE}%f. (30)

Next, we seek to simplify the expression for P;. From (24), (25) and (26) it follows that
Uy = —Up 00 + Z’RfEhf = Uj, and so U;'Ujp = —bb' + UHIZ’RfEhf. This implies

UnUp'Uiy = (=bb'Upy + X" Sgp) (=00 + Uy, 'S 2M)
= bV UbY — b S S — SIS 0b + SIS, U S B

and so
Usy — Un Uy Upy = 57 = SIS U S XM

This, in turn, using the formula for the inverse of sum of matrices, yields

P = (3 =SSR UL S 2
= ()7 + (&) TSRS R (Un — SR S (B) IS8Ry T R, SN ()T

Since XM (L)1 = -5 1%, we have

P = — S S + S P

17



where

_ -1
Py = gy (Un — XS (8718 Sky) " Sy
- _ -1
= Sgry (SrE"Srr — SpsSy Sn S S, ERy) Sy
= s (CrSn Sry) T Sy
where the last equality obtains from (20). Therefore,
P =%,-1I
where II is defined by
I = %5, (Sh — Say (SrrTn ' Srr)~ Srp)Ti Ty
Using (18) we obtain
I = (I — 300555, Srp (I — b'Sy)
— (I, — S4b ) Sy %, ' SRy (Z'RfE,leRf)_l NS Srp(lr — V')
= Okxk-
Hence, P, = Xy and so from (30) it follows
P=Y, - zhfzjtlth — Sr (B S Bry) SRy + ERijilE;%f.
Expression (18) yields
thEJTlth = Yl — bb’Ef)Z]TI([k — Xybb')Eg;
= Ngp(E" — 200 + bS50V )X,
and so
Py =%, — Sgrp(XysX, ' Sry) T By 4 Srp(200 — bbb ) S
or equivalently
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(31)



where
Py =%y — Srp(Sk 2, 'Srs) Sy (32)
It turns out that
NS PiX S p = O (33)
Indeed, using expression (20) to substitute ¥ yields
S S PS Sy
= Sh(C T S S S Sy ) PSS S S S S5 ) Say
= YRS, X, SRy
XSy S S S S, Py S SRy
X Sh PSS S S Sy SRy
S S Sy S S Sy Py Sy S S S5 SRy
Moreover,
ST PaEy Sy = SRSy (B — Sre(Srs Dy Sry) T D)5 Brs = Ok

and thus (33) follows from (18). Finally, combining the expressions (29), (31), and (33) we

obtain
Vy— Vo= (2 — U'S4b) b

completing the proof. Q.E.D.
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