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1 Introduction

Empirical researchers in finance are frequently confronted with panel data sets. Corporate finance

applications include studies of dividend and leverage policies (see, for example, the recent paper

by Fama and French (2002)), while asset pricing applications include studies of the cross section of

equity returns and their relation to firm characteristics (see, for example, Brennan, Chordia, and

Subrahmanyam (1998)). In analyzing financial panel data sets, researchers focus on the significance

of specific effects. For instance, a typical exercise in empirical asset pricing amounts to testing

whether firm characteristics such as size, book-to-market, and momentum can explain the cross-

sectional dispersion in expected equity returns beyond what is explained by a factor asset pricing

model. Such a test examines whether the characteristics rewards are significantly different from

zero. Often financial economists seek to assess the economic as well as statistical significance of an

effect. One can argue that sometimes it is not easy to disentangle the two notions. For example,

when analyzing panel data, the empirical evidence is summarized almost exclusively in terms of t-

statistics of the coefficients of interest in the panel regression. Quite frequently, t-statistics provide

the only means for gauging the importance of various effects. Therefore, empirical researchers must

use robust inference methods when computing t-statistics. Accurate computation of t-statistics

depends on accurate computation of standard errors. As pointed out by Petersen (2005), despite

the common use of panel data sets in finance, there is a wide variation in the methods used to

estimate standard errors.

The most crucial aspect for the computation of standard errors is the cross-sectional and se-

rial correlation of the residuals and/or the independent variables in the panel regressions. Using

both simulated and real data, Petersen (2005) illustrates the importance of properly taking into

account the correlations that might exist in the data. Overlooking such correlations might result

in gross underestimation of the standard errors, which, in turn, can cause spurious inflation of the

corresponding t-statistics. This very point is forcefully made by Fama and French (2002) who write:

In our view, however, the most serious problem in the empirical leverage literature is un-

derstated standard errors that cloud inferences. Previous work uses either cross-section

regressions or panel (pooled time-series and cross-section) regressions. When cross-

section regressions are used, the inference problem due to correlation of the residuals

across firms is almost always ignored. The articles that use panel regressions ignore

both the cross-correlation problem and the bias in the standard errors of regression

slopes that arise because the residuals are correlated across years.

Explicit modelling of potential cross-sectional and serial correlations can be a daunting or



even hopeless task for the econometrician. This probably explains why fully parametric methods,

whether frequentist or Bayesian, are very restrictive and not widely used. An additional drawback

of parametric methods is that strong and sometimes unrealistic distributional assumptions, such as

normality, need to be made. Instead, researchers opt for methods that are robust with respect to

general forms of correlation and require no explicit modelling. Regression-based methods, justified

by asymptotic arguments, seem to be the tool of choice for theoretical econometricians, well as

empiricists. Detailed textbook accounts of panel data econometric methods can be found in Arellano

(2003), Baltagi (2001), Hsiao (2003), and Wooldridge (2002).

A method widely used in the empirical analysis of financial panel data sets is the two-step

approach of Fama and MacBeth (1973) (FM henceforth). Occasionally referred to as the cross-

sectional regression (CSR) two-step method, the FM method has been used extensively in the

analysis of the cross section of stocks returns. Specifically, the FM method is used for the estima-

tion of factor risk premia in the analysis of linear factor models. The first rigorous econometric

treatment of the FM approach in the context of factor pricing models is given by Shanken (1985)

and Shanken (1992). Jagannathan and Wang (1998) extend the work of Shanken to allow for con-

ditional heteroscedasticity of the time-series regression residuals. Skoulakis (2005) uses the CSR

method to provide econometric tests of asset pricing factor models and shows that the method is as

efficient as the GMM approach in estimating factor risk premiums. The traditional FM approach

essentially consists of two steps. In the first step, for each time period, cross-sectional regressions

are used to obtain estimates of the parameters of interest. Then, in the second step, the time series

of these estimates are used to obtain final estimates for the parameters and standard errors so that

t-statistics can be computed. While the same idea is used in the analysis of both factor models

and panel data sets, there are important differences between the two cases. In the context of a

factor model, the regressors are the betas (or factor loadings) which are unknown, and thus have to

be estimated, and are typically assumed to be time-invariant. The fact that the betas have to be

estimated, using time series regressions, gives rise to the well-known error-in-variables problem. On

the contrary, in the context of panel data, the regressors are time-varying but directly observable

and, thus, there is no error-in-variables problem. The main consideration in the analysis of panel

data is to properly take into account the cross-sectional and serial correlations. It is worth empha-

sizing that the FM method is not analyzed in the econometrics literature. More surprisingly, the

method is not even mentioned in standard panel data econometric texts. The only textbook refer-

ence for the FM approach that we are aware of is Cochrane (2001). He demonstrates that, under

the assumption that the explanatory variables do not vary with time, the FM procedure is essen-

tially equivalent to using OLS. However, the assumption of time-invariant regressors is extremely

restrictive and rather unrealistic from an application point of view. One of the contributions of
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this paper is to provide a rigorous econometric analysis of the FM method under mild conditions

in the context of panel data.

In a typical financial panel data set, the cross section consists of individual firms or portfolios

while the time-series frequency can be either monthly or yearly. In this paper, following Petersen

(2005), we refer to the cross-sectional units as firms. The data sets typically used in empirical work

in finance fall into two categories: (i) large cross section, and (ii) long time series. We use N to

denote the size of the cross section and T to denote the length of the time series. We therefore focus

on the two cases of primary interest: large N and large T . Data availability typically dictates which

case is more appropriate for analyzing a given data set. For instance, the large T case is suitable

when monthly data are available. This case is more common in the empirical asset pricing literature

where researchers analyze return data consisting of a small cross section but long time series. The

large N case is more frequently encountered in empirical corporate finance where there is a large

number of firms, but data are available only at the yearly frequency. Our approach, following most

of the econometric panel data literature, is based on asymptotic arguments as N or T approach

infinity. We take this route to provide tools for inference without imposing strong distributional

assumptions. For each case, we consider the LS and FM estimators, along with their generalized

versions that incorporate the use of general weighting matrices other than the identity matrix.

Under flexible assumptions about the dependence structure of the regressors and the disturbances,

allowing for both firm and time effects, we show consistency and asymptotic normality of all four

estimators, and we describe how to construct asymptotically valid t-statistics by estimating their

covariances consistently.

In the large T case with generic serial dependence, we demonstrate that both LS and FM

methods yield accurate asymptotic approximations. In particular, standard econometric tools for

dealing with serial correlation, namely heteroscedasticity and autocorrelation consistent (HAC)

estimators (Newey-West (1987)), are shown in our simulations to produce reliable t-statistics. In

the large N case, we work under the assumption of cross-sectional independence besides the presence

of firm-invariant time effects. Under this assumption, both LS and FM provide accurate asymptotic

inference. We use an intermediate demeaning step to eliminate any firm-invariant time effects before

constructing the various estimators. Our simulations show that this demeaning step turns out to

be crucial if such effects are indeed present in the cross section.

The remaining issue for the large N case, which is beyond the scope of this paper, is that the

data might exhibit other forms of cross-sectional dependence not captured by the firm-invariant

time effects. This case appears to be of importance for the analysis of panels with a large num-

ber of firms but a rather small number of time-series observations (sometimes as small as 10) as

encountered in corporate finance studies. Regression-based methods, such as the ones considered
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in this paper, do not seem adequate for dealing with generic cross-sectional dependence in panel

data. Spatial methods appear to be a promising alternative for dealing with this issue. Examples

of such methods include the spatial GMM approach pioneered by Conley (1999), which requires

user-defined distances between cross-sectional units, and the more recent work by Kapoor, Kelejian,

and Prucha (2002), which requires a user-defined contiguity matrix for determining cross-sectional

correlations1. Although spatial methods have a sound theoretical foundation, their application is

not straightforward. The implementation is data and context specific, requires a lot of input from

the researcher, and might not be robust with respect to the input choice. Despite these difficulties,

we should emphasize that spatial methods provide a sound econometric framework for dealing with

cross-sectional dependence, and their usefulness in empirical finance is worth exploring.

Another approach for dealing with spatially dependent panel data has been developed by Driscoll

and Kraay (1998) in a GMM context. Their method amounts to collapsing the entire panel into

a single time series by taking cross-sectional averages. They provide formal asymptotic inference

results when T goes to infinity and for arbitrarily large N . The LS estimator we use for the large T

case is essentially equivalent to the Driscoll and Kraay estimator as applied to our data generating

process. Our simulation evidence shows that the behavior of the t-statistics based on this estimator

indeed does not depend on the cross-section size. The results are almost identical for N ranging

from 250 to 1000. However, the empirical distribution of t-statistics can deviate substantially from

the standard normal if T is too small. Therefore, this type of estimator is not appropriate for panel

data sets with a small number of time series observations such as those typically used in empirical

corporate finance with yearly observations.

This paper contributes to the existing literature in a number of ways. First, we provide a

rigorous econometric justification for the use of the FM two-pass procedure in the context of panel

data. A natural, although novel, modification of the FM method is developed to make it applicable

to the large N case. We explain theoretically and show through simulation the importance of

demeaning in the presence of firm-invariant time effects. Moreover, we offer a comparison of the

estimators under examination in terms of efficiency. Finally, we provide ample simulation evidence

demonstrating that both LS and FM estimators perform exceptionally well in small samples in

the sense that the distribution of the corresponding t-statistics is a good approximation of the

limiting standard normal distribution. Empirical researchers dealing with panel data are strongly

encouraged to use both approaches to ensure the validity of their results.

The rest of the paper is organized as follows. In Section 2 we discuss estimation in the large N

case, which is of particular interest in corporate finance. Section 3 is devoted to the large T case,
1Detailed accounts of spatial methods can be found in Anselin (1988) and Cliff and Ord (1981).
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which is more commonly encountered in asset pricing. In both Sections 2 and 3, we report the

findings from extensive simulation experiments examining the small-sample behavior of the various

estimators. In the last section, we offer some concluding remarks.

2 Large Cross Section

Before proceeding with our formal analysis, it is instructive to provide some intuition why it is

very important to properly take into account potential cross-sectional and serial correlations when

constructing t-statistics in the analysis of panel data. Ignoring such correlations typically leads to

underestimation of standard errors and subsequent spurious inflation of t-statistics. The following

quote from Fama and French (2002) illustrates the importance of the issue:

Cross-correlation almost always inflates the standard errors of the average slopes in the

dividend and leverage regressions by a factor of more than two and often more than

five. Autocorrelation sometimes produces an additional increase of about 250% in the

standard errors of the average slopes. In short, the standard errors in most previous

capital structure tests are almost surely understated by large unknown amounts. In

our view, this means that inferences from previous tests (the things we think we know

about capital structure) lack credibility until they are confirmed by robust methods.

To quantify the effect of standard error underestimation, we offer the following discussion,

which, although informal, captures the main idea. Suppose we wish to estimate the parameter θ

and compute standard errors so that we can derive t-statistics. In a typical situation, the estimator

θN based on a sample of size N satisfies

√
N(θN − θ0) '

1√
N

N∑
n=1

xn =
√

Nx̄N

where ' indicates approximation in a loose sense, θ0 is the true value of the parameter, and {xn} is

a suitable random sequence. Given the above expression, we proceed by applying a version of the

central limit theorem for xn to compute asymptotically valid t-statistics and confidence intervals. To

show the potential pitfalls due to the presence of correlations, we consider the following hypothetical,

and admittedly extreme, scenario. Assume that xn = yn + u, where yn are i.i.d. with mean zero

and variance σ2
y, for n = 1, . . . , N , and u is normally distributed with mean zero and variance

σ2
u. Under the assumption that u is independent of the sequence yn, we can apply the central

limit theorem on yn and obtain that, for large N,
√

Nx̄N =
√

NȳN +
√

Nu ' N(0, σ2
y + Nσ2

u) or

θN ' N
(
θ0, s

2
c

)
, where s2

c =
(
σ2

y + Nσ2
u

)
/N (the subscript c stands for correct). If we ignored
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the correlation in xn due to the presence of the common shock u and treat xn as i.i.d., we would

conclude that θN ' N
(
θ0, s

2
i

)
, where s2

i =
(
σ2

y + σ2
u

)
/N (the subscript i stands for incorrect).

If we define the variance ratio π = σ2
y/σ2

u, it follows that the standard error ratio si/sc equals√
(π + 1)/(π + N), which is smaller than 1. Therefore, unless the ratio π is much larger than N,

the t-statistic is spuriously inflated if we use the incorrect standard error si instead of the correct

standard error sc. In what follows we show how to construct asymptotically valid t-statistics using

both the LS and FM estimators under suitable assumptions.

2.1 Model description

The standard linear regression model used in the context of panel data is

yit = x′itb + εit, i = 1, . . . , N, t = 1, . . . , T

where yit is the independent variable, and xit is a vector of explanatory variables. There are available

data for N cross-sectional units and T time periods. For the purposes of empirical analysis, we

are interested in methods for computing t-statistics for the parameter b. It is well-known that the

presence of cross-sectional and/or serial dependence of the regressors and the disturbances can

lead to erroneous inferences if traditional OLS standard errors are used (see, for instance, Moulton

(1990) and Wooldridge (2003)). Therefore, it is important to identify procedures for obtaining t-

statistics that are robust with respect to different dependence structures. Throughout, we maintain

the assumption that xit and εit contain both time and firm effects. Specifically, we follow Petersen

(2005) and postulate the following decomposition of regressors and disturbances

xit = ξt + µi + wit,

εit = φt + ωi + vit.

The terms ξt and φt capture firm-invariant time effects, while the terms µi and ωi capture time-

invariant firm effects. Note that the structure is rather general and covers important cases of

practical interest. In particular, it covers all cases considered in Petersen (2005). Besides the

presence of µi and ωi, the terms wit and vit account for other sources of serial correlation for a

specific firm. To simplify the notation, let us define

zit = µi + wit,

uit = ωi + vit.

In other words, the terms zit and uit absorb the time-invariant firm effect terms µi and ωi, respec-

tively. In the following analysis, we allow zit and uit to have serial correlation and heteroscedasticity
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of unspecified form; thus, there is no loss of generality in working with zit and uit. To facilitate a

concise presentation, we resort to standard vector-matrix notation. We group observations by firm,

and for each firm i we let

yi =

 yi1
...

yiT

 (T × 1), Xi′ =

 x′i1
...

x′iT

 (T ×K), εi =

 εi1
...

εiT

 (T × 1)

so that the regression equation is written as

yi = Xi′b + εi, i = 1, . . . , N. (1)

Furthermore, the following decomposition holds

Xi′ = Ξ′ + Zi′, εi = φ + ui,

where

Ξ′ =

 ξ′1
...

ξ′T

 , Zi′ =

 z′i1
...

z′iT

 , φ =

 φ1
...

φT

 , ui =

 ui1
...

uiT

 .

Without loss of generality, we assume that E
[
Zi

]
= 0K×T since any nonzero mean can be absorbed

by the term Ξ. Similarly, we can assume E[ui] = 0T . Given the structure above, the challenge is to

be able to handle the multiple sources of dependence that might exist. We propose the following

simple strategy. The first goal is to eliminate the firm-invariant time effects Ξ and φ. This can be

achieved by demeaning, which is a standard intermediate step in the econometric analysis of panel

data. Specifically, for each time period t, we subtract the corresponding cross-sectional mean from

each observation. Using the generic notation

r̄N =
1
N

∑N

i=1
ri

we obtain

yi − ȳN = (Xi − X̄N )′b + (εi − ε̄N ) = (Zi − Z̄N )′b + (ui − ūN )

since

Xi − X̄N =
(
Ξ + Zi

)
−

(
Ξ + Z̄N

)
= Zi − Z̄N

and

εi − ε̄N =
(
φ + ui

)
− (φ + ūN ) = ui − ūN .
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We can succinctly rewrite the last equation as

ỹi = X̃i′b + ε̃i = Z̃i′b + ũi, i = 1, . . . , N, (2)

where we employ the generic notation

r̃i = ri − r̄N .

Equation (2) will be the starting point in obtaining various estimators of the parameter b. At

this point, we should stress the importance of the demeaning step. Clearly, if there are no firm-

invariant time effects, the demeaning step is redundant. However, in the presence of firm-invariant

time effects, our simulation evidence shows that omitting the demeaning step might result in severe

deterioration in the performance of all estimators under consideration.

2.2 Least-squares estimators

The least-squares (LS) estimator obtained from equation (2) is

bLSN =
(

1
N

∑N

i=1
X̃iX̃i′

)−1 (
1
N

∑N

i=1
X̃iỹi

)
.

Note that we deviate from the standard terminology. The LS estimator here does not refer to the

least-squares estimator obtained from the original regression equation (1); rather, it refers to the

least-squares estimator resulting from equation (2). We are interested in identifying conditions,

preferably not very restrictive, under which the LS estimator possesses the desired properties of

consistency and asymptotic normality. Note that the regression equation (2) implies the expression

bLSN = b +
(

1
N

∑N

i=1
Z̃iZ̃i′

)−1 (
1
N

∑N

i=1
Z̃iũi

)
.

It turns out that, under suitable conditions, we have

1
N

∑N

i=1
Z̃iZ̃i′ =

1
N

∑N

i=1
ZiZi′ + op(1)

and

1√
N

∑N

i=1
Z̃iũi =

1√
N

∑N

i=1
Ziui + op(1),

where by op(1) we denote terms that converge to zero in probability as N tends to infinity. It

follows that we can write

√
N(bLSN − b) =

(
1
N

∑N

i=1
ZiZi′

)−1 (
1√
N

∑N

i=1
Ziui

)
+ op(1).
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Therefore, we observe that the asymptotic covariance of bLSN is given by

Avar
[
bLSN

]
= (ΣZ)−1ΣZu(ΣZ)−1 (3)

where

ΣZ = E
[
ZiZi′] (4)

and

ΣZu = V ar
[
Ziui

]
= E

[
Ziuiui′Zi′] . (5)

Formally, the preceding steps are justified under the following assumption:

Condition LSLN. (i) The random sequence {si = (Zi, ui), i = 1, 2, . . .} is i.i.d., and the central

limit theorem applies to functions of si. (ii) The matrix E
[
ZiZi′] has full rank equal to K. (iii)

The orthogonality condition E
[
Ziui

]
= 0K holds.

Under Condition LSLN, bLSN is consistent and asymptotically normal as N → ∞. A comment

about Condition LSLN is in order. The i.i.d. assumption LSLN(i) is stronger than necessary.

One can obtain essentially equivalent results under the assumption that (Zi, ui), i = 1, 2, . . . are

independent (but not identically distributed) and that suitable moment conditions are satisfied.

This approach has been developed by White (1980, 2001). We do not pursue it here since it would

not change the nature of the results but only increase notational complexity.

In order to compute t-statistics, we need a consistent estimator of the asymptotic covariance

matrix Avar[bLSN ] = (ΣZ)−1ΣZu(ΣZ)−1. Since X̃i = Z̃i and ε̃i = ũi, it follows that such an estimator

is provided by

V LS
b,N = (ΣX

N )−1ΣXε
N (ΣX

N )−1,

where

ΣX
N =

1
N

∑N

i=1
X̃iX̃i′,

ΣXε
N =

1
N

∑N

i=1
X̃iε̂iε̂i′X̃i′

ε̂i = yi −Xi′bN ,

and bN is a consistent estimator of b. Note that we have made no assumptions regarding the

covariance matrix of εi (ui) or conditional homoscedasticity of εi (ui) given Xi (Zi). Thus, obtaining

t-statistics using bLSN and V LS
b,N is robust to serial autocorrelation and conditional heteroscedasticity
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for a specific firm. The estimator V LS
b,N is a robust (or sometimes referred to as clustered) covariance

estimator of the type first introduced by Arellano (1987). Using this type of robust covariance

estimator is also referred to in the empirical corporate finance literature as using Rogers standard

errors (see Petersen (2005)).

The LS estimator is a special case of a generalized least-squares (GLS) estimator when the

weighting matrix is simply the identity matrix. In general, one can use a T × T weighting matrix

Q, which is assumed to be symmetric and positive definite. The GLS estimator is feasible when Q

is known. If Q is not known, one needs to use a consistent estimator QN of Q. In the following

discussion, we assume that such an estimator QN is available and that QN is symmetric and positive

definite. The GLS estimator is expressed as

bGLSN =
(

1
N

∑N

i=1
X̃iQNX̃i′

)−1 (
1
N

∑N

i=1
X̃iQN ỹi

)
.

It follows that the asymptotic covariance of bGLSN is given by

Avar
[
bGLSN

]
= (ΣZ

Q)
−1ΣZu

Q (ΣZ
Q)
−1, (6)

where

ΣZ
Q = E

[
ZiQZi′] (7)

and

ΣZu
Q = V ar

[
ZiQui

]
= E

[
ZiQui(ZiQui)′

]
. (8)

Establishing the asymptotic properties of the GLS estimator requires strengthening the assumptions

made so far. Specifically, one has to replace Condition LSLN with the following slightly stronger

assumption:

Condition GLSLN. (i) Condition LSLN(i) holds. (ii) The matrix E
[
ZiQZi′] has full rank equal

to K. (iii) The orthogonality condition E
[
Zi ⊗ ui

]
= 0TK×T holds.

Formally, we summarize the asymptotic properties of the LS and GLS estimators in the following

theorem. Its proof is omitted as it is similar to the proof of Theorems 7.1 and 7.2 in Wooldridge

(2002). The details are available upon request.

Theorem 1 (a) Under Condition LSLN, the LS estimator bLSN is consistent and asymptotically

normal as N →∞, with asymptotic covariance matrix given by expression (3).

(b) Under Condition GLSLN, the GLS estimator bGLSN is consistent and asymptotically normal as

N →∞, with asymptotic covariance matrix given by expression (6).
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In general, it is not clear how to choose the weighting matrix Q optimally in terms of asymptotic

efficiency. Nevertheless, there is one case of interest in which this is feasible. Under the cross-

sectional homoscedasticity condition E
[
uiui′|Zi

]
= Σu, the optimal choice of Q equals (Σu)−1.2 In

this case, we can use the law of iterated expectations to obtain

Avar[bGLSN ] = (E
[
Zi(Σu)−1Zi′])−1.

A consistent estimator of Avar[bGLSN ] in this case is

V GLS
b,N =

(
1
N

∑N

i=1
X̃i(Σu

N )−1X̃i′
)−1

,

where

Σu
N =

1
N

∑N

i=1
ε̂iε̂i′.

Under conditional homoscedasticity, the GLS estimator will be more efficient than LS. However,

higher efficiency does not come without a cost. Condition GLSLN needs to hold instead of the

weaker Condition LSLN. Moreover, under conditional heteroscedasticity, the form of the optimal

weighting matrix is, generally speaking, unknown. Finally, another very important issue from

a practical perspective is the small sample behavior of the GLS estimator. As demonstrated in

subsection 2.5, in finite samples with T being relatively large, the t-statistics based on the GLS

estimator exhibit very unstable behavior resulting in serious size distortions. It appears that the

source of this instability is the poor estimation of the disturbance covariance matrix. Therefore,

one has to be cautious when using the GLS procedure, unless the time-series length is significantly

smaller than the size of the cross section.

2.3 Fama-MacBeth estimators

The original Fama-MacBeth two-step method was developed for data sets with long time series.

However, it turns out that the FM procedure can easily be modified so that it can be used for panel

data sets with large N. The modified FM estimator is shown to be consistent and asymptotically

normal as N → ∞. Although the idea behind the modified estimator is simple, it has neither

been used in applications nor analyzed econometrically. To our knowledge, the only exception is

the empirical application in the recent paper by Coval and Shumway (2005), where they “conduct

trader-by-trader regressions and average the coefficients across traders”as well as “day-by-day re-

gressions and average the coefficients across days.” We provide a more detailed description of the
2For a detailed discussion, see Section 7.5 in Wooldridge (2002).
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modified FM procedure in what follows. Instead of running a cross-sectional regression for a fixed

time t as originally done by FM, we run a time-series regression for a fixed firm i and obtain an

estimate of b based only on observations of firm i. Recall that, after demeaning, we have

ỹi = X̃i′b + ε̃i = Z̃i′b + ũi.

Therefore, an estimate of b based only on observations of firm i can be obtained as follows:

b̂i = (X̃iX̃i′)−1X̃iỹi.

Note that b̂i = b + (Z̃iZ̃i′)−1Z̃iũi. The FM estimator is then obtained by averaging over i

bFMN =
1
N

∑N

i=1
b̂i =

1
N

∑N

i=1
(X̃iX̃i′)−1X̃iỹi.

Although the LS and FM estimators are obtained through different procedures, there is a clear

link between the two. Note that we can express the LS estimator as

bLSN =
1
N

∑N

i=1

(
1
N

∑N

i=1
X̃iX̃i′

)−1

X̃iỹi =
1
N

∑N

i=1
W i

N b̂i,

where

W i
N =

(
1
N

∑N

i=1
X̃iX̃i′

)−1

(X̃iX̃i′), i = 1, . . . , N.

It follows that 1
N

∑N
i=1 W i

N = IK (K × K identity matrix). Therefore, the LS estimator is a

particular weighted average of the individual FM estimates b̂i with weights given by W i
N . On the

other hand, the FM estimator is simply the equally weighted average of the b̂i’s.

To guarantee the desired asymptotic properties for the FM estimator, we need the following

assumption:

Condition FMLN. (i) Condition LSLN(i) holds. (ii) There exists a δ > 0 arbitrarily small, such

that, for all i = 1, 2, . . ., the smallest eigenvalue of the random matrix ZiZi′, denoted by m(ZiZi′),

is greater than δ. (iii) The orthogonality condition E
[
ui|Zi

]
= 0T holds.

Condition FMLN(ii) is slightly stronger that Condition LSLN(ii) (that the matrix E[ZiZi′] has

full rank equal to K) which is equivalent to the assumption that the smallest eigenvalue of E[ZiZi′]

is positive. Condition FMLN(ii) guarantees that the individual FM estimates are feasible. Under

Condition FMLN, the FM estimator bFMN is consistent and asymptotically normal. The asymptotic

covariance matrix of bFMN is given by

Avar[bFMN ] = E[(P i − E[P i])uiui′(P i − E[P i])′], (9)
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where

P i = (ZiZi′)−1Zi. (10)

If E
[
P i

]
= 0K×T , the formula for the FM variance becomes

Avar[bFMN ] = E
[
(P iui)(P iui)′

]
.

Note that the condition E
[
P i

]
= 0K×T is satisfied when Zi is symmetric around its zero mean.

Following the original suggestion of FM, an estimate of the asymptotic covariance Avar[bFMN ] is

obtained by treating the individual estimates b̂i as an i.i.d. sample. This gives rise to the variance

estimator

V FM
b,N =

1
N

∑N

i=1
(b̂i − bFMN )(b̂i − bFMN )′.

Since bFMN
p−→ b, we have

V FM
b,N =

1
N

∑N

i=1
b̂ib̂i′ − bFMN bFM′N

= bb′ + b

[
1
N

∑N

i=1
(Z̃iZ̃i′)−1Z̃iũi

]′
+

[
1
N

∑N

i=1
(Z̃iZ̃i′)−1Z̃iũi

]
b′

+
1
N

∑N

i=1
(Z̃iZ̃i′)−1Z̃iũiũi′Z̃i′(Z̃iZ̃i′)−1 − bb′ + op(1).

Arguing as in the proof of Theorem 2 (see Appendix), we obtain

1
N

∑N

i=1
(Z̃iZ̃i′)−1Z̃iũi = op(1),

1
N

∑N

i=1
(Z̃iZ̃i′)−1Z̃iũiũi′Z̃i′(Z̃iZ̃i′)−1 =

1
N

∑N

i=1
P iui(P iui)′ + op(1)

and so

V FM
b,N

p−→ E
[
P iui(P iui)′

]
.

It follows that, under the assumption E
[
P i

]
= 0K×T , the Fama-MacBeth variance estimator V FM

b,N

is a consistent estimator of Avar[bFMN ]. As mentioned above, this assumption is satisfied when Zi

is symmetric. The simulation evidence in subsection 2.5 demonstrates that, even when Zi has a

reasonable degree of skewness, the FM variance estimator V FM
b,N is still a very reliable estimator of

the true asymptotic covariance matrix Avar[bFMN ].

The generalized Fama-MacBeth (GFM) estimator is obtained by using a weighting matrix QN

in the first-step time-series regression. The resulting estimator is

bGFMN =
1
N

∑N

i=1
(X̃iQNX̃i′)−1X̃iQN ỹi.
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The weighting matrix QN is assumed to converge in probability to a symmetric and positive definite

matrix Q. To formally establish the asymptotic properties of the GFM estimator, we require a

condition slightly different from that used for the FM estimator. To this end, we modify Condition

FMLN as follows:

Condition GFMLN. (i) Condition LSLN(i) holds. (ii) There exists a δ > 0 arbitrarily small,

such that, for all i = 1, 2, . . ., the smallest eigenvalue of the random matrix ZiQZi′, denoted by

m(ZiQZi′), is greater than δ. (iii) Condition FMLN(iii) holds.

The asymptotic covariance matrix of the GFM estimator bGFMN is given by

Avar[bGFMN ] = E
[[

(P i
Q − E[P i

Q])u
i
] [

(P i
Q − E[P i

Q])u
i
]′]

, (11)

where

P i
Q = (ZiQZi′)−1ZiQ. (12)

Note that, when Zi is symmetric around its zero mean, we have E[P i
Q] = 0K×T . If, in addition, the

homoscedasticity assumption E
[
uiui′|Zi

]
= Σu holds, we have

Avar[bGFMN ] = E
[
P i
QΣ

u(P i
Q)
′]

as a consequence of the law of iterated expectations. Under this scenario, it follows from fact (F2)

stated in the Appendix that the optimal choice for the weighting matrix is

Q = (Σu)−1

for which we obtain

Avar[bGFMN ] = E
[
(Zi(Σu)−1Zi′)−1

]
.

The following theorem summarizes the asymptotic properties of the FM and GFM estimators.

The proof can be found in the Appendix.

Theorem 2 (a) Under Condition FMLN, the FM estimator bFMN is consistent and asymptotically

normal as N →∞, with asymptotic covariance matrix given by (9).

(b) Under Condition GFMLN, the GFM estimator bGFMN is consistent and asymptotically normal as

N →∞, with asymptotic covariance matrix given by (11).
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2.4 Efficiency comparison

Without detailed knowledge of the covariance structure of the disturbances ui, one cannot rank

the various estimators in terms of asymptotic efficiency. As already mentioned, it is not even clear

how to optimally select the weighting matrices used by the GLS and GFM procedures. We can,

however, shed some light on the issue of efficiency under a special assumption of interest. For the

rest of this discussion, we assume that E[P i] = E[P i
Q] = 0K×T . This assumption holds if Zi is

symmetric around its zero mean. When the homoscedasticity condition E
[
uiui′|Zi

]
= Σu holds,

the optimal choice for both GLS and GFM is given by the inverse of the disturbance variance,

(Σu)−1 . Therefore, by construction, GLS is more efficient than LS, and GFM is more efficient than

FM. Furthermore, it follows from fact (F1) stated in the Appendix that

Avar[bGFMN ] = E
[
(Zi(Σu)−1Zi′)−1

]
≥ (E[Zi(Σu)−1Zi′])−1 = Avar[bGLSN ]

and hence the GLS estimator is more efficient than the GFM estimator. A remaining question

is whether LS is more efficient than FM. The answer is not clear even under the assumption of

conditional homoscedasticity. However, under the stronger assumption E
[
uiui′|Zi

]
= σ2IT , we can

conclude

Avar[bFMN ] = σ2E
[
(ZiZi′)−1

]
≥ σ2(E[ZiZi′])−1 = Avar[bLSN ]

as it follows from fact (F1). Therefore, in this case, the LS estimator is more efficient than the FM

estimator.

2.5 Simulation evidence

We examine the performance of the various estimators under a number of different scenarios. We

consider several cases including time-invariant firm effects, firm-invariant time effects, and time-

varying firm effects. We examine the effect of asymmetry allowing for different degrees of skewness

in both the disturbance and the regressor. We further examine the sensitivity to changes in the

cross-section size N and the time-series length T , and we demonstrate the importance of demeaning

when firm-invariant time effects are present.

Naturally, the extensive simulations in Petersen (2005) serve as a suitable benchmark for our

experiments. We follow his assumptions about the data generating process, although our simulation

design differs in some aspects. To reduce the simulation error, we use 50,000 repetitions for each

simulation. In addition, we use a cross section of size N = 300 instead of 500 since we are interested

in the small sample properties of the estimators. Furthermore, we deviate from other panel data

simulation studies, such as Kezdi (2003) and Petersen (2005), and do not present average estimated
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standard errors. This type of evidence is useful for determining whether the estimated standard

errors are unbiased estimates of true population standard deviations. Our point of view, however,

is that the primary object of interest in empirical research is the empirical distribution of the

corresponding t-statistics. Even if we estimate the standard errors very precisely, the finite sample

distribution of the t-statistics might deviate from the standard normal distribution. For this reason,

we opt for what we hope is a more informative representation of the performance of the various

estimators and we present the evidence in terms of the t-statistic empirical distribution.

We summarize the simulation evidence in terms of the empirical p-values of two-sided t-statistic

tests for given asymptotic nominal p-values 1%,5%, and 10%. In addition, we report the cut-off

values that result in the predetermined rates of rejection and compare them with the asymptotic

nominal cut-off values 2.58, 1.96, and 1.64 that correspond to p-values 1%, 5%, and 10%, re-

spectively. Following standard notation, we denote by p the p-values, while we denote by xp the

corresponding cut-off values. To compare the various estimators in terms of efficiency, we also

report the root mean square errors.

Following Petersen (2005), we define the fractions of the disturbance variance due to a firm-

specific component (ω) and a time-specific component (φ) by

ρω =
σ2

ω

σ2
ε

and ρφ =
σ2

φ

σ2
ε

,

respectively. Similarly, we define the fractions of the regressor variance due to a firm-specific

component (µ) and a time-specific component (ξ) by

ρµ =
σ2

µ

σ2
x

and ρξ =
σ2

ξ

σ2
x

,

respectively. Across different simulations we consider several combinations of the fractions ρω, ρφ,

ρµ, and ρξ. Throughout, as in Petersen (2005), the standard deviations of the regressors and the

residuals are σx = 1 and σε = 2, respectively. To enhance the exposition, we make the following

notation change: the regressors xit and the disturbances εit are standardized so that they have

zero mean and unit variance. We guarantee that the right variances are used by multiplying the

variables by the appropriate standard deviation. This convention makes the design of the simulation

experiments easier to follow. Therefore, the data generating process used in our simulations is given

by

yit = (σxxit)b + σεεit.

A number of points are in order regarding the difference between our results and the results

of Petersen (2005). First, while we use the modified version of the FM approach, which is more
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suitable when N is large, Petersen (2005) uses the traditional FM procedure, whose use is justified

for panels with large T . Second, we obtain all estimators and t-statistics after a cross-sectional

demeaning step (see equation (2)). Third, to compute t-statistics we use consistent estimates of

the asymptotically valid covariance matrices as stated in Theorems 1 and 2. In particular, we

should stress that we do not use OLS standard errors when we compute the LS t-statistics. In

addition to LS and FM estimators, we also consider their generalized versions, GLS and GFM,

respectively. Moreover, in the next section, we provide simulation evidence for the large T case

typically encountered in asset pricing applications.

We break our simulations into five sets in order to focus on the various aspects that might affect

the finite sample behavior of the various estimators. The first set (LN1) examines the case in which

time-invariant firm effects and firm-invariant time effects are present in both the disturbance εit

and the regressor xit. In the second set (LN2), we introduce a time-varying firm effect in both εit

and xit to gauge how within-firm serial correlation affects the various estimators. In the first two

sets, all simulated variables are normally distributed. The third set (LN3) examines the effect of

skewness. We examine the sensitivity to changes in N and T in the fourth set (LN4), where we

repeat the simulations from set LN2 for nine different combinations of N and T. The fifth and final

set (LN5) illustrates the importance of demeaning in the presence of firm-invariant time effects.

Simulation LN1: Time-invariant firm effects and firm-invariant time effects

Our first simulation experiment assumes that both the disturbance and the regressor contain

a time-invariant firm effect as well as a firm-invariant time effect. Specifically, we assume the

following structure

εit =
√

ρωωi +
√

ρφφt +
√

1− ρω − ρφvit,

xit =
√

ρµµi +
√

ρξξt +
√

1− ρµ − ρξwit.

The random variables ωi, µi, φt, ξt, vit, and wit for i = 1, . . . , N, t = 1, . . . , T are mutually

independent and normally distributed. Note that by construction, both εit and xit have zero mean

and unit variance. We consider three choices for (ρω, ρφ) and (ρµ, ρξ) : (0, 0.25), (0.25, 0), and

(0.25, 0.25). This produces nine possible combinations and covers a number of cases of particular

interest. For example, when (ρω, ρφ) = (0, 0.25), the disturbance contains a firm-invariant time

effect but no time-invariant firm effect and, vice versa, when (ρω, ρφ) = (0.25, 0). The empirical

p-values of the two-sided t-statistic tests, and the empirical cut-off values of all four estimators

are presented in Table 1. The root mean square errors are presented in Table 6. Examination of

Table 1 reveals that all four estimators produce very reliable t-statistics across all nine scenarios.

Specifically, for a nominal p-value of 1%, all empirical p-values are between 1% and 1.3%; for a
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nominal p-value of 5%, all empirical p-values are between 5% and 6.1%; and for a nominal p-value of

10%, all empirical p-values are between 9.9% and 11.7%. The LS and FM t-statistics are consistently

more reliable (although by an insignificant amount) than their generalized counterparts. This can

be attributed to the fact that the weighting matrices cannot be estimated precisely. On the other

hand, Table 6 shows that the GLS and GFM are more efficient than LS and FM, respectively, as

predicted by our theoretical arguments. In addition, also as expected, LS is more efficient than

FM, and GLS is more efficient than GFM.

Simulation LN2: Time-varying firm effects

In this set we extend the setup used in LN1 and introduce a time-varying and serially correlated

firm effect in addition to the time-invariant firm and firm-invariant time effects. As in LN1, we

have

εit =
√

ρωωi +
√

ρφφt +
√

1− ρω − ρφvit,

xit =
√

ρµµi +
√

ρξξt +
√

1− ρµ − ρξwit.

However, the disturbances vit and wit now follow first-order autoregressive processes instead of

being serially independent. Specifically, for each i,

vit = δεvit−1 +
√

1− δ2
εζit, t = 2, . . . , T, vi1 = ζi1

and

wit = δxwit−1 +
√

1− δ2
xηit, t = 2, . . . , T, wi1 = ηi1,

where the parameters δε and δx lie between −1 and 1. The random variables ωi, µi, ζit, ηit for

i = 1, . . . , N, t = 1, . . . , T are mutually independent and normally distributed. To examine the

effect of autocorrelation in isolation, we set (ρω, ρφ) and (ρµ, ρξ) equal to (0.25, 0.25) and let δε and

δx take values −0.5, −0.25, 0.25, and 0.5. This produces 16 possible combinations. The empirical

p-values of the two-sided t-statistic tests and the empirical cut-off values of all four estimators are

presented in Table 2. The root mean square errors are presented in Table 7. The overall evidence

is identical to that from Simulation LN1. Namely, all four estimators yield reliable t-statistics with

the LS and FM being slightly better than GLS and GFM, respectively. The generalized versions

are again more efficient, as expected. The LS estimator is still more efficient than FM in most

cases, but the difference does not seem to be significant.

Simulation LN3: The effect of skewness

To examine the effect of skewness on the performance of the four estimators, especially FM and

GFM, we repeat the experiment described in Simulation LN2 above using nonsymmetric random
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variables. We set the variance proportion pairs (ρω, ρφ) and (ρµ, ρξ) equal to (0.25, 0.25) and the

autoregressive coefficients δε and δx equal to 0.5. Instead of normal random variables, we generate

gamma random variables, with the skewness parameters sε and sx taking the values −1, −0.5,

0.5 and 1. The gamma variables are standardized to have zero mean and unit variance. This

produces 16 different combinations. The empirical p-values of the two-sided t-statistic tests and

the empirical cut-off values of all four estimators are presented in Table 3. The root mean square

errors are presented in Table 8. Again we see no significant change in the performance of all four

estimators. We conclude that all four estimators are robust with respect to the presence of skewness

in both the disturbances and the regressors.

Simulation LN4: Sensitivity to changes in N and T

Given the robust finite-sample performance of all estimators in the previously examined set-

tings, one might ask at which point the small-sample distribution of the t-statistics starts deviating

considerably from the asymptotic distribution. We investigate this aspect by repeating the ex-

periment described in Simulation LN2 above using different choices for the cross-section size N

and the time-series length T . Specifically, we set (ρω, ρφ) and (ρµ, ρξ) equal to (0.25, 0.25) and

δε = δx = 0.5. Moreover, we let N take values 100, 200, and 300, while T takes values 10, 30, and

50. This produces nine different combinations. The empirical p-values of the two-sided t-statistic

tests and the empirical cut-off values of all four estimators are presented in Table 4. The root mean

square errors are presented in Table 9. The LS and FM estimators still provide reliable t-statistics

in all nine scenarios. Let us focus on the LS estimator first. For a nominal p-value of 1%, the

LS empirical p-values are between 1.1% and 1.4%; for a nominal p-value of 5%, the LS empirical

p-values are between 5.2% and 5.9%; and for a nominal p-value of 10%, the LS empirical p-values

are between 10.3% and 11.1%. For the FM estimator, the corresponding empirical p-values are

between 1% and 1.2%, between 5.1% and 5.5%, and between 10.1% and 10.7%, respectively. Recall

that the estimators are justified by large N asymptotics. Therefore, we expect the performance

to improve as N increases. This is exactly what we see in Table 4. As N increases, the empirical

p-values converge to their nominal counterparts. On the other hand, as T increases we expect the

estimation of the weighting matrix used by the generalized estimators to become problematic. This

is indeed reflected in Table 4. When N = 100 and T = 30 and for a nominal p-value of 5%, the GLS

t-statistic produces an empirical p-value of 20% while the empirical p-value of the GFM t-statistic

is 18.4%. To achieve a level of significance of 5% in this scenario, one has to use cut-off values

of 3.00 and 2.91 when using the GLS and GFM estimators, respectively. As expected, the size

distortion is reduced as N becomes larger and/or T becomes smaller. Again, according to Table 9,

the generalized estimators are more efficient than the standard counterparts.

Simulation LN5: The importance of demeaning in the presence of firm-invariant time effects
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In our last simulation set in this section, we address the issue of cross-sectional demeaning.

This turns out to be crucial when the regressors and/or the disturbances contain firm-invariant

time effects. To illustrate this point, we repeat the experiment described in Simulation LN1 above

with the exception that we obtain the estimators without first subtracting the cross-sectional mean.

The empirical p-values of the two-sided t-statistic tests and the empirical cut-off values of all four

estimators are presented in Table 5. The root mean square errors are presented in Table 10.

An interesting pattern emerges from Table 5. When there is a firm-invariant time effect in the

disturbance (ρφ = 0.25) as well as a firm-invariant time effect in the regressor (ρξ = 0.25), the

performance of all four estimators deteriorates considerably. As an indication, note that for a

nominal p-value of 5%, all empirical p-values are above 40%. The correct cut-off values for achieving

a level of significance of 5% are between 4.97 and 9.04, as opposed to the nominal cut-off value

of 1.96. On the other hand, if either effect is absent, i.e., if either ρφ = 0 or ρξ = 0, then the

performance of all four t-statistics improves dramatically. To understand why this is the case,

consider the data generating process stated in LN1. It follows that for i 6= j, E[(xitεit)(xjtεjt)] =

ρφρξ and, therefore, we have cross-sectional correlation for every pair of firms as long as ρφρξ 6= 0.

Unless we remove these cross-sectional correlations by means of cross-sectional demeaning, the

t-statistics are unreliable as illustrated in Table 5.

3 Long Time Series

The treatment of the large T case will be brief due to obvious similarities to the large N case. We

will point out the necessary modifications.

3.1 Model description

The regression model is identical to the one employed in the large N case:

yit = x′itb + εit,

where i = 1, . . . , N and t = 1, . . . , T . As in the large N case, we assume that the regressors xit and

the disturbances εit contain time and firm effects:

xit = ξt + µi + wit,

εit = φt + ωi + vit.

We allow the terms wit and vit to be cross-sectionally correlated in an arbitrary fashion. Therefore,

we can, without loss of generality, ignore the terms ξt and φt in the above specification. In other
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words, we can work with the variables

zit = ξt + wit,

uit = φt + vit.

We group observations by time period and for each t, we let

yt =

 y1t
...

yNt

 (N × 1), X ′
t =

 x′1t
...

x′Nt

 (N ×K), εt =

 ε1t
...

εNt

 (N × 1)

so that we can succinctly write the regression model as

yt = X ′
tb + εt, t = 1, . . . , T. (13)

Further denoting

M ′ =

 µ′1
...

µ′N

 , Z ′
t =

 z′1t
...

z′Nt

 , ω =

 ω1
...

ωN

 , ut =

 u1t
...

uNt

 ,

we can write, for t = 1, . . . , T

X ′
t = M ′ + Z ′

t, εt = ω + ut.

As before, without loss of generality, we can assume that

E[Z ′
t] = 0N×K , E[ut] = 0N .

Next, we first eliminate the firm effects M and ω by demeaning. In the present context, we subtract

the time-series average from each observation. Therefore, after demeaning, regression (13) delivers

yt − ȳT = (Xt − X̄T )′b + (εt − ε̄T ) = (Zt − Z̄T )′b + (ut − ūT ),

where we use the generic notation

r̄T =
1
T

∑T

t=1
rt.

We can further simplify the notation by letting

r̃t = rt − r̄T

to obtain

ỹt = X̃ ′
tb + ε̃t = Z̃ ′

tb + ũt, t = 1, 2, . . . , T. (14)

As before, we obtain estimators of the parameter b by applying the least-squares or the Fama-

MacBeth method to equation (14).
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3.2 Least-squares estimators

Applying least-squares to equation (14) we obtain the LS estimator

bLST =
(

1
T

∑T

t=1
X̃tX̃

′
t

)−1 (
1
T

∑T

t=1
X̃tỹt

)
.

The asymptotic properties, as T →∞, of the LS estimator bLST can be established under appropriate

regularity conditions. The main difference between the large N and the present large T case is that

we do not have to restrict the observations (Zt, ut) to be i.i.d. over time; see Condition LSLN(i)

for comparison. Instead, we can allow for serial correlation while we require that the central limit

theorem applies. Formally, we make the following assumption:

Condition LSLT. (i) The time series {st = (vec(Zt)′, u′t)
′, t = 1, 2, . . .} is stationary and mixing,

and the central limit theorem applies to functions of st. (ii) The matrix E [ZtZ
′
t] has full rank equal

to K. (iii) The orthogonality condition E [Ztut] = 0K holds.

Under Condition LSLT, bLST is consistent and asymptotically normal, as T →∞. In particular,

we can show that

√
T (bLST − b) = Σ−1

Z

1√
T

∑T

t=1
Ztut + op(1),

where

ΣZ = E
[
ZtZ

′
t

]
. (15)

It follows that the asymptotic covariance of bLST is given by

Avar
[
bLST

]
= Σ−1

Z ΣZuΣ−1
Z , (16)

where

ΣZu =
∑∞

j=−∞
E[Ztut(Zt−jut−j)′]. (17)

Since X̃t = Z̃t and ε̃t = ũt, a consistent estimator of the asymptotic covariance matrix Avar[bLST ]

can be obtained by

V LS
b,T = Σ−1

X,T ΣXε,T Σ−1
X,T ,

where

ΣX,T =
1
T

∑T

t=1
X̃tX̃

′
t

22



and ΣXε,T is a heteroscedasticity and autocorrelation consistent (HAC) estimator of the asymptotic

variance of the time series X̃tε̂t, where the estimated residuals ε̂t = yt−X ′
tbT are obtained using bT ,

a consistent estimate of b. HAC estimators can be obtained using the methodology of Newey-West

(1987, 1994).3

Employing a weighting matrix Q other than the identity matrix, we obtain the GLS estimator

bGLST =
(

1
T

∑T

t=1
X̃tQT X̃ ′

t

)−1 (
1
T

∑T

t=1
X̃tQT ỹt

)
,

where QT is a consistent estimator of the symmetric and positive definite matrix Q. It follows that

the asymptotic covariance of bGLST is given by

Avar
[
bGLST

]
= (ΣQ

Z)
−1ΣQ

Zu(Σ
Q
Z)
−1, (18)

where

ΣQ
Z = E

[
ZtQZ ′

t

]
(19)

and ΣQ
Zu is determined by

1√
T

∑T

t=1
ZtQut

d−→ N(0K ,ΣQ
Zu). (20)

Consistency and asymptotic normality of the GLS estimator bGLST are guaranteed under the following

assumption:

Condition GLSLT. (i) Condition LSLT(i) holds. (ii) The matrix E [ZtQZ ′
t] has full rank equal

to K. (iii) The orthogonality condition E [Zt ⊗ ut] = 0NK×N holds.

The following theorem summarizes the asymptotic behavior of the LS and GLS estimators. Its

proof is similar to the proof of Theorem 1 and is omitted.

Theorem 3 (a) Under Condition LSLT, the LS estimator bLST is consistent and asymptotically

normal as T →∞, with asymptotic covariance matrix given by expression (16).

(b) Under Condition GLSLT, the GLS estimator bGLST is consistent and asymptotically normal as

T →∞, with asymptotic covariance matrix given by expression (18).
3den Haan and Levin (1997, 2000) provide useful guidance for the implementation of HAC estimators.
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3.3 Fama-MacBeth estimators

Recall that after demeaning we have

ỹt = X̃ ′
tb + ε̃t = Z̃ ′

tb + ũt, t = 1, . . . , T.

Therefore, following the original idea of FM, an estimate of b based only on observations from time

period t can be obtained as follows

b̂t = (X̃tX̃
′
t)
−1X̃tỹt

so that b̂t = b+(Z̃tZ̃
′
t)
−1Z̃tũt. The FM estimator is then obtained by averaging over t the individual

estimates b̂t:

bFMT =
1
T

∑T

t=1
b̂t =

1
T

∑T

t=1
(X̃tX̃

′
t)
−1X̃tỹt.

The analogue to Condition FMLN in the large T context is given by

Condition FMLT. (i) Condition LSLT(i) holds. (ii) There exists a δ > 0 arbitrarily small, such

that, for all t = 1, 2, . . . the smallest eigenvalue of the random matrix ZtZ
′
t, denoted by m(ZtZ

′
t),

is greater than δ. (iii) The orthogonality condition E [ut|Zt] = 0N holds.

Condition FMLT guarantees consistency and asymptotic normality for the FM estimator. In

particular, under Condition FMLT, we can adapt the argument in the proof of Theorem 2 and

show that

√
T (bFMT − b) =

1√
T

∑T

t=1
(Pt − E[Pt])ut + op(1),

where

Pt = (ZtZ
′
t)
−1Zt.

Therefore, the asymptotic covariance matrix of bFMT is given by

Avar[bFMT ] =
∑∞

j=−∞
E

[
[(Pt − E[Pt])ut] [(Pt−j − E[Pt])ut−j ]

′] . (21)

Under the assumption E[Pt] = 0K×N , which is satisfied when Zt is symmetric around its zero mean,

we have

Avar[bFMT ] =
∑∞

j=−∞
E

[
(Ptut)(Pt−jut−j)′

]
.
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Adapting the original idea of FM to a time-series context, an estimate of the covariance matrix

Avar[bFMT ] is obtained by treating the individual estimates b̂t as a sample from a stationary time

series. This gives rise to the HAC covariance estimator using a Bartlett kernel

V FM
b,T = ΩFM

0,T +
∑mT

j=1

(
1− j

mT + 1

) [
ΩFM

j,T + (ΩFM
j,T )′

]
,

where

ΩFM
j,T =

1
T

∑T

t=j+1
(b̂t − bFMT )(b̂t−j − bFMT )′

and the bandwidth mT increases with T at an appropriate rate. Arguing as in the large N case,

we can show that, for j = 0, 1, . . .

ΩFM
j,T =

1
T

∑T

t=j+1
(Ptut)(Pt−jut−j)′ + op(1).

Therefore, under appropriate regularity conditions (see Newey and West (1987)), V FM
b,T provides a

consistent estimator of Avar[bFMT ] under the assumption that E[Pt] = 0K×N .

Given a symmetric and positive definite N × N weighting matrix Q, we can also obtain the

following generalized FM estimator for the large T case

bGFMT =
1
T

∑T

t=1
(X̃tQT X̃ ′

t)
−1X̃tQT ỹt,

where the weighting matrix QT is assumed to converge in probability to Q as T → ∞. The

asymptotic properties of the GFM estimator can be established under the following assumption:

Condition GFMLT. (i) Condition LSLT(i) holds. (ii) There exists a δ > 0 arbitrarily small, such

that, for all t = 1, 2, . . . the smallest eigenvalue of the random matrix ZtQZ ′
t, denoted by m(ZtQZ ′

t),

is greater than δ. (iii) Condition FMLT(iii) holds.

Given Condition GFMLT, we can show that bGFMT is consistent and asymptotically normal.

Specifically, it can be shown that

√
T (bGFMT − b) =

1√
T

∑T

t=1
(P Q

t − E[P Q
t ])ut + op(1),

where

P Q
t = (ZtQZ ′

t)
−1ZtQ.

Therefore, the asymptotic covariance matrix of bGFMT is given by

Avar[bGFMT ] =
∑∞

j=−∞
E

[[
(P Q

t − E[P Q
t ])ut

] [
(P Q

t−j − E[P Q
t ])ut−j

]′]
. (22)
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Under the assumption that E[P Q
t ] = 0K×N , we can proceed as in the case of the FM estimator and

obtain a HAC estimator of Avar[bGFMT ].

The following theorem summarizes the asymptotic properties of the FM and GFM estimators.

The proof is similar to the proof of Theorem 2 and is omitted.

Theorem 4 (a) Under Condition FMLT, the FM estimator bFMT is consistent and asymptotically

normal as T →∞, with asymptotic covariance matrix given by (21).

(b) Under Condition GFMLT, the GFM estimator bGFMT is consistent and asymptotically normal as

T →∞, with asymptotic covariance matrix given by (22).

3.4 Simulation evidence

We adopt the notation and presentation given in subsection 2.5. The difference is that we now

focus on the large T case and use the estimators developed in the previous two subsections. The

heteroscedasticity and autocorrelation consistent (HAC) estimators of the various covariance ma-

trices are obtained using the procedure developed in Newey-West (1994). Our implementation uses

prewhitened residuals and a Bartlett kernel with data-dependent bandwidth parameter. For the

exact implementation details see Section 2.2 in den Haan and Levin (1997). The simulation de-

sign draws on the simulation study conducted by Driscoll and Kraay (1998). The data generating

process is described as follows:

yit = (σxxit)b + σεεit,

where

εit =
√

ρφφt +
√

ρωωi +
√

1− ρφ − ρωvit

and

xit =
√

ρξξt +
√

ρµµi +
√

1− ρξ − ρµwit.

Throughout this subsection, the firm-invariant time effects φt and ξt and the time-invariant firm

effects ωi and µi are independent across t and i and normally distributed with zero mean and unit

variance. As in subsection 2.5, ρξ and ρµ represent the fraction of variability of the regressor due

to a time- and firm-specific component, respectively. Similarly, ρφ and ρω represent the fraction of

variability of the disturbance due to a time- and firm-specific component, respectively. It follows

from the above specification that the standardized variables εit and xit will have unit variance

as long as the terms vit and wit have unit variance. To capture cross-sectional as well as serial
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correlations, we model the dynamics of the idiosyncratic terms vit and wit using a factor structure.

Specifically, we define

vit = λift +
√

1− λ2
i sit,

with the factor ft following an autoregressive process of order 1 defined by

ft = δfft−1 +
√

1− δ2
fθt, t = 2, . . . , T, f1 = θ1.

The variables sit and θt are independent across i and t and normally distributed with zero mean

and unit variance. We restrict the coefficients λi and δf to be less than one in absolute value so

that vit is well-defined. Observe that the above specification guarantees that the factors ft and

the disturbances vit have unit variance. Note that, conditional on the coefficients λi and λj , the

correlation between the terms vi,t and vj,t−τ is given by

Corr[vi,t, vj,t−τ ] = λiλjδ
τ
f , τ = 0, 1, . . .

To ensure mixing, we restrict the coefficients λi to be uniformly bounded. Specifically, we assume

that λi’s are uniformly distributed over the interval [cλ, 1] and independent across i. Similarly, the

dynamics of the term wit is described by

wit = κigt +
√

1− κ2
i qit,

where the factor gt follows an autoregressive process of order 1 defined by

gt = δggt−1 +
√

1− δ2
gγt, t = 2, . . . , T, g1 = γ1.

The variables qit and γt are assumed to be independent across i and t and normally distributed

with zero mean and unit variance. The coefficients κi are uniformly distributed over the interval

[cκ, 1] and independent across i.

To assess the sensitivity of the small-sample performance of the various estimators to changes

in the parameters determining the data generating process, we consider several choices for the

simulation input. As in subsection 2.5, we break our simulations into five sets. In the first set

(LT1), we fix the parameters δf , δg, cλ, and cκ that determine the correlation structure and let the

variance fractions ρφ, ρω, ρξ, and ρµ vary. In the second set (LT2), we focus on the sensitivity to

factor autoregressive coefficients δf and δg. The third set (LT3) examines the sensitivity to lower

bounds cλ and cκ. We address the sensitivity to changes in T and N in the fourth set (LT4). The

final set (LT5) examines the sensitivity to changes in T and N in the absence of serial correlation.

In simulations LT1, LT2, and LT3, we use T = 240 (which corresponds to 20 years of monthly
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data) and N = 25 (which is a typical number of portfolios used in empirical asset pricing research).

In simulations LT4 and LT5, we consider several choices for T and N .

Simulation LT1: Sensitivity to variance fractions (ρφ, ρω) and (ρξ, ρµ)

We set δf = δg = 0.5 and cλ = cκ = 0.5 and consider three different values for each pair (ρφ, ρω)

and (ρξ, ρµ) : (0, 0), (0, 0.25), and (0.25, 0). This produces a total number of nine scenarios. The

empirical p-values of the two-sided t-statistic tests and the empirical cut-off values of all four

estimators are presented in Table 11. The root mean square errors are presented in Table 16.

From Table 11, it follows that, despite the presence of both serial and cross-sectional correlation,

the distribution of the LS, GLS, and FM-based t-statistics adequately approximate the standard

normal distribution. For instance, if the nominal p-value equals 5%, the LS empirical p-values

are between 6.6% and 7.0%, the GLS empirical p-values are between 5.6% and 6.6%, and the FM

empirical p-values are between 6.2% and 6.5%. On the contrary, the GFM empirical p-values are

between 11.4% and 13.1%. The GFM t-statistic does not appear to be robust to cross-sectional and

serial correlations. Table 16 shows that the generalized estimators are significantly more efficient

than their standard counterparts.

Simulation LT2: Sensitivity to factor autoregressive coefficients δf and δg

To examine the effect of the factor serial correlations in isolation, we remove all firm-invariant

time effects and time-invariant firm effects by setting ρφ = ρω = ρξ = ρµ = 0. The parameters cλ

and cκ are set equal to 0.5. We consider four values for the autoregressive coefficients δf and δg

: −0.75, −0.5, 0.5, and 0.75. This produces 16 possible combinations. The empirical p-values of

the two-sided t-statistic tests and the empirical cut-off values of all four estimators are presented

in Table 12. The root mean square errors are presented in Table 17. As in the LT1 simulation,

we observe that LS, GLS, and FM produce reliable t-statistics, while the distribution of the GFM-

based t statistic can considerably deviate from the standard normal. The GLS and GFM estimators

are more efficient than LS and FM, respectively, with the difference becoming more pronounced for

more extreme values of the autoregressive coefficients.

Simulation LT3: Sensitivity to lower bounds cλ and cκ

In this simulation we examine the sensitivity to the variance fractions due to the factors, λi and

κi. Recall, that the λi’s are assumed to be uniformly distributed over [cλ, 1]. Therefore, to achieve

this, we let the parameters cλ and cκ vary. As in Simulation LT2, we set ρφ = ρω = ρξ = ρµ = 0.

The autoregressive coefficients δf and δg are set equal to 0.5. We consider three values for the

lower bounds cλ and cκ : 0.25, 0.5, and 0.75. We thus have nine possible scenarios. The empirical

p-values of the two-sided t-statistic tests and the empirical cut-off values of all four estimators are

presented in Table 13. The root mean square errors are presented in Table 18. As in Simulation
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LT3, we observe that LS, GLS, and FM-based t-statistics are reliable, while GFM-based t-statistics

can be misleading. The difference in efficiency between GLS (GFM) and LS (FM) increases as cκ

and/or cλ increases.

Simulation LT4: Sensitivity to T and N

Although the estimators considered in this section are justified as T tends to infinity, we observe

that the LS and FM estimators are feasible and can be implemented even if N is much larger than

T. It is therefore worth examining their finite-sample behavior when N � T. We consider four

possibilities for the time-series length, T = 30, 60, 90, and 120, and four possibilities for the size

of the cross section, N = 250, 500, 750, and 1000. The rest of the parameters are specified as

(ρφ, ρω) = (ρξ, ρµ) = (0, 0), δf = δg = 0.5, and cλ = cκ = 0.5. The empirical p-values of the two-

sided t-statistic tests and the empirical cut-off values of all four estimators are presented in Table

14. The root mean square errors are presented in Table 19. The LS and FM estimators appear

to be equivalent in terms of efficiency. Furthermore, LS-based and FM-based t-statistics behave

almost identically. Since both estimators are based on T asymptotics, we expect the distribution

of the corresponding t-statistics to converge to the standard normal distribution as T increases.

This is exactly what we see in Table 14. For T = 120, the empirical p-values are quite close to the

nominal p-values. More importantly, the results are the same across all values of the cross-section

size N . This suggests that the large-T LS and FM estimators can provide reliable inference even

for the large N case, as long as we have enough time series observations. However, if T is small,

t-statistics based on these large-T estimators can be rather misleading.

Simulation LT5: Sensitivity to T and N without serial correlation

Fama and French (2002) argue that standard errors based on the (traditional) FM method are

typically underestimated by a factor up to 2.5 and they attribute the problem to serial correlation

in the individual FM estimates. However, there is evidence that the problem is not caused solely by

serial correlation. Rather, it appears to be a short time-series problem that, interestingly enough,

does not depend on the size of the cross section. In other words, the t-statistics have a distribution

that approximates well the target standard normal distribution when T is large enough, irrespective

of the number of cross-sectional units. The other point that deserves emphasis is that, contrary to

the claim made by Fama and French (2002), the FM method does not provide a reliable solution

to the problem of underestimating standard errors when T is small and N is large. While the LS

and FM methods produce t-statistics with very similar small-sample behavior, the distributions

of both t-statistics are far from the asymptotic normal distribution. The correction suggested

by Fama and French (2002) can then be viewed as a small-sample correction, but it is not clear

how this correction should be determined in general. In any case, a similar adjustment could
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be used for the LS estimator to correct for the small-sample problem. The point that needs to

be emphasized is that when we apply LS and FM in the same fashion, we obtain inference of

comparable quality. To illustrate this point, we repeat the experiment from Simulation LT4 with

one important modification. We set δf = δg = 0 so that there is no serial correlation in vit and wit.

This implies that the individual FM estimates are serially uncorrelated. As before, we consider

four possibilities for the time-series length, T = 30, 60, 90, and 120, and four possibilities for the

size of the cross section, N = 250, 500, 750, and 1000. The rest of the parameters are specified as

(ρφ, ρω) = (ρξ, ρµ) = (0, 0), and cλ = cκ = 0.5. The empirical p-values of the two-sided t-statistic

tests and the empirical cut-off values of all four estimators are presented in Table 15. The root

mean square errors are presented in Table 20. Although the results in Table 15 suggest that the

FM t-statistics perform better than the LS t-statistics, both t-statistics are unreliable for small T ,

such as 30 or 60. As T increases, the performance of both estimators improves. As before, the size

N of the cross section does not seem to affect the behavior of the t-statistics.

4 Conclusion

The econometric analysis of panel data depends in a crucial way on the cross-sectional and time-

series correlation of the regression residuals. In this paper, we consider four estimators that can be

used, with appropriate modifications, for both large N and large T cases. Two estimators (LS and

GLS) are based on the least-squares approach, while the other two (FM and GFM) are based on the

approach of Fama and MacBeth (1973). All estimators are consistent and asymptotically normal

under certain regularity conditions. We provide ample simulation evidence on the small-sample

behavior of all estimators for both cases. The main point to emphasize is that both approaches (LS

and FM) provide inference of comparable quality, as long as appropriate versions of each estimator

are used. Therefore, we suggest that empirical researchers use both approaches to guarantee the

validity of their results.

In the case of a large cross sections, the estimators under examination perform remarkably well

in the sense that the finite sample distribution of the corresponding t-statistics is very close to

the limiting standard normal distribution. This feature is robust across all different settings under

consideration, including firm-invariant time effects, time-invariant firm effects, and time-varying

firm effects. However, as one might expect, we observe some deterioration in the performance of

the GLS and GFM estimators when the time-series length is large relative to the size of the cross

section. It appears that this is due to the poor estimation of the disturbance covariance matrix. On

the contrary, LS and FM are very reliable even in this challenging situation. Another point that

should be emphasized is the importance of cross-sectional demeaning before obtaining the various
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estimators in the presence of firm-invariant time effects. We present simulation evidence showing

that, when the regressors and the disturbances contain firm-invariant time effects, omitting the

demeaning step can lead to a deterioration in the performance of the estimators, and inference

based on t-statistics can be misleading. The various estimators differ in terms of efficiency. As

predicted by theoretical arguments and demonstrated by simulations, GLS is more efficient than

LS, and GFM is more efficient than FM. Although the FM estimator appears to be the least

efficient, it consistently produces t-statistics as reliable as the LS-based t-statistics. The higher

efficiency of GLS and GFM comes at a cost. The optimal weighting matrix can be determined only

under conditional homoscedasticity and, even in that case, its estimation can be problematic. In

addition, if the disturbances are conditionally heteroscedastic, the GLS and GFM estimators are

not guaranteed to be more efficient than their standard counterparts.

A similar picture arises in the case of long time series. Even in the presence of both cross-

sectional and serial correlation, all four estimators produce reliable t-statistics in small samples.

Although formally justified by T asymptotics, the LS and FM estimators for the large T case

are feasible and can be used even if N is much larger than T . Most importantly, they perform

remarkably well, regardless of the cross-section size N, as long as the time-series length T is not

too small. The generalized estimators are more efficient than the standard versions, and, in our

experiments, the FM estimator is more efficient than the LS estimator.

One important remaining issue should be pointed out with regard to the large N case. The

regression-based procedures examined in this paper can only handle cross-sectional dependence in

the form of a common shock to all firms at a given time period. Generic forms of cross-sectional

dependence are far more challenging to address and are beyond the scope of this paper. The spatial

methodologies of Conley (1999) and Kapoor, Kelejian and Prucha (2002) appear to be a promising

approach to addressing this aspect of the data. This and related issues can be the subject of future

research.
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5 Appendix: Auxiliary facts and Proofs

The following facts are used in the main text or in the subsequent proofs. We state them here

explicitly for the convenience of the reader.

(F1) For any symmetric and positive definite m×m random matrix X, we have

E[X−1] � (E[X])−1

in the sense that the matrix E[X−1]− (E[X])−1 is positive semidefinite.

Fact (F1) follows from combining Theorem 2.1 and Lemma 2.2 in Cacoullos and Olkin (1965).

It is an application of Jensen’s inequality for convex matrix functions and uses the fact the inverse

matrix operator is convex in a matrix-algebraic sense.

(F2) Let W and V be positive definite M ×M matrices and C be an M × L matrix, M ≥ L with

C having full rank L. Then, the difference

(C ′WC)−1C ′WV WC(C ′WC)−1 − (C ′V −1C)−1

is a positive semidefinite matrix.

For a discussion of property (F2) see the Appendix A.7 in Arellano (2003) or subsection 8.3.3

in Wooldridge (2002).

The concepts defined next are used in the following lemma.

Definition. Let ||| · ||| denote a generic matrix norm and G denote a function from K ⊆ Rp×q

to Rr×s where K is assumed to be open with respect to ||| · |||. The matrix function G is called

uniformly continuous in ||| · ||| if, for all ε > 0 there exists a δ > 0 such that A,B ∈ K and

|||A−B||| < δ implies |||G(A)−G(B)||| < ε. The matrix function G is called Lipschitz continuous

in ||| · ||| if there exists a constant c > 0 such that |||G(A)−G(B)||| ≤ c|||A−B||| for all A,B ∈ K.

Clearly, if G is Lipschitz continuous in ||| · ||| then it is also uniformly continuous in ||| · |||.

Lemma 5 Let |||·|||2 denote the matrix norm on RN×L (N > L) induced by the standard Euclidean

norm || · ||2, that is |||B|||2 = sup{||Bu||2 : u ∈ RL, ||u||2 = 1}, for all B ∈ RN×L. For any square

matrix A, denote by m(A) and M(A) its smallest and largest eigenvalues respectively. Fix an

arbitrarily small δ > 0 and let Kδ be the set of the N × L matrices X such that m(X ′X) >

δ. Then, the matrix functions G and H, defined on Kδ by G(X) = (X ′X)−1X ′ and H(X) =

(X ′X)−1 respectively, are Lipschitz, and therefore uniformly continuous, with respect to ||| · |||2 on

Kδ. Moreover, |||G(X)|||2 ≤ 1/
√

δ for all X ∈ Kδ.
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Proof: The proof is based on the following six matrix-algebraic properties: (P1) For conformable

matrices A and B, the following inequality holds |||AB|||2 ≤ |||A|||2|||B|||2 (see Section 2, Chapter

10 in Campbell and Meyer (1979)), (P2) |||B|||2 =
√

M(B′B) for all B ∈ RN×L (see Proposition

10.2.4 in Campbell and Meyer (1979)), (P3) For any m×n matrix A, the positive eigenvalues of A′A

are the same as the positive eigenvalues of AA′ (see Theorem 3.23 in Schott (1997)), (P4) If the p×p

matrix A has eigenvalues λ1, . . . , λp then the matrix A + αIp has eigenvalues λ1 + α, . . . , λp + α (it

follows directly from the definition of eigenvalues), (P5) If the p×p matrix A has positive eigenvalues

λ1, . . . , λp then A is invertible and the eigenvalues of A−1 are λ−1
1 , . . . , λ−1

p (see Theorems 3.4(b)

and 3.5(b) in Schott (1997)) and (P6) If λ is an eigenvalue of the matrix A then λ2 is an eigenvalue

of A2 (see Theorem 3.4(a) in Schott (1997)) . It follows from (P2), (P3) and (P5) that for all

X ∈ Kδ

|||(X ′X)−1X ′|||2 =
√

M((X ′X)−1) =
1√

m(X ′X)
≤ 1√

δ
.

Then, for all X, Y ∈ Kδ, we have

(X ′X)−1X ′ − (Y ′Y )−1Y ′

= (X ′X)−1X ′(Y −X)(Y ′Y )−1Y ′ + (X ′X)−1X ′(IN − Y (Y ′Y )−1Y ′)

= (X ′X)−1X ′(Y −X)(Y ′Y )−1Y ′ + (X ′X)−1(X − Y )′(IN − Y (Y ′Y )−1Y ′)

+(X ′X)−1Y ′(IN − Y (Y ′Y )−1Y ′).

Now, the last term vanishes to zero, and (P2) combined with (P3) imply that |||(X−Y )′|||2 = |||X−
Y |||2 and (P2) together with (P6) yield |||(X ′X)−1|||2 =

√
M((X ′X)−1(X ′X)−1) = M((X ′X)−1) ≤

1
δ . Furthermore, the matrix IN − Y (Y ′Y )−1Y ′ is symmetric and idempotent and therefore (P2)

together with (P4) imply |||IN −Y (Y ′Y )−1Y ′|||22 = M(IN −Y (Y ′Y )−1Y ′) = 1−m(Y (Y ′Y )−1Y ′) =

1 − 0 = 1 where m(Y (Y ′Y )−1Y ′) = 0 follows from Theorem 1.3.20 in Horn and Johnson (1990)

since N > L. Combining the above observations and using the triangular inequality along with the

inequality in (P1) yields that

|||(X ′X)−1X ′ − (Y ′Y )−1Y ′|||2 ≤
2
δ
|||X − Y |||2

showing that the matrix function G is Lipschitz with respect to ||| · |||2 on Kδ. Finally, note that

(X ′X)−1 − (Y ′Y )−1 = −(X ′X)−1[X ′(X − Y ) + (X − Y )′Y ](Y ′Y )−1.
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Using property (P1) and the triangular inequality we obtain that for all X, Y ∈ Kδ

|||(X ′X)−1 − (Y ′Y )−1|||2

≤ |||(X ′X)−1X ′|||2|||X − Y |||2|||Y ′Y |||2 + |||X ′X|||2|||(X − Y )|||2|||(Y ′Y )−1Y |||2

≤ 1√
δ
|||X − Y |||2

1
δ

+
1
δ
|||X − Y |||2

1√
δ

=
2

δ
√

δ
|||X − Y |||2

and thus the matrix function H is with respect to ||| · |||2 on Kδ. Q.E.D.

Proof of Theorem 2:

We only present the proof for the GFM estimator (part (b)). The proof for the FM estimator is

analogous. The starting point is the identity

√
N(bGFMN − b)

=
1√
N

∑N

i=1
(Z̃iQN Z̃i′)−1Z̃iQNui −

[
1
N

∑N

i=1
(Z̃iQN Z̃i′)−1Z̃iQN

] [√
NūN

]
.

Observe that in order to prove the result it suffices to show that the conditions

1
N

∑N

i=1
(Z̃iQN Z̃i′)−1Z̃iQN

p−→ E[P i
Q] (23)

and

1√
N

∑N

i=1
(Z̃iQN Z̃i′)−1Z̃iQNui =

1√
N

∑N

i=1
P i
Qu

i + op(1) (24)

hold where P i
Q = (ZiQZi′)−1ZiQ (see definition (12)). Since Q is positive definite there exists a

unique symmetric positive definite matrix S such that Q = S′S as it follows from Theorem 7.2.6 in

Horn and Johnson (1990). The matrix S is called the matrix square root of Q. The same theorem

yields that there exists a unique symmetric positive definite matrix SN such that QN = S′NSN .

By the continuity of the matrix square root (see problem 18, Section 7.2 in Horn and Johnson

(1990)) we have SN
p−→ S. According to Condition GFMLN(ii), there exists δ > 0 such that

m(ZiQZi′) = m((SZi′)′(SZi′)) > δ for all i. Note that also Z̃iQN Z̃i′ = (SN Z̃i′)′(SN Z̃i′). It follows

from the identity

SN Z̃i′ − SZi′ = (SNS−1 − IT )(SZi′)− SN Z̄ ′
N

and Condition GFMLN(ii) that for all i,

|||SZi′|||2 =
√

M(ZiQZi′) ≤ 1√
δ
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where M(A) denotes the largest eigenvalue of a square matrix A (see Lemma 5 and its proof).

Hence, since Z̄N
p−→ 0K×T , and SN

p−→ S we obtain

sup
1≤i≤N

|||SN Z̃i′ − SZi′|||2 ≤ |||SNS−1 − IT |||2 sup
1≤i≤N

|||(SZi′)|||2 + |||SN |||2|||Z̄ ′
N |||2

p−→ 0.

Since m is a continuous operator it follows that, for all i = 1, . . . , N , m(Z̃iQN Z̃i′) > δ/2 with

probability arbitrarily close to 1 for sufficiently large N. We can now employ Lemma 5 to obtain

sup
1≤i≤N

|||H(SN Z̃i′)−H(SZi′)|||2 = sup
1≤i≤N

|||(Z̃iQN Z̃i′)−1 − (ZiQZi′)−1|||2
p−→ 0 (25)

and

sup
1≤i≤N

|||G(SN Z̃i′)−G(SZi′)|||2 = sup
1≤i≤N

|||(Z̃iQN Z̃i′)−1Z̃iSN − (ZiQZi′)−1ZiS|||2
p−→ 0.

Next we observe that

(Z̃iQN Z̃i′)−1Z̃iQN − (ZiQZi′)−1ZiQ

= (Z̃iQN Z̃i′)−1Z̃iS′NSN − (ZiQZi′)−1ZiS′S

=
[
(Z̃iQN Z̃i′)−1Z̃iS′N − (ZiQZi′)−1ZiS′

]
SN

+((SZi′)′(SZi′))−1(SZi′)′[SN − S].

Since m((SZi′)′(SZi′)) > δ, Lemma 5 implies

|||(SZi′)′(SZi′))−1(SZi′)′|||2 ≤
1√
δ

and therefore using the fact SN
p−→ S once again, we obtain

sup
1≤i≤N

|||(Z̃iQN Z̃i′)−1Z̃iQN − (ZiQZi′)−1ZiQ|||2
p−→ 0. (26)

Hence, it follows from (26) that condition (23) is satisfied. We proceed to show that condition (24)

also holds. A few steps of algebra show that

(Z̃iQN Z̃i′)−1Z̃iQN − (ZiQZi′)−1ZiQ = R1
i,N −R2

i,N + R3
i,N −R4

i,N

where

R1
i,N = (Z̃iQN Z̃i′)−1Z̃iQN Z̄ ′

N (ZiQZi′)−1ZiQ

R2
i,N = (Z̃iQN Z̃i′)−1Z̄N [Q−QZi′(ZiQZi′)−1ZiQ],

R3
i,N = (Z̃iQN Z̃i′)−1Z̃iQN (Q−1

N −Q−1)QZ̄ ′
N (ZiQZi′)−1ZiQ

R4
i,N = (Z̃iQN Z̃i′)−1Z̃iQN (Q−1

N −Q−1)Q.
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Since
√

NZ̄N is asymptotically normal we have
√

NZ̄N = Op(1). Thus, using (26), the property

vec(AXB) = (B′ ⊗ A)vec(X) for conformable matrices A, B, and X, the orthogonality condition

E[ui|Zi] = 0T , and the fact
√

NZ̄N = Op(1) we obtain

1√
N

∑N

i=1
R1

i,Nui

=
[

1
N

∑N

i=1
[(ZiQZi′)−1ZiQui]′ ⊗ [(Z̃iQN Z̃i′)−1Z̃iQN ]

]
vec

[√
NZ̄ ′

N

]
=

[
1
N

∑N

i=1
[(ZiQZi′)−1ZiQui]′ ⊗ [(ZiQZi′)−1ZiQ] + op(1)

]
vec

[√
NZ̄ ′

N

]
= [op(1) + op(1)]Op(1)

= op(1).

Following the same line of reasoning we can obtain

1√
N

∑N

i=1
Rk

i,Nui = op(1), k = 2, 3, 4.

To obtain the result for k = 2 we use (25), the fact
√

NZ̄N = Op(1), and the condition E[ui|Zi] =

0T . Note that the assumption
√

N(QN −Q) = Op(1) implies that
√

N(Q−1
N −Q−1)QZ̄ ′

N = Op(1)

and
√

N(Q−1
N − Q−1) = Op(1). The result for k = 3 is obtained using (26), the fact

√
N(Q−1

N −
Q−1)QZ̄ ′

N = Op(1) and the condition E[ui|Zi] = 0T . Using (26) once again, the fact
√

N(Q−1
N −

Q−1) = Op(1), and the condition E[ui|Zi] = 0T , we can show the result for k = 4. Combining the

above result for k = 1, 2, 3, and 4, we conclude that condition (24) holds and hence the proof is

complete. Q.E.D.
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Table 6: Root mean square errors for Simulation LN1
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators.
For a description of the data generating process, see Simulation LN1 in subsection 2.5. The
cross-section size is N = 300, and the time-series length is T = 10. The variance proportion
pairs (ρω, ρφ) and (ρµ, ρξ) take the values (0, 0.25), (0.25, 0), and (0.25, 0.25). The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

(ρω , ρφ)
(ρµ, ρξ) (0,.25) (.25,0) (.25,.25)

(0,.25) 3.6 3.7 4.1 4.1 3.2 3.2 3.7 3.7 3.7 3.7 4.3 4.4
(.25,0) 4.2 3.9 4.7 4.3 4.6 3.7 4.8 4.1 5.6 4.5 5.8 5.0

(.25,.25) 3.7 3.2 4.1 3.5 4.2 3.1 4.2 3.4 5.2 3.7 5.2 4.1

Table 7: Root mean square errors for Simulation LN2
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators. For a
description of the data generating process, see Simulation LN2 in subsection 2.5. The cross-section
size is N = 300, and the time-series length is T = 10. The variance proportion pairs (ρω, ρφ) and
(ρµ, ρξ) are both equal to (0.25, 0.25). The autocorrelations coefficients δε and δx take the values
-0.5, -0.25, 0.25, and 0.5. The results are obtained using a simulation with 50,000 repetitions. All
numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

δε

δx -0.5 -0.25 0.25 0.5

-0.5 5.1 3.7 5.5 4.1 5.0 3.4 5.2 3.7 5.0 3.0 5.1 3.5 5.2 3.0 5.4 3.6
-0.25 5.0 3.9 5.3 4.4 5.0 3.7 5.2 4.1 5.2 3.5 5.2 4.0 5.4 3.6 5.6 4.2
0.25 5.1 3.1 5.2 3.7 5.2 3.3 5.2 3.8 5.5 3.7 5.5 4.1 5.9 4.1 6.0 4.5
0.5 5.2 2.5 5.3 3.0 5.4 2.7 5.3 3.1 5.9 3.2 5.8 3.6 6.3 3.7 6.4 4.1

Table 8: Root mean square errors for Simulation LN3
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators.
For a description of the data generating process, see Simulation LN3 in subsection 2.5. The
cross-section size is N = 300, and the time-series length is T = 10. The variance proportion
pairs (ρω, ρφ) and (ρµ, ρξ) are set equal to (0.25, 0.25). The autocorrelations coefficients δε

and δx are set equal to 0.5. All random numbers are generated from a standardized gamma
distribution. The skewness parameters sε and sx take values −1, −0.5, 0.5, and 1. The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

sε

sx -1 -0.5 0.5 1

-1 6.3 3.7 6.5 4.3 6.3 3.7 6.4 4.2 6.3 3.7 6.4 4.2 6.3 3.7 6.5 4.2
-0.5 6.3 3.7 6.5 4.2 6.3 3.8 6.4 4.2 6.3 3.7 6.4 4.2 6.3 3.7 6.5 4.3
0.5 6.3 3.7 6.5 4.3 6.3 3.7 6.4 4.2 6.3 3.7 6.4 4.2 6.3 3.7 6.6 4.2
1 6.3 3.7 6.5 4.3 6.3 3.8 6.4 4.2 6.3 3.7 6.4 4.2 6.3 3.7 6.5 4.3
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Table 9: Root mean square errors for Simulation LN4
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators. For
a description of the data generating process, see Simulation LN4 in subsection 2.5. The variance
proportion pairs (ρω, ρφ) and (ρµ, ρξ) are set equal to (0.25, 0.25). The autocorrelations coefficients
δε and δx are set equal to 0.5. The cross-section size N takes values 100, 200, and 300, and the
time-series length T takes values 10, 20, and 30. The results are obtained using a simulation with
50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

N
T 10 20 30

100 10.9 6.7 11.1 7.3 9.2 5.2 8.5 5.3 8.4 4.6 7.5 4.6
200 7.8 4.7 7.8 5.1 6.5 3.4 6.0 3.5 6.0 2.9 5.3 2.9
300 6.3 3.7 6.4 4.1 5.3 2.7 4.9 2.8 4.9 2.2 4.4 2.3

Table 10: Root mean square errors for Simulation LN5
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators.
For a description of the data generating process, see Simulation LN5 in subsection 2.5. The
cross-section size is N = 300, and the time-series length is T = 10. The variance proportion
pairs (ρω, ρφ) and (ρµ, ρξ) take the values (0, 0.25), (0.25, 0), and (0.25, 0.25). The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

(ρω , ρφ)
(ρµ, ρξ) (0,.25) (.25,0) (.25,.25)

(0,.25) 15.8 8.1 16.4 8.8 3.6 3.3 4.2 3.8 15.8 8.2 17.6 9.5
(.25,0) 3.7 3.3 4.1 3.7 4.6 3.7 4.7 4.1 4.6 3.8 4.8 4.1

(.25,.25) 15.8 7.5 16.4 8.2 4.5 3.2 4.7 3.6 16.0 9.0 17.7 9.8
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Table 16: Root mean square errors for Simulation LT1
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators.
For a description of the data generating process, see Simulation LT1 in subsection 3.4. The
time-series length is T = 240 and the cross-section size is N = 25. The variance propor-
tion pairs (ρω, ρφ) and (ρµ, ρξ) take the values (0, 0), (0, 0.25), and (0.25, 0). The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

(ρω , ρφ)
(ρµ, ρξ) (0,0) (0,.25) (.25,0)

(0,0) 9.5 2.3 7.9 2.4 9.6 2.5 8.4 2.7 11.1 2.6 9.1 2.8
(0,.25) 9.6 2.1 8.1 2.2 9.9 2.3 8.7 2.4 11.1 2.4 9.3 2.5
(.25,0) 8.3 2.0 6.8 2.1 8.3 2.2 7.2 2.3 9.5 2.3 7.8 2.4

Table 17: Root mean square errors for Simulation LT2
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators.
For a description of the data generating process, see Simulation LT2 in subsection 3.4. The
time-series length is T = 240 and the cross-section size is N = 25. The variance fractions ρφ,
ρω, ρξ, and ρµ are all set equal to 0. The parameters cλ and cκ are set equal to 0.5. The
autoregressive coefficients δf and δg take the values -0.75, -0.5, 0.5, and 0.75. The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

δf

δg -.75 -.5 .5 .75

-.75 13.7 2.7 10.8 2.8 10.9 2.4 8.8 2.5 5.4 2.0 5.5 2.2 4.5 1.9 4.8 2.1
-.5 10.9 2.4 8.9 2.5 9.6 2.3 7.9 2.4 6.0 2.0 5.8 2.2 5.4 2.0 5.3 2.2
.5 5.4 2.0 5.3 2.2 6.0 2.0 5.8 2.2 9.5 2.3 7.8 2.4 10.9 2.4 8.8 2.5
.75 4.4 1.9 4.7 2.1 5.3 2.0 5.4 2.2 10.8 2.4 8.7 2.5 13.6 2.7 10.7 2.7

Table 18: Root mean square errors for Simulation LT3
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators. For a
description of the data generating process, see Simulation LT3 in subsection 3.4. The time-series
length is T = 240 and the cross-section size is N = 25. The variance fractions ρφ, ρω, ρξ, and
ρµ are all set equal to 0. The autoregressive coefficients δf and δg are set equal to 0.5. The
parameters cλ and cκ take values 0.25, 0.5, and 0.75. The results are obtained using a simulation
with 50,000 repetitions. All numbers are expressed in multiples of 10−2.

LS GLS FM GFM LS GLS FM GFM LS GLS FM GFM

cλ

cκ 0.25 0.5 0.75

0.25 6.9 2.2 5.7 2.3 8.1 2.5 6.8 2.7 9.4 3.2 8.6 3.4
0.5 8.1 1.9 6.6 2.1 9.6 2.3 7.9 2.4 11.0 2.9 10.0 3.1
0.75 9.3 1.6 7.5 1.7 11.0 1.9 9.0 2.0 12.8 2.5 11.5 2.6
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Table 19: Root mean square errors for Simulation LT4
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators. For
a description of the data generating process, see Simulation LT4 in subsection 3.4. The variance
fractions ρφ, ρω, ρξ, and ρµ are all set equal to 0. The parameters cλ and cκ are set equal to 0.5. The
autoregressive coefficients δf and δg are set equal to 0.5. The time-series length T takes values 30,
60, 90, and 120 and the cross-section size N takes values 250, 500, 750, and 1000. The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−3.

LS FM LS FM LS FM LS FM

T
N 250 500 750 1000

30 23.5 23.6 16.6 16.6 13.6 13.6 11.8 11.8
60 16.6 16.6 11.7 11.7 9.5 9.5 8.2 8.2
90 13.5 13.5 9.5 9.5 7.7 7.8 6.7 6.7
120 11.6 11.6 8.2 8.2 6.7 6.7 5.8 5.8

Table 20: Root mean square errors for Simulation LT5
This table presents the root mean square errors of the LS, GLS, FM, and GFM estimators. For
a description of the data generating process, see Simulation LT5 in subsection 3.4. The variance
fractions ρφ, ρω, ρξ, and ρµ are all set equal to 0. The parameters cλ and cκ are set equal to 0.5. The
autoregressive coefficients δf and δg are set equal to 0. The time-series length T takes values 30,
60, 90, and 120 and the cross-section size N takes values 250, 500, 750, and 1000. The results are
obtained using a simulation with 50,000 repetitions. All numbers are expressed in multiples of 10−1.

LS FM LS FM LS FM LS FM

T
N 250 500 750 1000

30 2.6 2.3 2.6 2.3 2.6 2.3 2.6 2.3
60 1.8 1.6 1.9 1.6 1.8 1.6 1.8 1.6
90 1.5 1.3 1.5 1.3 1.5 1.3 1.5 1.3
120 1.3 1.1 1.3 1.1 1.3 1.1 1.3 1.1

52


