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ABSTRACT

This paper provides a comprehensive treatment of the econometric evaluation of linear beta
asset-pricing models based on the cross-sectional regression (CSR) method. The asymptotic
distribution of the risk premia estimator is obtained, along with the optimal choice of the
CSR weighting matrix. Building on a theoretical mispricing measure defined in the spirit of
Hansen and Jagannathan (HJ) (1997), we develop a specification test that generalizes the CSR
test of Shanken (1985) allowing for arbitrary choice of the weighting matrices in the CSR and
the quadratic form. When the weighting matrix in the quadratic form is the inverse of the
second moment matrix of the returns, the distance equals the suitably defined maximum pricing
error per unit norm of portfolio return. The test based on the corresponding statistic has the
theoretical appeal of the HJ distance test and robust small-sample statistical properties. Finally,
comparison of the CSR method with the generalized method of moments (GMM) approach
shows that when the two methods are applied optimally they yield asymptotically equivalent
estimators of the parameters of interest.
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1 Introduction

One of the main themes of the asset-pricing literature is the wide cross-sectional variation of his-
torical average returns on financial assets. For example, during the 1926-1999 period, large capital-
ization stocks earned an annualized average return of 13.0 percent whereas long-term bonds earned
only 5.6 percent. At the same time, small capitalization stocks earned 18.9 percent which is substan-
tially higher than the return on large stocks. These differences are statistically and economically
significant as documented, for instance, by Jagannathan and McGrattan (1995).! Furthermore,
such significant differences in average returns are observed among other classes of stocks. The
natural question that arises is: What drives these pronounced differences? Many authors have
addressed this very question. A variety of asset-pricing models have been advanced that seek to
enhance our understanding as to why different assets generate different rates of return. Linear
factor pricing models form a prominent class of such models. The theoretical proposition delivered
by these models is, in a nutshell, that a small number of pervasive factors are adequate to represent
economy-wide aggregate risk, and that the expected return on an asset is a linear function of its

factor betas.2

The main difference among the various models lies in the way they determine the important
factors. There are, broadly speaking, three main approaches to the issue of factor selection. Some
models specify factors based on equilibrium arguments. The most important factor of this type is
the return on the market portfolio, which is based on the Capital Asset Pricing Model (CAPM) first
derived by Sharpe (1964). Other models specify factors based on economic intuition. Examples
of such factors are term premium, default premium, the growth rate of industrial production, and
inflation as suggested by Chen, Roll and Ross (1986), and the size and book-to-market factors as
proposed by Fama and French (1992). Another important approach to factor specification is based
on empirical analysis. Systematic econometric procedures using principal components and factor
analysis are established by Connor and Korajczyk (1988) and Lehmann and Modest (1988).% The
aim of this paper is to provide a comprehensive procedure for econometric evaluation of linear

factor models based on the cross-sectional regression (CSR) method.

Specification tests of linear beta-pricing models are conducted through a number of different
procedures. Typically, researchers examine whether factor betas have statistically significant non-
zero risk premiums or whether firm characteristics not related to factor covariance risk have non-zero

rewards. A successful approach to this exercise is to use the CSR method, which is both intuitive and

'The documentation of the "small-firm” effect goes back to Banz (1981).
2See, for instance, the classic works of Ross (1976), Chamberlain and Rothschild (1983), and Connor (1984).
3In a more recent work, Jones (2001) shows how to extract factors from heteroscedastic asset returns.



easy to implement. These two features constitute its main advantages and explain its widespread
popularity. In this paper, we also demonstrate that the CSR methodology is competitive with
respect to approaches based on the generalized method of moments (GMM) in terms of efficiency
and can be used to develop specification tests for the asset-pricing model under consideration. The
CSR method was first employed for testing the validity of the CAPM in the early 1970s. Leading
examples of this line of research are the seminal papers by Fama and MacBeth (1973) and Black,
Jensen and Scholes (1972). According to the CSR method, estimation and testing of linear factor
pricing models is conducted in two passes. In the first pass, factor betas are estimated using
time-series regression. In the second pass, the factor risk premiums are computed using cross-
sectional regression of stock returns on the factor betas estimated from the first pass. The use of
portfolios instead of individual stocks substantially increases the precision with which factor betas

are estimated in the first pass, as pointed out by Black, Jensen and Scholes (1972).

Fama and MacBeth (1973) suggest obtaining an estimate of the parameters for each period using
CSR, and treating the obtained estimates as being independent samples of the population factor
risk premiums and characteristics. This procedure, however, ignores the resulting error-in-variables
problem that results from the fact that in the second pass we use beta estimates instead of the true
betas. Shanken (1992) provides the first comprehensive analysis of the statistical properties of the
CSR two-pass estimator, under the assumption that the time-series regression innovations exhibit
conditional homoscedasticity given the factors. He shows how to take into account the sampling
errors in the betas estimated in the first pass. Jagannathan and Wang (1998) extend the analysis
of Shanken (1992) allowing for conditional heteroscedasticity and incorporating security-specific

characteristics as a tool for detecting of model misspecification.

There are at least two different ways to represent linear factor pricing models including the
classical beta representation and the stochastic discount factor (SDF) representation. The model
parameters can be estimated and specification tests can be performed by using cross-sectional
regressions and the beta representation, or by applying GMM to either representation. The GMM
approach has the advantage that it allows for estimation of model parameters in a single pass,
thereby avoiding the error-in-variables problem. In this paper, we show how to take into account
the error-in-variables problem and reproduce the results of Jagannathan and Wang (1998) in a
more convenient representation that allows us to obtain the optimal CSR weighting matrix and
develop a new CSR specification test. This test relates to the Hansen-Jagannathan (1997) (HJ)
distance and generalizes the CSR test of Shanken (1985). The advantage of our test over Shanken’s
test lies in the fact that it does not use a model-specific weighting matrix, such as the inverse of the

covariance matrix of the time-series regression residuals, and thus allows a fair comparison across



different models. This point has been forcefully emphasized by Hansen and Jagannathan (1997)
and Jagannathan and Wang (1996). Our CSR test relates to two GMM-based tests. The first is
the test that builds on the HJ distance and uses the inverse of the second moment matrix of returns
as the weighting matrix and the second is the standard GMM test of overidentifying restrictions
of Hansen (1982) that uses the efficiency-optimal weighting matrix. By means of a simulation, we

compare all the aforementioned tests and examine their finite sample performance.

A popular device used to gauge the explanatory power of an asset-pricing model in explaining
the cross-sectional dispersion in expected returns has been the cross-sectional R-square. Although
R-square is an intuitive measure of fit widely used in the linear regression paradigm, its usefulness
in the context of pricing model evaluation is questionable. Indeed, in a recent paper, Lewellen and
Nagel (2004) argue that, despite its widespread popularity, the cross-sectional R-square does not
seem to be a very meaningful metric. They point out that R-square is not very informative when
comparing multifactor models since almost any multifactor model will produce a high R-square.
In addition, they observe that, typically, researchers do not report confidence intervals and thus
the interpretation of R-square is not clear. The simulation in Ahn and Gadarowski (1999a) also
shows that the standard deviation of R-square can be rather high, and that R-square is sensitive
to the signal-to-noise ratio.* Sharing the view of Lewellen and Nagel (2004), we suggest that
asset-pricing models should be evaluated by means of econometric tools with solid foundation. The

cross-sectional test we develop offers such an alternative.

In two recent contributions to the literature, Kan and Zhou (2004) and Chen and Kan (2004)
provide a finite sample analysis of the HJ distance test and the CSR method, respectively, under the
assumption of i.i.d. multivariate normality.® In contrast, our approach does not make distributional
assumptions and is based on asymptotic arguments. In particular, we allow for serial correlation
and conditional heteroscedasticity of unknown form. While the multivariate normality assumption
does not seem plausible for asset return data and can be rejected by standard tests as shown
in Tu and Zhou (2004), we view this approach as valuable. The normality assumption can be
thought of as an approximation of the true data generating process. If the approximation is close
enough, then finite sample inference will be valid. However, when the data distribution deviates
significantly from normality, our approach will be more accurate as long as a long time series of data
is available. Therefore, we consider the two approaches complementary and useful in the pricing

model evaluation.

4Figure 1 in Ahn and Gadarowski (1999a) shows that R-square monotonically increases with the signal-to-noise
ratio.

SEarlier work on asset-pricing tests based on such assumptions includes Shanken (1985), MacKinlay (1987), and
Gibbons, Ross, and Shanken (1989).



While our methodology is primarily concerned with inference and hypothesis testing for uncon-
ditional asset-pricing models, our results could be useful for evaluating conditional models as well.
As explained in Cochrane (2001a), one can derive a number of unconditional moment restrictions
as implications of conditional pricing equations. This can be achieved by simply conditioning down
or using conditioning information and managed portfolios. An alternative popular approach is to
model the stochastic discount factor with coefficients expressed as affine functions of a small number
of instruments. Examples of such practice include the papers by Cochrane (1996) and Lettau and
Ludvigson (2001), among others. Following a different approach, Jagannathan and Wang (1996)
impose a number of restrictions on their conditional pricing structure to obtain an unconditional
beta factor model. Regardless of how one obtains unconditional from conditional restrictions, the
techniques advanced in this paper are readily applicable to testing the unconditional implications

of a conditional asset-pricing model.

Practical implementation of the methods developed in this paper is straightforward. Consis-
tent estimates of the asymptotic covariance matrix of the risk premium estimates can be easily
computed, and thus asymptotically valid ¢-statistics and p-values for the specification test can be
calculated. The computation of asymptotically valid standard errors involves using sample ana-
logues of the relevant population quantities and heteroscedasticity and autocorrelation consistent
(HAC) estimates of certain covariance matrices. Methods for obtaining HAC covariance estimates

are advanced in Newey and West (1987), Andrews (1991), and den Haan and Levin (1997).°

The rest of the paper is organized as follows. In Section 2, we discuss a number of alternative
representations of linear factor asset-pricing models and their interrelations. Section 3 briefly
reviews related GMM tests based on the stochastic discount factor representation of the beta-
pricing model, focusing on the HJ test and the standard Hansen GMM test. In Section 4, we
develop the econometric framework for the CSR method and derive a number of results. We
provide the asymptotic theory for the risk premium estimators based on the CSR method, show
that Shanken’s CSR test obtains as a special case of our test under suitable assumptions, and
obtain the optimal CSR weighting matrix. Section 5 compares the CSR method with its GMM
counterparts and shows that the two approaches, when applied optimally, are equivalent in terms
of asymptotic efficiency. In section 6, we define a measure of model misspecification and use it to
construct a CSR specification test. A simulation study, presented in Section 7, is used to examine
the small sample behavior of the CSR-based tests developed in this paper and provide a comparison
with related GMM-based tests. In the last section, we provide some concluding remarks. All the

proofs not contained in the main text are collected in the Appendix.

5See also Newey and West (1994), Andrews and Monahan (1992), and den Haan and Levin (2000).



2 Model Representations and Pricing Errors

Asset-pricing models prescribe functional relations between expected asset returns and measures
of risk. Under the assumption that there exists a riskless asset with an observable rate of return,
researchers use returns in excess of the riskless rate; otherwise, simple or gross returns are employed.
In addition, risk can be represented in a number of different ways. Traditional models, such as
the CAPM, measure risk by the factor betas. Equivalently, factor pricing models can be stated in
terms of covariances of the basis assets with the factors. Examples of such models are developed
in Campbell (1993, 1996). In addition, a factor model can be described by its stochastic discount
factor (SDF) representation involving either gross or excess asset returns. The term stochastic
discount factor was introduced by Hansen and Richard (1987), while the derivation of the SDF
representation of the CAPM can be traced back to Dybvig and Ingersoll (1982).” In summary,
there are a number of ways to represent an asset-pricing factor model depending on whether we
use simple, gross or excess returns and on which measure of risk is employed. In the following
subsections, we describe the model formulations that are relevant for our purposes and are used in

the subsequent analysis.

Before doing so, however, we need to make some assumptions and fix some notation that is
used throughout the paper. We assume that the time series involved in the following analysis are
stationary, possess finite first and second moments, and satisfy the standard law of large numbers.
Some notation that is heavily used in the sequel is introduced next: 17, (07,) denotes the L x 1 vector
of ones (zeros), I, denotes the L x L identity matrix and 0p; denotes the L x J matrix of zeros.
Furthermore, for any two L-dimensional vector time series ar and by that satisfy ap — bp 250 L,
we denote ar = by + 0,(1). Note that in this case, if ar possesses a limiting distribution, then by
possesses the same limiting distribution and vice versa. Finally, for any stationary time series {x;}

and {y}, we denote p1,, = E[xy], Xz = Covlwy, yi] = E[(w1—pu,) (ye—p,)'], and Xy = By = Var[zy].

2.1 Gross returns

We consider a linear factor pricing model with observable factors f;, such as returns to traded port-
folios or macroeconomic variables. Examples of traded factors include market return proxies and

spread portfolios®, while examples of macroeconomic variables used as factors include consumption-

"Ingersoll (1987) obtains the SDF representation for a number of asset-pricing models and Cochrane (2001a)
presents a comprehensive textbook account of the various asset-pricing model formulations and their interrelations.

8The most widely used spread portfolios in empirical research are the SMB and HML portfolios of Fama and
French (1992).



growth proxies and term-structure variables.” Let K be the number of variables contained in f;,
and suppose there are N basis assets with gross returns at time ¢ denoted by R;. The associated

asset-pricing relation, including a zero-beta rate Ag, is

fr = Moly + B = X\, (1)
where

X=[1y B], (2)

=[x N, (3)

A1 is the K x 1 vector of risk premiums and the beta matrix B is given by
B =Xgpi2; . (4)

Associated with the above beta representation is the standard time-series regression of the

returns on the factors. Defining the disturbances e; = Ry —up— B(fi—s), we obtain the regression
Ry = pp + B(fi—py) + e (5)
By definition, it then follows that the disturbances ¢; satisfy

Ele)] = 0y and E [ef{] = Onxk- (6)

Next, we introduce the SDF representation of linear factor asset-pricing models. The majority of
known asset-pricing models admit such a representation. It is well-known that beta-pricing models
admit an SDF representation, with the SDF being an affine function of the factors. Specifically,

the beta-pricing equation (1) is equivalent to the statement that there exists an SDF of the form
My = My(8) = 6o + 8 fr = 8'Yy,

where
o=[d o) ], (7)

!/
for some appropriate scalar §p and K-dimensional vector §;. This means that gross returns Ry

satisfy the asset-pricing equation

E[M(6)Re] = 1n. 9)

90Other nontraded factors include the labor income growth used by Jagannathan and Wang (1996) and the pro-
prietary business income growth of Heaton and Lucas (2000).



There is a simple correspondence between the parameters A and . Indeed, it is a matter of
standard algebraic manipulation'® to show that the parameter § can be expressed in terms of the

parameter A\ as follows

8o 1| 14N S ey
S 1
[ 01 } Ao —EJI{/\l ’ (10)
while the inverse relation is given by
Ao 1 1
= . 11
[ A1 ] do + 01 puy [ —%501 ] ()

The subsequent econometric analysis focuses on the moment conditions implied by the pricing
equations (1) and (9).

In what follows, we describe two measures of model fit based on the beta and the SDF repre-
sentations. We first consider the familiar HJ distance that uses the SDF representation. Define the

vector of pricing errors associated with the pricing equation (9) by
6?(5) = Mt(é)Rt — 1N (12)

with the superscript S standing for SDF. If the asset-pricing model is correctly specified, then
the expected pricing errors should equal zero, namely E [¢j(d)] = On. These moment conditions
form the null hypothesis of correct specification in the context of GMM estimation. Hansen and

Jagannathan (1997) propose the following related measure of model fit, the so-called HJ distance

A(8)=\/E[6(6)) G- B e (6)),

where G is the second moment matrix of the returns, that is, G = E [R;R;]. Hansen and Jagan-
nathan (1997) demonstrate that the HJ distance possesses a number of economically appealing
properties. Specifically, they show that the HJ distance equals the maximum pricing error per unit
norm of portfolio payoff, as well as the least-squares distance between an SDF implied by a model

and the space of all valid SDF's.
Next, we turn our attention to the beta representation. Let
0= vec(B) X ]/ (13)

denote the parameter used by the beta representation, where vec is the column stacking operator.
Then, analogously to (12), we can define the pricing errors corresponding to the beta-pricing
equation (1) by

ey (0) = Ry — X, (14)

YFor a detailed derivation, see Section 6.3 in Cochrane (2001a).




where the superscript B indicates the association with the beta representation. If the asset-pricing
model accurately describes expected returns, then the expected pricing errors should equal zero,
namely F [ef(6)] = On.

One of the goals in this paper is to develop an econometric specification test based on the
beta representation that utilizes the CSR method. Before doing so, we need to take a stand
on a theoretical measure of model (mis)specification. We propose a measure that relates to two
well-known procedures for testing the validity of linear asset-pricing models: the cross-sectional
regression test of Shanken (1985), and the HJ distance test (see Hansen and Jagannathan (1997)
and Jagannathan and Wang (1996)). The intuition behind the misspecification measure is simple.
Under the null hypothesis that the model is correctly specified, the pricing equation pup = XA
holds. Therefore, we can measure the degree of misspecification by looking at how large the
difference p1p — X\ is. Since the difference is an N-dimensional vector, a natural way to measure
its size is to use a norm. To this end, let G be a positive definite and symmetric N x N matrix and

define the distance AZ(6) as follows

ALO) = \/ (1 — XN G (1 — X ). (15)

Shanken (1985) developed the CSR test based on the sample analogue of the square of distance
AZ(0), specifying the weighting matrix G' to be the covariance matrix X, of the residuals in the
time-series regression of the portfolio returns on the factors. This choice seems to be a natural one
in the context of the conditionally homoscedastic and normally distributed residuals in Shanken
(1985). It is worth emphasizing that the misspecification measure given by (15) is well-defined and

admits the same interpretation for either gross, simple, or excess returns.

It is has been argued by Hansen and Jagannathan (1997) that employing a weighting matrix
that is not model-specific provides a robust way for equally treating all models under consideration.
In their context of stochastic discount factors, they further argue that the appropriate choice is the
second-moment matrix of gross returns, which corresponds to specifying G = E[R.R}]. We argue
here that the choice G = E[R,R;] in definition (15) admits an economically appealing interpretation,
as in the case of the HJ distance. The following proposition shows that the square of A (6), when
G is the second-moment matrix of the risk-adjusted returns, is equal to the maximum pricing error
per unit norm of payoff on any portfolio. We follow Hansen and Jagannathan (1997) in using the
Lo norm ||p|| = v/ E[p?] as the norm of the payoff p. It is clear that, when trying to assess pricing
errors, one has to normalize by the size of the payoff. Moreover, the choice of the Lo norm seems

to be the most analytically convenient.



Proposition 1 Let G = E[RR/], w = (w1, ...,wy)" denote a vector of investment in the N assets
and p = w'R be the corresponding payoff. Then
|w'(pp — XN

Aal?) = max{ 17l

p=wRw # ON}.

Although the two choices for the weighting matrix G discussed above, namely 3. and E[R.R}],
can be justified on theoretical grounds, it is their performance in practice that is important. In
addition, it has been argued in the literature that using G = Y., which is model-specific, might
give an advantage to models that produce very volatile residuals, leading to potentially erroneous
inferences. Therefore, we proceed without taking a stand on the choice of GG, and argue that
econometrically, it makes sense to use different weighting matrices and examine their robustness

and performance in finite samples.

2.2 Excess returns

When there exists an observable riskless asset, we can use excess returns in tests of asset-pricing

models. Then the beta representation of a factor pricing model with factors f; is
KR = B)‘v (16)

where the beta matrix is given by B = X RfEJTl. Slightly abusing the notation, we denote excess
returns by R;. Whether we refer to gross or excess returns when we write R; should be clear from
the context. As in the case of gross returns, there exists an equivalent SDF-based representation

of the model. More specifically, there exists an SDF, which is affine in the factors, given by

My(0) =1+ ' fr, (17)
such that the beta-pricing equation is equivalent to

E[M(6)R] = On. (18)

Note that a vector of zeros replaces a vector of ones in the right-hand side of the above equation as
we move from gross to excess returns. Furthermore, it is clear that any multiple of M;(d) qualifies
for an SDF. For identification purposes, we maintain the assumption that the constant term in the
affine specification is equal to 1. Again, as in the case of gross returns, there exists a simple relation
that links the beta parameter \ with the SDF parameter §. Specifically, one can easily show that
X

e 19



under the assumption that E [M;(0)] = 1+ &'u; # 0, and, inversely, that

1

6=—(Sp4+ ) A (20)

under the assumption that the matrix ¥y + /\,u’f is invertible. Note that this is indeed the case
when the factors are excess returns to traded portfolios. Then A =y, and, therefore, ¥y + )\,u’f is

positive definite since it is the sum of a positive definite and a positive semidefinite matrix.

An alternative representation of linear factor models can be cast in terms of covariance risk as

we illustrate next. Defining
b=\ (21)
we can rewrite the pricing equation (16) as

g = Sagb. (22)

It then becomes clear that b measures covariance risk, whereas \ measures beta risk. We refer to
parameter b as the covariance risk premia and to pricing equation (22) as the covariance risk (CR)

representation of the linear factor model.'!

3 GMM Estimation and Testing
3.1 Gross Returns

The econometric analysis based on the SDF representation of the asset-pricing model, given by (9),
uses the GMM procedure as follows. Recall that the vector of pricing errors associated with the
SDF M,(9) is given by ef(d) = M;(d)R; — 1n. If the asset-pricing model is correctly specified, then
the expected pricing errors should equal zero, namely E [e](d)] = On. These moment conditions
form the null hypothesis of correct specification in the GMM estimation. Hansen and Jagannathan

(1997) proposed the following related measure of model fit, the HJ distance

A%(6) =/ B[ (0)] G1E [65(9))

where G is the second moment matrix of the returns, that is, G = E [R,R}].

Empirical evaluation of a model based on its SDF representation uses the sample analogue of
the HJ distance, defined by

N5(57) =/ (67) G7 e (0r),

"Examples of models cast in the CR representation include Campbell (1993, 1996).

10



where d7 is the estimator of § based on the minimization of the HJ distance, G;l is a consistent

estimator of G~!, and
=S 1 T S
er(0) = >t=1€1(6) = Drd —1n.

Jagannathan and Wang (1996) develop the econometric framework, obtain the asymptotic distri-
bution of T' [A%(éT)]Q , and show how to calculate p-values for the corresponding hypothesis test.

We briefly describe their method. First, we define the following statistics

1
Dr = =3 R/,

1
Gr = T ZtT:I RiR;
so that €75.(0) = Drd — 1n. The sample analogue of the HJ distance is minimized by
§F = (DyGy' Dr) ™ DrGr'Ly,

which is the GMM estimator based on the moment conditions E [ef(J)] = Oy and the weighting
matrix G;l.

Since the HJ distance test is not using the optimal GMM weighting matrix, it does not follow
a chi-square distribution asymptotically. Instead, it follows a mixture of independent chi-square
random variables with one degree of freedom, as shown by Jagannathan and Wang (1996). To
state the precise result we need some additional notation. Under general conditions, we have that
VTE(S) = % ZtT:l €7 () converges to a multivariate normal distribution. Let S be the asymptotic
covariance matrix of v/7T'€(d), so that v/Te(5) <, N(0n,S), and St be a consistent estimator
of S. If the data are serially uncorrelated, we can use Sy = # Zthl e;(0)ef(8) where o7 is a
consistent estimator of §. If, however, the data are serially correlated then a heteroscedasticity and
autocorrelation robust estimator of S is called for. Such estimators are provided by Andrews (1991)
and Newey and West (1994) among other papers. We further assume that Dy -~ D = E[R,Y/]
and Gr = G =F [R:R}] as T — oo. Let S'/? denote the upper triangular matrix in the Cholesky
decomposition of S such that S = (S/2)/S1/2. Then the asymptotic distribution of the HJ distance

is given by
T (8GO - 2'AZ,

where Z follows a N(On, I) distribution and
A=S"2(G -G D(D'GT'D)T I DG (82

11



as shown by Jagannathan and Wang (1996) (see their equations (C17) and (C18)). It turns out that
the matrix A has exactly N — (1 4+ K) positive eigenvalues, which we denote by &, ... s EN—(14K)-
Then, an alternative representation of the asymptotic distribution of the HJ distance is given by
T [A%(é?)ﬁ N Zé\;(HK) &;vj, where vj,j =1,..., N—(1+K) are iid. x*(1) random variables.
Jagannathan and Wang (1996) also show how to use simulation to obtain asymptotically valid p-
values for the specification test based on the HJ distance. In this paper, we refer to this test as the

GMM-HJ test.

In addition to the HJ distance test, we briefly review Hansen’s standard GMM test of overi-
dentifying restrictions. The only difference is that instead of choosing G to be the second moment
matrix of gross returns, we need to use the optimal GMM weighting matrix when minimizing the
quadratic from. Hansen (1982) shows that the optimal matrix is S~!. In practice, we can consis-
tently estimate S by St as discussed above. Note that this requires a consistent estimate dp of 4.
One natural choice, in the present context, is to use 07’. Using the efficiency-optimal weighting

matrix S, ! the optimal GMM estimator is then given by
59F = (DpS7'Dr) ™ DhS; 1y

where the superscript OP stands for optimal. The GMM test uses the so-called J-statistic
Jr = Tep(07°)'Sy e (677),

which has an asymptotic chi-square distribution with N — (1 4+ K) degrees of freedom under the
null hypothesis of correct model specification. In this paper, we refer to this test as the GMM-H
test.

Evidence on the small sample behavior of the GMM-HJ and GMM-H tests is provided by Ahn
and Gadarowski (2004). In Section 7, we perform a simulation experiment to examine the small-
sample properties of the GMM tests described in this section and the CSR-based tests in Section
6.

3.2 Excess Returns

Recall that the SDF representation of the model is E [R;M;(5)] = Oy where M(6) =1+ 6’ f;. The
SDF-GMM method uses the preceding moment condition to obtain the following estimate of §:

6% = — (DyG7'Dr) ' DyGy Ry,

12



1 «T
Dr = — thl Rif}

and the superscript G indicates that the estimator is based on the GMM approach. The matrix
G}l is a consistent estimate of the weighting matrix G~', which is to be chosen appropriately. By
the moment condition above, we have pp = —D¢é where D = E[R; f{]. By the law of large numbers,

Dy 5 D, so that 65 is a consistent estimator of 4
6% = — (DyG3'Dr) ™ DGy Ry 25 — (D'G'D) ' D'G g = 6.
The asymptotic distribution of 65 can be described as follows. Note that
VT(5$—6) = —(DyGy'Dr) ™' DG VT(Ry + Dré)
= (D46 Dn) " i = S
where
ny = Ry(1+6'f;). (23)

Under standard regularity conditions, it can be verified that

1 T d
ﬁ Zt:l nyg — N(ON, Qn),

. oo . .
with Q,, = X,0 + ijl(ZnJ + Z;w‘) where ¥, ; = E[nyny4;] for j = 0,...,00. The efficiency-
optimal choice of G™! is equal to Q! according to Hansen (1982). Under this choice, it follows

that
71 —]_ 71 ]. T
VT (6% — 8) = — (D'Q;,' D)™ D'y 7 thl ni + 0p(1), (24)
and thus the asymptotic distribution of 67 is described by

VT (55 — ) -5 N (0, (D', D) 7).

4 Cross-Sectional Regression Method

4.1 Description of the CSR Method

We now turn our attention to the CSR method. The method consists of two steps. The beta matrix

is estimated in the first pass using a standard time-series regression of the returns on the factors.
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Equivalently, it can be seen that the estimation of the beta matrix is based on the sample analogue
principle. Recall that B = X RfE}Tl. Proceeding in the standard fashion and using all the data

available, we obtain the following estimate of the beta matrix

Br = ZRf,Tzf,lTy (25)

where
1 T = = \/
Zrpr = 7 L= (Be = Br) (fe = fr)° (26)
1 7 = =\

Y= T Sy (fe = fr) (fe = fr)'s (27)
and

Rr=4Y1, R, (28)

fT = %Z?:1 ft- (29)
The CSR method proceeds in the second pass by estimating the vector of risk premiums A at each
time t = 1,...,T as follows

Q _ -1 _

M = (XpQr' Xr) X7Q7' Ry, (30)
where

Xp=[1y Br], (31)

and Qr_}l is a consistent estimator of a CSR matrix Q~'. It is assumed that Q and Q7 for large T
are symmetric and positive definite. Further, we assume that N > 1 + K, as is typically the case

in practice. Then the CSR estimate of A is the time-series average

Ap = %Zil A\t = HrRr, (32)
where

Hy = (X4Q7' Xr) ™ X7Q7". (33)
Let us define the probability limit of Hp as

H=(X'Q7'Xx)"' x'Q~". (34)

It is easily shown that Ap is a consistent estimator of A. Since Bp 2. B we have Xr L, X as
T — oo, and thus Hr Ry 2, Hpp by Slutsky’s theorem. Finally, we have Ap Lo HXN =) as
T — oo according to the asset-pricing relation (1), which states that pp = XA.
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In a more general context, incorporating firm characteristics, Jagannathan and Wang (1998)
show that Ar is a consistent estimator of A and asymptotically follows a multivariate normal
distribution. Without the assumption of conditional homoscedasticity of the disturbance terms
given the factors, they provide the expression for the asymptotically valid covariance matrix of
Ar. Next, we reproduce their result under a different representation and use it in the sequel to
develop a specification test for the asset-pricing model under examination. One of the advantages
of our representation is that it allows us to obtain the optimal CSR weighting matrix in terms of
asymptotic efficiency. Risk premia estimators that use this CSR matrix have minimum asymptotic

variance among all CSR risk premia estimators.

4.2 Asymptotic Distribution of the CSR Risk-Premia Estimator

In this subsection we study the asymptotic behavior of the CSR estimator Ay defined by (32).

Consider the following quantities

— /
miy = Ry — pp, moy = {(ft - ,U'f)lzfl)\l} e, me=[ (miy) (moy) |, (35)
where £, is the disturbance term in the time-series regression (5). Recall that ; and f; are uncor-
related by the definition of e; and, therefore, it follows that E[m:] = 02y (see equation (6)). In
order to proceed, we make the following assumption on the asymptotic behavior of the vector time

series mg.

Assumption 2 For all \; € RX, the vector time series my defined by (35) satisfies the central

limit theorem, that is

1 T d
ﬁ Zt:l my — N(02N7 Zm),

with

(36)

| Y T
Zm_|:P;n Hm:|7

where V,,,, 'y, and Il,,, are N x N matrices, ¥, = Z;’i_oo Ym,j, and Xy, j = F [mtm;ﬂ} , for all
j.

Assumption 2 is rather mild and, in fact, can be obtained under standard stationarity, mixing
and moment conditions. Related results can be found in, among others, Hall and Heyde (1980),
Davidson (1994), and White (2001).12

12 An assumption of this nature is made in Jagannathan and Wang (1998).
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Now, we are in a position to state the main result of this section describing the asymptotic
distribution of the CSR risk premia estimator. Note that the result is obtained without assumptions

such as normality or homoscedasticity of the disturbances given the factors.

Theorem 3 Assume that the matric X = [ 1x B ] is of full rank equal to 1+ K. Then, under

Assumption 2, as T — oo,
VT =5
T ()\T — )\) = ﬁ Zt:l H (ml,t - mQ,t) + Op(l)v

and therefore VT (A\p — \) converges to a multivariate normal distribution with zero mean and

covariance matrix given by
S\ = HQ, H, (37)
where
Q= Uy + Iy, — (T +T7,,), (38)
H is defined by (34), and ¥, I1,, and Ty, are defined by (36).
We devote the next two subsections to take a closer look at the special case of conditionally

homoscedastic time-series disturbances ¢;, and then address the issue of asymptotic efficiency of

the CSR risk-premia estimator.

4.3 Conditional Homoscedasticity

In this subsection, we examine the asymptotic behavior of the CSR estimator when the residuals
¢ in the time-series regression (5) are conditionally homoscedastic given the factors f;. Shanken
(1992), using this assumption, was the first to obtain the asymptotic distribution of the CSR

estimator. The formal statement of the assumption is as follows.

Assumption 4 Let F be the information set generated by the entire factor sequence {f; : t =
1,2,...}. Given the information set F, the time-series regression residuals €; have zero condi-
tional mean, i.e., Ele|F] = On. Furthermore, given F, the residuals e, have constant condi-
tional covariance equal to ¥ and are conditionally serially uncorrelated, i.e. Eleie}|F] = X. and

Eleiey, ;IF] = Onxn for all nonzero integers j.

When returns and factors are jointly independently and identically distributed and follow a nor-

mal distribution, then the foregoing assumption is satisfied. However, as acknowledged in Shanken
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(1992), the assumption of conditional homoscedasticity is rather restrictive. The following propo-
sition captures the asymptotic distribution of the CSR estimator under Assumption 4. Assume
that fr = % Zzzl [t satisfies the central limit theorem and denote by ¥ its asymptotic covariance

matrix, that is

Sr=32 o Srg Spg = El(fi — ig) (fres — )] for all j,

and let E;} be the so-called bordered version of Y7, defined as follows

0 0
Yi= K. 39
d [OK Ef] e

Proposition 5 Assume that the matric X = [ 1y B ] is of full rank equal to 1 + K. Under

Assumption 4, we have
Uy = BEiB + 3., Ty = (ME7A) S, T = Ons,s

where W, I, and Ty, are defined by (36). Therefore, the asymptotic distribution of the CSR

estimator A is given by

VT (Ar = A) -5 N(O14x, 557),
where

=S54+ (L NS I HEH

with Z;% and H being defined by (39) and (34), respectively.

Note that a version of the preceding proposition is obtained in Shanken (1992) when Q! = ¥ -!
under the slightly stronger assumption that the residuals &; are i.i.d. given F. (see Theorem 3.1 in

his paper).

4.4 Efficiency-Optimal CSR weighting matrix

According to Theorem 3 and definition (34), the asymptotic covariance matrix of the CSR risk

premia estimator is
Sy = HQH = (X'Q7'X) 7 X'Q7'0,Q7' X (X'Q'X) ™,

where we make use of the fact that the CSR weighting matrix Q! is symmetric by assumption.

Note that the structure of the matrix X is identical to that of the asymptotic covariance matrix of
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a generic GMM estimator, where Q! and €,,, correspond to the weighting GMM matrix and the
asymptotic covariance matrix of the time series defining the moment condition, respectively. As
shown by Hansen (1982), the optimal weighting GMM with respect to asymptotic efficiency equals
the inverse of the moment condition covariance matrix. The exact matrix-algebraic result is stated
as fact (F2) in the Appendix. In our context, this means that the efficiency-optimal CSR weighting

matrix is given by
Qor =0,

under which choice the asymptotic covariance matrix of the CSR estimator becomes
TP = (X0, X) 7

When researchers apply the CSR method in practice, they typically use the identity matrix or the
inverse of an estimator of the covariance matrix of the time-series disturbances .. The preceding
result implies that using these matrices could lead to some efficiency loss. The claim might appear
surprising, or even erroneous, in the light of the fact that X! has been shown to be asymptotically
efficient when factors and disturbances are i.i.d. and jointly normally distributed by Shanken (1992)
(see Theorem 4 in his paper). When Assumption 4 holds, it follows from the proof of Proposition
(5) that

Qn=(1+ N 27\ + BB’ (40)

which is clearly different than X.. It turns out that, under Assumption 4, the two approaches are
essentially equivalent. The following proposition clarifies the issue. To be concrete, let us denote

by A2 and A3 the CSR estimators that use ! and -1 as CSR matrices, respectively. More

specifically,
A= (X Xr) T X Ry, (41)
A = (Xp2_p Xr) T XX Ry (42)

where €2, 7 and Y. 7 are consistent estimators of 2,,, and ¥, respectively. In the light of expression

(40), a consistent estimator of ,, is given by
Q=1+ M 757 02, 7) e 7 + BrEj By (43)

where A\ 7, Xt 7, By and ¥ 7 are consistent estimators of A1, Xy, B and X 7 respectively and Y. 7 is

the same consistent estimator used in (42). We now state the result that shows the equivalence of the
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two methods under Assumption 4.'> However, when the assumption of conditional homoscedasticity

is violated, use of €2, would produce more precise estimates of the risk premia.

Proposition 6 Assume that the matric X = [ 1y B is of full rank equal to 1 + K and that
Assumptions 2 and 4 are in effect. Then, the cross-sectional regression risk premium estimators
AT and Nj' are identical when the estimator Q. p given by (43) is used. In general, the two
estimators A" and NJ' possess equal asymptotic covariance matrices as long as they are based on

consistent estimators by, 7 and Xg 1.

Regardless of whether Assumption 4 holds, one can obtain consistent estimators of the optimal
CSR matrix Q,, using that fact that T-2 37 (m1; — may) 4, N(On, Q) as it follows from
definition (38), Assumption 2, and definition (35). Note that m;; —mg; depends on the unknown
parameter A\. The rest of the input needed for the computation of a consistent estimator of €2,
can be obtained by replacing up, uy and 2]71 by their sample analogues and using the estimated
residuals from the time-series regression. Similar to the GMM setting, one has to follow a two-step
procedure to deal with the fact that A is unknown. In the first step, an initial CSR estimate of A is
obtained using a CSR matrix such as the identity matrix or an estimate of ¥-!. Then, in the second
step, the estimate of \ is used to construct consistent estimators of the time series m1 ; —ma 4, from
which one can obtain consistent estimators of §2,,. The final estimator of A is computed using the

estimator of ! as the CSR matrix.

5 Comparison of the CSR and GMM Methods

The purpose of this section is to compare the CSR method, which is based on the beta repre-
sentation, with the GMM approach based on the SDF representation or the CR representation.
Comparison of different approaches to empirical testing of asset-pricing models has been a subject
of interest in recent years. Kan and Zhou (1999) initiated a debate on the usefulness of the SDF
methodology by comparing the GMM method applied to the SDF representation to a maximum
likelihood (ML) estimation based on the beta representation. They concluded that the SDF method-
ology is rather unreliable based on their finding that the standard error of the GMM estimated
risk premium can be more than 40 times greater than that of the traditional ML methodology.
This appeared to be a surprising result given the fact that the SDF and beta representations are
mathematically equivalent. It was soon pointed out by Cochrane (2001b) and Jagannathan and

Wang (2002) that the results of Kan and Zhou (1999) stem from their assumption that the factor

13 Ahn and Gadarowski (1999b) state this result but do not provide a proof. See Section 3.2 in their paper.
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mean and variance are assumed to be known or predetermined by the econometrician. Making such
an assumption gives an advantage to the beta method, which actually uses this information, but
not to the SDF method. Cochrane (2001b) and Jagannathan and Wang (2002) demonstrate that,
when the comparison is cast in the right framework, the two approaches are equivalent in terms of
asymptotic efficiency. Our contribution to the existing literature on this topic is to extend the set
of methods under examination by including the CSR method. In our analysis, we focus on excess
returns over an observable risk-free rate in order to reduce notational complexity. In contrast to the
aforementioned papers on the subject, we allow for more than one factor and do not make strong
distributional assumptions such as i.i.d. joint normality of the asset returns and factors. Instead,
we rely on mild assumptions that guarantee the validity of a central limit theorem for appropriate
time series. Our main finding is that, when the CSR method is used optimally to estimate the SDF
parameter or the CR risk premia, it is as asymptotically efficient as the GMM method which uses

Hansen’s optimal weighting matrix.

5.1 Using the SDF Representation

We next show how to use the CSR method to obtain an estimator of the SDF parameter §. Recall
equation (20) which states that 6 = —(Xy + )\,u’f)_l)\. This relation suggests that, we can use the
CSR estimate Ay of A to obtain an estimator of 4, provided that estimators of u; and Xy are
available. The natural choice is to use the sample analogues fr and ¥ ¢ given by expressions (29)

and (27) respectively. Then the CSR estimate of § is naturally defined by
0F = —(Spr + Arfr) " A,

with the superscript C indicating that 65 is a CSR estimator. Since we work with excess returns

the CSR estimator is given by
Ar = (ByQ7'Br) ' ByQL Ry

Since A, fr and ¥ #,r are consistent estimators of A, p and Xy, respectively, it follows by Slutsky’s

theorem that 0 is a consistent estimator of 8: 6% —— § as T — oo.

Given the asymptotic distributions of Az, fr and ¥ #, one can obtain the asymptotic distri-
bution of 6% using the delta method. We follow an essentially equivalent but more transparent
approach that allows us to easily obtain the optimal CSR matrix Q~'. It is worthwhile empha-
sizing that the optimal CSR matrix used in the estimation of the beta parameter A does not lead

to efficient estimation of the SDF parameter . Furthermore, our approach enables us not only to
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show that d% and % have the same asymptotic distribution, but also, as shown by the following

theorem, establish a more direct link between the two estimators.

Theorem 7 Let 65 be the optimal GMM estimator of the SDF parameter § with weighting matrix
equal to ,,, and 0% be the optimal CSR estimator of § with CSR matriz equal to Q,'. Then, as

n

T — o,
VT(8§ — 8) = VT (65 — ) + 0p(1).

We have demonstrated that the two estimators 65 and §. possess equivalent asymptotic distri-
butions, and thus share the same asymptotic variance. This result shows that the CSR method,
when applied optimally, can estimate the SDF parameter with the same asymptotic precision as
the GMM method.

5.2 Using the CR Representation

We devote this subsection to the estimation of the CR risk premia b. Recall that the factor model
is described by the CR pricing equation pup = Xgsb where b = E;l)\. We describe two ways to
estimate the vector of covariance risk premia b. The first is based on the CSR method while the
second is an application of GMM. We show that when the methods are applied optimally they yield
estimators of the parameter b that possess equal asymptotic covariance matrices. Therefore, use of

the CSR method to estimate b does not entail any loss in asymptotic efficiency.

5.2.1 Cross-Sectional Regression

The variant of the CSR method we use to estimate b proceeds in two steps. In the first step, the
covariance matrix Yy is estimated by its sample analogue

1 T

SRiT = thl Ri(fi — fr)'-

In the second step, we run the cross-sectional regression
Rr =3Sgsrb+u

to obtain the CSR estimate
b = (Skpr@7 Srer)  Shpr@7' R,

where Q}l is a consistent estimate of a weighting matrix Q!. The superscript C indicates that b,

is a CSR estimator. We require Y gy and X gy 7, for large enough T, to have full rank equal to K,
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so that the estimator b$ and its probability limit are well defined. Further, we assume that both
Q! and Q;l, for large enough T, are symmetric and positive definite. The optimal choice of the

matrix Q! will be determined on grounds of asymptotic efficiency.

Note that, alternatively, one can utilize the identity b = EJZIA to provide an estimator of b. In
a natural fashion, we can estimate ¥ by its sample analogue X7 and A by the CSR estimator
Ar and define BT = EJT%F)\T as an estimator of b. However, since By = X Rf,TE;%p it immediately

follows that by = b7 Therefore, there is no need to consider by separately.

Routine application of Slutsky’s theorem, in the light of the pricing equation up = Xgsb, yields
that b, Libas T — oo; that is, the CSR estimate b%. is a consistent estimate of b. The next step
is to describe the limiting distribution of 7. To state and prove the result, which is captured in

the forthcoming theorem, we need to make the following assumption.

Assumption 8 The time series

¢r = Re(1 — (fr — pgp)'b) + ugb' (fr — py)
satisfies the central limit theorem, so that

1 T d

ﬁ thl ¢y — N(On, ),
where Qp =372 Yy and Xy j = Elpidt, -
Theorem 9 The asymptotic distribution of the CSR estimate of the covariance risk premia is given
by

VIS -t = =37 p 1

(b —b) = ﬁztzl ¢ + 0p(1),

where

P = (SrQ 'Srs) ' ERQ 7,
and so

VT (G - b) % N0k, PQyP').

Since the asymptotic variance of b5 is equal to
PQyP' = (SpsQ 7 Brp) ™ B Q Q™ Srs (YR Q7 Brp) T
it follows that the optimal weighting matrix is Qgp = Q;l. The argument leading to this conclusion
is identical to the one used to determine the optimal weighting matrix in a GMM framework (see
fact (F2) in the Appendix). The asymptotic variance of bS. under this choice is then equal to
OF = (S, ' Srp)
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5.2.2 GMM Approach

The GMM approach to estimating b is based on the asset-pricing equation pgp = Xggb, which is

equivalent to
E[Rt — Rt(ft — Mf)/b] = ON.

Since the factor mean py is typically unknown, we also need the moment condition

E[ft — ps] = 0k.

Estimation and inference then proceeds by applying the GMM on the vector moment condition

Elgi(0)] = On+k, (44)
where § = [ 0"y |, and

i) = [ RE | 10 ]

Let us denote the GMM estimator by 0% = (b5, u$/)’. To proceed with the GMM estimation, we

make the standard assumption that the time series g;(6) satisfies the central limit theorem, so that

=30, 00) <5 N 0w 9)

for some positive definite (N + K') x (/N + K) matrix £,. We decompose the matrix €2, in a natural

fashion as follows

_ | Qo Qay
= { Qg Qy ] ' )

Then, under the optimal choice for the GMM weighting matrix, namely Qg_l, it follows that
d _ _
VT (05 — 0) — N(Oy, (D,Q, D)),
where the (N + K) x 2K matrix D, is given by

D, = E [3915(9)} _ [ —YRrs pgl } ' (46)

a0 Orkxrx —Ik
This implies that

VTS —b) -5 N(0y, Q5),

where Qf is the upper-left K x K submatrix of Qf = (D/Q;1Dy)~'. In the next theorem, we
show that the GMM estimator b, possesses the same asymptotic covariance matrix as its CSR

counterpart b7.
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Theorem 10 Let b§ be the estimator of b obtained by using GMM to estimate the parameter
o= u} |" based on the moment condition (44) and the optimal weighting matriz Q;l, and bS.
be the optimal CSR estimator with CSR matriz equal to Q(;l. Then, b, and bS. possess the same

asymptotic covariance matrix:

avar[b}] = Q) = QF = avar [b7].

The message of Theorems 7 and 10 is perfectly in line with the results advanced in Cochrane
(2001b) and Jagannathan and Wang (2002). That is, regardless of which pricing model represen-
tation is employed by the researcher, the approaches are equivalent in terms of efficiency as long
as each method is applied optimally and no method is given an advantage a priori. It should
be emphasized, however, that our results are more powerful since our analysis is rather general.
Specifically, our theorems are valid for any number of pricing factors and, more importantly, do
not rely on strong assumptions on the dynamics and distributions of returns and factors such as

the i.i.d. normality assumption made in Jagannathan and Wang (2002).

6 A CSR Specification Test

At this point, we are in a position to develop an econometric (mis)specification test based on the
distance AZ () defined in (15). Since up = X\ we have Ry — XrAr 2, 0y where the risk
premium estimator Ay is given by (32). Hence, a sensible way to assess the specification would be
to examine the distance between R and XpA7. To do so, we consider the sample analogue of the
distance A (#) and seek to develop the related sampling theory. In other words, our objective is

to obtain the asymptotic distribution of the quadratic form
TA% =T (RT — XT)\T), G;l (RT - XT)\T) , (47)

where G is a consistent estimator of the weighting matrix G. We will return to the choice of G
in the sequel. The normalization T reflects the fact that v/T(Ry — XpAr) will turn out to have a

multivariate normal limiting distribution.

6.1 Derivation of the Test

Similar to the asymptotic result for the HJ distance test, derived in Jagannathan and Wang (1996),
it is expected that the asymptotic distribution of T’ A?p is a mixture of x?(1) distributed random
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variables. The proof proceeds as follows. First, observe that

VT (Rp — XrAr) = VT (Rr —pg) — VI(XpAr — X))
= VT (Ry — pg) = VT(Xr — X)A = XpVT(A\p — \).

Furthermore, we have
(X7 — X)A=[ Oy Br—B |]A=(Br— B) A\,
since A\ =[ Ao )] |'. Hence, combining terms we obtain
VT (Rr — X7A1) = VT (Rt — pg) — VT (Br — B) A\t — XVT(Ar — \) + 0,(1)

upon using X7 —— X, VT (Ap — \) 4, N(014x,2)) (see Theorem 3), and the fact (F1) stated in
the Appendix. Combining Lemma 17, Theorem 3, and definition (35) we obtain

VT (Rr — XpAr) = \/1? Zthl (M1 —may) — XH (myy —may)] + op(1)
= M3 (= mag) + oy(1),
where
M=Iy — XH=Iy - X(X'Q7'X)'X'Q". (48)

It is easily verified that the matrix M is idempotent and therefore rank(M) = tr(M). Further, M

satisfies the property M X = Oy (14K)- Using the properties of the trace operator, we obtain

tr(M) = tr(Iy — X(X'Q7'X)'X'Q7 1) =N — tr(X(X'Q7'X)'X'Q™1)
= N—-tr(X'Q'X(X'Q'X) ) =N—tr(Iisx) =N — (1 + K).

Assumption 2 and definition (38) imply that
1 T d
Nis >, (mi—may) == N(Oy, Q). (49)

It follows that, the limiting distribution of VT (RT — XT)\T) is multivariate normal with mean Oy

and covariance matrix
== MQ,, M. (50)

It is clear that = is a nonnegative definite matrix and so its eigenvalues are all nonnegative. However,
it is not of full rank, since rank(M) = N — (1 4+ K) < N. This means that VT (Rr — XpAr) has

a limiting normal distribution that is degenerate.
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Let Q%Z be a matrix such that Q,, = (Q}T{z)’Q%Z. For instance, Q%Q could be the upper
triangular matrix in the Cholesky decomposition of €,,. Furthermore, define ='/2 = Q%QM ' s0
that = = (2'/2)'2Y/2. Then, it is easy to see that the limiting distribution of /T (Rr — XrAr)
is the same as the distribution of (£'/2)'Z, where Z follows a multivariate normal distribution
with mean Oy and covariance matrix . Therefore, we are now able to state the theorem that

characterizes the limiting distribution of the mispricing measure Ar.

Theorem 11 Assume that the matrizc X = [ 1xy B | is of full rank equal to 1 + K and that
Assumption 2 is in effect. Let M = Iy — X(X'Q ' X)"'X'Q 'and E'/? = QMM where Q3
satisfies Qy, = (Q},P)’Q}T{Q, and Q, is defined by (38). Then, the asymptotic distribution of the

mispricing measure Ar, defined in (47), is given by
2 d 1 =1/2 =1 21/2y7
TA2 4. 7 [H G-1(=1?Y] z, (51)
where Z is an N-dimensional standard normal variable.

From the preceding theorem, it follows that, in general, the asymptotic distribution of the
test statistic TA%, is not a standard tabulated distribution. Therefore, as is the case with the HJ
distance test, a simulation procedure is required to obtain asymptotically valid p-values. This is

the subject of the following discussion.

Let G'/2 be a matrix so that G = (G'/2)'G'/? (for example, G'/2 could be the upper triangular
matrix in the Cholesky decomposition of ). Then, using properties 0.4.6 (b) and (d) in Horn and
Johnson (1990), we have

rank(EV2GTHEY?)) = rank(EY2G7V2H(GTV?Y (EY?Y) =rank(EY2G?)

= rank(EY?) =rank((EY?)'EY?) =rank(2),

since G'/2 is invertible. Since G is taken to be symmetric, it follows that Z'/2G~1(2'/2) is sym-
metric as well, and thus diagonizable. Since rank(EY/2G~1(EY/2)) = N — (1 + K), the matrix
=1/2G=1(21/2) has N — (1 + K) positive eigenvalues, say pjsj=1,...,N— (14 K)."* Then, the

limiting distribution v in (51) can be represented as a mixture of N — (1 + K) independent x?(1)

random variables v; with weights p; as follows: v = Zj\;(HK) pjv;. This representation is useful
in comparing our testing procedure to the HJ distance approach as illustrated in Jagannathan and
Wang (1996). However, for all practical purposes one does not need to compute the eigenvalues

above in order to obtain p-values associated with the limiting distribution in (51). One can obtain

14See Theorem 3.11 in Schott (1997).
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asymptotically valid p-values using the following procedure. First, we need to provide a consistent
estimator, say Pr, of the matrix 21/2G~1 (El/ 2)'. Tt is typically the case that either G is known, or its
choice allows one to obtain a consistent estimator. Thus, obtaining Pr is easy given that consistent
estimates ,,, and M are readily available. Let {Z; : t = 1,...T"} be independent simulated values
from N(On, In), where T* is a large enough integer, and further let z; = Z,PrZ; for t = 1,...T*.
It follows by the Monte Carlo principle that the distribution function of v, F,(a) = P[v < a], can
be approximated by % Zthl 1;,<q), With the approximation becoming better as 7" and T™ become

larger.

6.2 Shanken’s CSR Test

Cross-sectional regression tests of zero-beta factor models were first developed by Shanken (1985).
His analysis assumes that the time-series regression innovation terms are normally distributed and
serially independent as well as independent of the factors. In what follows, we show that Shanken’s
CSR test remains asymptotically valid under more relaxed assumptions on the dynamics of the
innovation terms. The test developed in the previous section becomes Shanken’s CSR test when
we choose both the CSR matrix and the weighting matrix in the quadratic form to be equal to the

inverse of the innovation covariance matrix, namely when @@ = 3. and G = X..

The formal set of assumptions used in the development of Shanken’s CSR test is contained in
the statement of Assumption 4. The same assumptions were used by Shanken (1992) in deriving
the asymptotic properties of his CSR estimator. In this subsection, we examine how the test based

on the distance Ap simplifies under Assumption 4. It follows from Proposition 5 that
U = My + Uy = BEGB' + (1+ M 27102,

and so
E=M [Bsz’ + (14 AT )] 7,

where M and Z are given by (48) and (50) respectively. Note that since M X = Onx(1+K) and
X = [ 1y B ] , we have M B = Onx g, which, in turn, implies

E=MQ,M = (1+ M 'A\)MS M.

Write = = (E/2)'ZY/2 where /2 = (1 + M7 'A) Y282 M’ and L7 satisfies B = (8175l
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=GN EY?Y = 1+ NI IMSYAMIGT M(SY?Y
= (L+ NS AE2MG V(G MY
= (1+ NI ')\)FF,

where

F = E;/QM/Gfl/Q :2;/2 ([N_X(X/Qle)—lX/Q71>’G71/2
2&/2(}71/2 . E;/QQle(XIQle)*lXIGfl/Q'

Hence, according to Theorem 11, as T — oo,
TA?
T __ 4 Z(FFZ,
where Z ~ N(ON, INXN)-

Next, we consider the test advanced by Shanken (1985). Using our context’s notation, this
amounts to specifying both the CSR matrix and the quadratic form weighting matrix to be equal

to the covariance matrix of the time-series regression disturbances, namely Q = G = .. Then
F=Iy— Y2y XX x)Ix'ss12,

and so F' is clearly symmetric and easily seen to be idempotent
FF =32 s 12812 o2 = w12(MM)'s7Y2 = F,

since MM = M. By the properties of the rank operator, it follows that rank(F) = rank(M) =
N — (1 + K). Therefore, F has N — (1 + K) nonzero eigenvalues all equal to 1 and so Z'(FF')Z
is distributed as a x? random variable with N — (1 4+ K) degrees of freedom. Collecting terms and
using Slutsky’s theorem, we obtain that, as T" — oo,
TAZ d o
1+ Xl,TE;})‘I,T XN—(1+K)

This result describes the asymptotic behavior of the CSR test statistic as developed by Shanken
(1985).
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6.3 Optimal CSR Matrix Chi-Square Test

When we use the efficiency-optimal CSR matrix Qgp both in the cross-sectional regression and

the quadratic form, ie. G™' = Q7! = Q5 = 0.1, the test derived in Theorem 11 reduces to a

chi-square test. This fact is demonstrated next. Note first that

/
MM = (Iy = X(X'QaX) ' X'Q5l) Qb (Iv - X(X'Qohx) ' X'}
= Qor — QorX(X'Q0pX) ' X'Qop,

and therefore

EI/QG—I(EI/Q)/ _ Q%QM/QS;M(Q%%/
_ 97171/2 (Q;l1 _ Q;LIX(X,Q;}X)_IXIQ;ZI) (9717{2)/
_ IN o (Q;.Ll/Q)/X(X/Q;lX)_1X/Q;11/2.

Routine algebra shows that the matrix Iy — (Q;,,lﬂ)’X(X’Q;an)*1X’Q;11/2 is idempotent with
rank equal to N —(1+K). This implies that if Z is a N(Oy, Iy) variable then Z’ (EY/2G1(EY/2)") Z
follows a chi-square distribution with N — (1 + K') degrees of freedom. We have demonstrated the

following corollary to Theorem 11.1%

Corollary 12 When the quadratic form weighting matrizc G~ and the CSR matriz Q=" both equal
the efficiency-optimal CSR matriz Qo = Q,,}, we have

m

TAzT 4, X?V—(HK) as T — 0.
Note the analogy to the J-test of Hansen (1982) which uses the optimal GMM weighting matrix.
While in the CSR method we have to choose two matrices Q! and G~1, it turns out that, when they
are both chosen equal to the optimal CSR matrix, the resulting test has an asymptotic chi-square

distribution instead of a mixture of chi-square distributions.

7 Simulation study

The cross-sectional test studied in this paper as well as the related GMM tests are justified as-
ymptotically. Nevertheless, researchers are faced with data sets of finite, and occasionally rather

small, sample sizes. It is therefore imperative to obtain a sense of the small sample performance of

'5This result has also been obtained by Ahn and Gadarowski (1999b) using the minimum distance approach. See
their Theorem 3.
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the various tests. Since finite-sample analytical results can be obtained only under certain distrib-
utional assumptions, it is customary to resort to Monte Carlo simulation. This allows us to alter
the simulation input and develop an understanding of how sensitive the results are with respect to

the various features of the data generating process.

Our setup is closely related to the simulation design of Ahn and Gadarowski (2004). Their
paper is the only available source of evidence on the finite sample performance of the Hansen-
Jagannathan distance test and Hansen’s standard GMM test, and therefore serves as a natural
benchmark for our results. In order to proceed with our Monte Carlo simulation experiment, we
have to make a number of choices regarding the exact form of the linear asset-pricing model under
consideration. Among the quantities we have to specify are the size of the cross section N, the
length of the time series T, the number of factors K, the values of the zero-beta rate \g, the risk
premia A1 and the distributions of the factors and the disturbances. Since the majority of empirical

studies use monthly data, we will select the related parameters accordingly.

Two of the most influential empirical studies of the cross section of stock returns, Fama and
French (1992) and Jagannathan and Wang (1996), both employ three pervasive factors. Therefore,
following Ahn and Gadarowski (2004), we will use three factors (K = 3) in our simulations.
When examining the cross section of expected returns, it is rather difficult to work with individual
securities for several reasons, including data availability and high dimensionality. This leads most
researchers to form portfolios, typically a small number, and use them in the empirical study of
the model under examination. The number of portfolios used ranges from 25 (Fama and French
(1992), sorted according to size and book-to-market ratio) to as large as 100 (Jagannathan and
Wang (1996), sorted according to size and beta). To ensure coverage of the most relevant cases,
we will consider three choices for the number of portfolios: N = 25, N = 48, and N = 100. The
rationale behind our choice will be clear in the sequel. The time-series length will assume four
values: T = 240, T' = 360, T" = 480, and 7" = 600. These numbers correspond to 20, 30, 40, and
50 years of monthly data respectively. We also consider the following three values for the level of
significance (or size): 0.01, 0.05, and 0.10; these values are the most commonly used in practice.

The results we report were obtained using 10,000 simulation repetitions.

Next, we describe the data generating process used in the simulation. The three factors are
assumed to be normally distributed and mutually independent, as well as independent across time.
We also assume that the factors are returns to traded portfolios so that the following pricing relation

holds: pr = Aolkx + A1. Incorporating this pricing relation and the beta asset-pricing equation (1)
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into the time-series regression (5) we obtain
Ry = Moly + B (fi — Aolk) + &
which, in turn, can be written as

Ry = Ao + 51if1t + 52if2t + 53ifkt + it

where fir = fur — Mo, k = 1,2,3, and B = [ﬁl By B3 ] Note that E[fkt] = )\, and let
o7 = Var([fy]. For simplicity, we further assume that Var[e;] = o2Iy for a scalar o2. Following
Ahn and Gadarowski (2004), we assume that factor variances are equal across factors and define
the ratio 0% /02 as the signal-to-noise (S/N) ratio. The reported results are based on a S/N ratio

value of 1.

The parameter values used in our simulation experiment are determined as follows. The zero-
beta rate \g is set equal to 1.0033, the risk premia A, k = 1,2, 3 are all set equal to 0.0022, and
the variances 0’%, k =1,2,3 are all set equal to 7-107°. To obtain empirically relevant betas, we
use the betas from 25 and 100 sorted portfolios based on size and book-to-market and 48 industry
portfolios with respect to the three Fama-French factors over the period July 1963 - December
2003.16

We examine the behavior of two CSR tests and two GMM tests. The tests differ in the choice of
weighting matrices used in their implementation. For both CSR and GMM, we use two choices for
weighting matrix in the quadratic form: the second moment matrix (SM) and the asymptotically
optimal (OP) for the method under consideration. We denote the two CSR tests by CSR-SM
and CSR-OP. The GMM test that uses the second moment matrix, suggested by Hansen and
Jagannathan (1997), is denoted by GMM-HJ while the optimal GMM test, due to Hansen (1982),
is denoted by GMM-H.

The evidence in Ahn and Gadarowski (2004) suggests that the empirical p-value of the GMM-
HJ test rejects the null hypothesis too often as compared to its asymptotic distribution when the
number of test assets is large. We find similar evidence for the CSR-OP and CSR-SM tests. Ahn
and Gadarowski (1999b) conjecture that using a small-sample correction on their minimum-distance
test, which is equivalent to our CSR-OP test, by multiplying the test statistics by the factor 1—N/T'
would lead to better small-sample properties. Note that this small-sample adjustment is asymptot-
ically equivalent to the original test statistic. Their conjecture is based on theoretical arguments
and simulation evidence by Amsler and Schmidt (1985). Indeed, we find that this adjustment
dramatically improves the performance of the CSR-based tests and the GMM-HJ test. On the

16 A1l data used in the beta computation are obtained from the website of Professor Kenneth French.
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contrary, when this type of correction is applied to the GMM-H, it leads to gross underrejection
in finite samples with respect to the asymptotic chi-square distribution. Therefore, this correction
is not suitable for the GMM-H test. This is supported by the simulation evidence in Ahn and
Gadarowski (2004). The simulation results we report use the small-sample correction only for the
CSR-OP, CSR-SM and GMM-HJ tests.

We summarize the simulation by reporting the empirical p-values of the four tests for each
combination of the time-series length 7', the size of the cross section N, and the statistical level
of significance. The first set of results, assuming a multivariate normal data generating process, is
presented in Table 1. In general, as one would have expected, the performance of all tests improves
as T increases, while it gets worse as N increases. Overall, the CSR-SM and GMM-HJ tests
have essentially the same performance and they are the most accurate and robust. They produce
reasonable empirical p-values across almost all combinations considered. For instance, for target
size of 5 percent and 1" = 360, the CSR-SM rejects 6.0 percent, 6.4 percent and 8.6 percent of the
time when N = 25, N = 48, and N = 100, respectively, while the corresponding rejection rates
for the GMM-HJ test are 5.9 percent, 6.1 percent, and 8.2 percent. Both tests based on optimal
weighting matrices, namely CSR-OP and GMM-H, systematically overreject the null hypothesis.
However, the GMM-H test seems to produce better results across different combinations of N
and T. In general, it is also clear that one should be cautious when the number of assets is large

compared to the time-series length.

Next, we deviate from the normality assumption and employ a t distribution in order to eval-
uate the sensitivity of the finite sample performance of the tests in the presence of fat tails. In a
recent paper, Tu and Zhou (2004) find that, for the set of portfolios they examine, the multivariate
normality assumption is overwhelmingly rejected, while the assumption of a multivariate ¢ distrib-
ution cannot be rejected by the data. Therefore, motivated by this finding, we use a multivariate
t distribution with six degrees of freedom to model the joint distribution of the factors and the
regression innovation terms. Table 2 reports the empirical p-values for the four tests considered.
There are a few observations to be made. First, by comparing with Table 1, we observe that the
tests reject the null hypothesis more frequently than they do under the normality assumption, with
the CSR-SM and GMM-HJ tests still remaining the more accurate and robust among the tests
considered. Specifically, for a target size equal to 5 percent, the CSR-SM test produces empirical
p-values that range between 5.9 and 11.7 percent for T' = 240, between 5.3 and 8.9 percent for
T = 360, between 5.5 and 7.6 percent for T' = 480 and between 5.5 and 6.3 percent for T" = 600.
The corresponding values for the GMM-HJ test are between 6.4 and 12.2 percent for T = 240,
between 5.9 and 10.6 percent for T' = 360, between 5.9 and 9.3 percent for T' = 480 and between
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5.9 and 7.7 percent for T' = 600.

Overall, our simulation evidence suggests that the CSR-SM test exhibits the best performance
among the tests under examination. Under normality the GMM-HJ performs equally well, but
when we generate the data using a t distribution, the CSR-SM test does better. The CSR-OP test
leads to severe size distortions, has consistently the poorest performance and, therefore, it should be
avoided. The classical GMM-H test can be trusted only when the cross section of returns is small.
Therefore, we suggest the use of the CSR-SM test as a reliable tool for econometric evaluation of

linear factor models.

8 Conclusion

This paper offers a comprehensive treatment of the cross-sectional regression (CSR) method as a
reliable tool for inference in asset pricing. The CSR method provides a simple and intuitive way
for estimating and evaluating linear factor models. The method, first introduced by Black, Jensen
and Scholes (1972), and Fama and MacBeth (1973), was developed into a rigorous econometric
framework by Shanken (1985) and Shanken (1992). More recently, Jagannathan and Wang (1998)
generalized the corresponding asymptotic theory to allow for conditional heteroscedasticity of the
time-series regression innovations, incorporating at the same time the use of firm-specific charac-
teristics. In a different line of research, Hansen and Jagannathan (1997) address the issue of model
misspecification using the stochastic discount factor representation of asset-pricing models. The
main tool in their analysis is a mispricing measure termed the HJ distance. Jagannathan and Wang
(1996) develop an econometric test based on the HJ methodology, and use it to test a version of

the conditional CAPM.

We build on the work of the aforementioned authors to obtain the sampling distribution of
the risk premia CSR estimator under general conditions. To put our work in perspective, we
review related estimators and tests based on the generalized method of moments (GMM). We
show that CSR-based estimators are equivalent to GMM-based estimators in terms of asymptotic
efficiency when both methods are applied optimally. This holds true regardless of which model
representation we employ to obtain the moment conditions for the implementation of GMM. Using
the asymptotic distribution of the risk premia CSR estimator, we develop a CSR specification test.
The test statistic, expressed as a quadratic form, is based on a mispricing measure closely related
to the HJ distance. Furthermore, the test is a generalization of the CSR test of Shanken (1985)
that does not require the weighting matrix in the quadratic form to be model-specific and thus can

be used for fair comparisons across models. When the weighting matrix equals the second moment
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matrix of the returns, the distance is shown to be equal to the maximum pricing error per unit
norm of portfolio return. The specification test based on the corresponding statistic, which we call
the CSR-SM test, possesses robust small-sample statistical properties. In a simulation study, that
compares the proposed CSR-SM test, the CSR-OP test, the HJ distance test, and the standard
GMM test of Hansen (1982), we demonstrate the practical advantage of the CSR-SM test.

9 Appendix

A number of well-known facts are used repeatedly in the main text and/or in the subsequent proofs.

We state them here explicitly for the convenience of the reader.

(F1) Let xp and ypr be two vector random sequences of dimension L x 1. If zp L, 0, (i.e.,

xr = op(1)) and yp 4, y then xzpyr 2, 07, (i-e., zryr = 0p(1)) and zp + yr 4, y. M7

(F2) Let W and V' be positive definite M x M matrices and C be an M x L matrix, M > L with
C having full rank L. Then, the difference

c'weytcwvwe e'we) ™t — (c'v-iey Tt

is a positive semidefinite matrix.'®

(F3) The identity
(A+CBD) ' =A'-A7'C(B' + DAT'C) T DA™

holds for conformable matrices A, B, C and D and whenever the inverses involved are well-defined.!?

9.1 Pricing restrictions on traded factors

In this subsection, we deal with the case in which some of the factors are returns to traded portfolios.
For the sake of brevity, we refer to such factors as traded factors. Application of the asset-pricing
equation on the traded factors implies certain pricing restrictions that relate the risk premiums

on the factors to their expected values. To facilitate the presentation, we need to introduce the

'7A proof of fact (F1) can be found in standard econometrics textbooks.

8Fact (F2) is used in the seminal paper by Hansen (1982) to obtain the efficiency-optimal weighting GMM matrix
used in the quadratic form. See also subsection 8.3.3 in Wooldridge (2002).

YFact (F3) is stated in Theorem 1.7 in Schott (1997)).

34



following notation. Let r; denote the K,.-dimensional vector of traded factors, s; denote the K-
dimensional vector of the remaining factors such that fy = [ v} s, |/ and K = K, + K,. We refer
to s¢ as the nontraded factors. The risk premium vectors on the traded and nontraded factors are

denoted by A, and ;. We further let
M=[X AT, A=[X NV

and decompose the beta matrix in the natural fashion as B = [ B, B; |. The asset-pricing equation

(1) applied to the traded factors implies that
Wy = )\OlKT + Ar (52)

A researcher can make use of the pricing restriction (52) in two ways. One approach is to impose
(52) and then proceed to estimate the risk premiums As; on the nontraded factors. This approach
implicitly makes the assumption that the traded factors are correctly priced by the asset-pricing
model under examination. The other approach is to estimate the risk premiums A = Ao A, A, |/
on all factors and then construct a specification test based on the pricing restriction (52). We

describe both approaches in the next two subsections.

9.1.1 Imposing pricing restrictions on traded factors
Incorporating the pricing restriction described by (52) into (1) we obtain
tp — Bep, = Mo(1y — Bylg, ) + Bohg = XA (53)

where

X=[1y-Blk Bl (54)

Equation (53) suggests the following two-step CSR procedure to estimate . First, estimate the
beta matrix B by Br given by (25) so that By = [ B, Bsr ] and then estimate X by

Xr=[1ny—-B.7rlg, Bsr | (55)
In the second step, ) is estimated by

Ar = Hrp(Rr — By rrr) (56)
where

Hr = (X7Q7' Xr) ' X1Q7! (57)
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and Q;l is a consistent estimator of a CSR matrix Q1. The probability limit of Hrp is

= (X0 1%) 1%, (58)
Next, we define the returns adjusted for traded factor risk by

R = R, — B,y (59)

and note that pp. = pp — Bpp, = X A. To state the result describing the asymptotic behavior of
the CSR estimator Ay defined by (56) we need to define the auxiliary time series

Mg = R — pige, tge = [(fi — pp)' S5 Mer, e = [ () (mag)' 1, (60)

where £, is the disturbance term in the time-series regression (5). Recall that ; and f; are uncor-
related by the definition of ¢; and therefore it follows that E[m:] = 02n (see equation (6)). The

following assumption can be verified under standard regularity conditions.

Assumption 13 For all A\; € RE, the vector time series 1y defined by (60) satisfies the central

ltmit theorem, that is
1 T _ 4
ﬁ Zt:l my — N(02N7 Eﬁ’b))
with

(61)

I Il
where Uy, T, and Wz, are N x N matrices, X = Y pe oo Lnky and S g = Elmymy ], for all
k.

Theorem 14 Assume that the matriz X = [ In — Blg, Bs | is of full rank equal to 1 + K.

Then, under Assumption 13, as T — oo,

VTG = 3) = \/1? S (- ) + 0p(1),
and therefore \/T(S\T — 5\) 4, N(014k,,%5) where

S5 = HQnH, (62)
and

Qi = U + s, — (T +T75), (63)

H is defined by (58), and Wz, 115 and Tz, are defined by (61).
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9.1.2 Testing pricing restrictions on traded factors

Instead of imposing the pricing restriction (52), one can estimate the risk premiums on all factors,
A= X A )\, ], as described in subsection 4.2 and then test whether (52) holds. To develop

the associated test we need the following K, x (1 + K) auxiliary matrix
A=[1k, Ik, Oxr.xx, ]
Then (52) is written as
pr = AN
and thus a test can be based on the quadratic form
Or = T(Fr — M) Wit (Fr — ANg)
where W 1'is a consistent estimator of a weighting matrix W ~'. Define the vector time series
ye = (re — pp) — AH (mae — moy) (64)

and make the following

Assumption 15 The vector time series y; satisfies the central limit theorem, that is

1 T d
ﬁ thl Yy — N(Ok,, Xy)
where ¥y =372 ¥y, and Xy ;= E [ytyéﬂ-] , for all j.
Theorem 16 The asymptotic distribution of the test statistic O is given
Or = T(ir — M)Wy (ir — Ag) -5 Z'[S2W(sh2)]Z

where E;/2 is determined by ¥, = (25/2)’25/2 and Z is a K,-dimensional standard normal variable.

If W = %, the test reduces to a chi-square test, namely

d 2
@T — XKT'
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9.2 Proofs

Proof of Proposition 1: Let ¢ = up — X\ and ¢ = G71€. If € = Oy the result holds trivially.

So, we only consider the case & # Oy. Using the inner product (z,y) = 2/Gy on RY we project w
on ¢ to obtain w = y¢ + w with v = (w, ¢)/(¢, ) and (w, ) = 0. Then note that (¢, ¢) = £'G1¢
= [AE(0)]? and further

Wag = XN |wel _ |(19+w) Gl _ (60)+ (w.b)|
71 [wR] ~ JoERRw  ww)
hll(cbqb)! _ hllee) _

= ) = AL(0
V2 (6,0)+ = 69 (#:4) = 25(0)

with the equality achieved when w = Oy < w = yG ¢ for some v. Q.E.D.
The following lemma will be used in the subsequent proofs.

Lemma 17 Let ¢ be a vector of dimension K x 1. Then

VT (Br — B)c = \/1? S (- ) 55 top(1)

Proof of Lemma 17: From the time-series regression (5) we obtain

Ry — Ry = B(fi—fr) + (&1 — &)
Using the last expression and equation (27), we observe that (26) delivers
Yrpr=BYrr+ — Z ft*fT) .

Assumption 2 implies that the columns of % ZZ;I €t ( fi—u f)/ are asymptotically jointly normally
distributed. Thus, it follows from fact (F1) that

VT (Br—B)c = \/T@RfTZ;lT_B)C
— \th . et (fi— EfTC
= ﬁztzl [ fe = 1y) Zflc] e+ op(1)

since fr 2, pyand Xy 2, YrasT — oo. QE.D.
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Proof of Theorem 14: From equations (56) and (59) we have,

S\T — 5\ = I:IT(RT — Br,TFT) - A
Hr|R} — (Byr — By)ir — X7
= HT[(R’_T[‘ - XS\) - (B'I‘,T - BT)fT — (XT — X)X]

Since X7 — X = [ —(Byr — By)1k, Bstm — Bs ] it follows that

(X7 — X)\ = —Xo(Br1 — B:)1k, + (Bs — Bs)As.
Using Lemma 17 we obtain

VTOr = N) = HVT (R — pge) — VT (Brr — By, — VT( X1 — X)A] + 0,(1)
Furthermore,

(Brr — Br)p, = (Brr — Br)(Molk, + A) = Mo(Brr — Br)lk, + (Brr — Br) A,

Collecting terms we obtain

VTOr =) = HIVT(R: — pp) — VT (Brr — B)A\r — VT (Bs1 — Bs)As] + 0,(1)

= HNT(R; — pg-) — VT(Br — B)A1] + op(1).
upon using the definition A\, = [ AN ]/. Lemma 17 implies that
JT 5 1 T
T(Br—B)\ = 77 ZH Mot + 0p(1)
where g is defined by (60). Thus, collecting terms together and using definition (60) yields
V(g — 3 L ST
T(Ar— ) = 77 Do, H (e —izg) + 0p(1)
5 1 T
= H[ IN —IN }ﬁzt:1mt+0p(1)'

It now follows that v/T(Ar — \) has a limiting normal distribution with mean zero and covariance

matrix given by

Vs Iy
A

Em:lf[[IN _IN]{ :|[IN —IN],ﬁI:H[\Pm-FHm—(Fm-l-P%@)]FI/

as it follows from Assumption 13. This completes the proof. Q.E.D.
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Proof of Theorem 16: From (32) it follows that

Fr—AN\p = Fp— AHTRT
= (fr — py) = AH(Rr — pg) — AM(Hr — H)Ry
1 T _
= 72, [0 = ) = AHmay] = A(Hr — H) Ry

since AHup = AHX\ = A\ = p,.. Next, observe that

VT(Hy — H)Ry = VT(Hy — H)X\+ (Hy — H)VT(Rr — pig)]
= VT(Hp — H)XX + 0y(1).

Moreover, we have (Hy — H)X = Hp(X — Xp)+ Hr X — HX = —Hp[ Oy Br — B ] and thus,

using Lemma 17 we obtain
_ 1 T
VI(Hy = H)Ry = ~HrVT(Br = B\l +0p(1) = —H =3 5 o+ 0p(1)

where mg, is given by (35). Collecting terms yields that, as T — oo,

_ 1 T d
VT(rr — Ap) = Vi thl e+ op(1) == (222

where y; is defined by (64), 25/2 satisfies 2, = (231/2)’2;/2 and Z has a N(Og,, Ik, ) distribution.

The desired conclusion follows upon using Slutsky’s theorem. Q.E.D.

Proof of Proposition 5: Definition (35) and the time-series regression (5) imply

E[mi¢(magy;)] = E[(R: - MR)[(ftJrj - Mf)/ 2,71)\1]52+j]
= E[B(fi — py) + ) (fres — Mf), 2}1)\1]5Q+j]-

Thus, Assumption 4 and the law of iterated expectations yield E[mi (mo+;)'] = Onxn for all 7,

and therefore I',, = Oy . Furthermore, since Ele.e} +j|.7-' ] = Onxn for j # 0 we have

2
Elmai(mass;)] = I[jo}E“(ft—uf)/Ef/M] 6t6§]

= lj=gF [X@f (fe =) (fe — g) E;lAl} .
= T (N2 )5

and
E[my¢(mi4;)'] = BE [(fi — ) (feas — uf)’] B + Ijj_o E [e}]
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using the law of iterated expectations once again. Hence, we obtain
U = BB + %, and I, = (Xlzjtlxl)za

and so Q,, = ¥,,+ II,, = BE];B’ + (14 )\’12;1)\1)25. According the Theorem 3 the asymptotic

variance of Ay equals
S = HQpuH' = HBS;B'H' + (1+ NS '\ ) HEH'.

Moreover, HX = (X'Q ' X)"'X'Q7'X = I, i and thus HB = [ O Ik ] which, in the light of
definition (39), implies HBY ;B'H’ = E;— completing the proof. Q.E.D.

Proof of Proposition 6: From the proof of Proposition 5 it follows that Q,, = 7%, + BE]EB,
where 7 =1+ )\’12]71)\1. Thus, using fact (F3), we obtain

0=t 2 -3 B+ BE B T B
and so
(X' x) (X5 x)
= o e = X'SBGS 4 B BT EIX (X8X) T
Since X =[ 1y B |, it follows that
(B'S'X) (XS X)X = [ 0x Ix ]X' =B
which, in turn, implies
(X' X) (X'£71X) XSS,
= [X’E;ls)m - X' B(re; + B’E;lB)‘lB’EE_lQm}
= X'tz - 2By + Y B) T B
= X’

using the expression for ! above. Hence, pre- and post-multiplying by appropriate inverses we

obtain
(X0 X)) X0, = (XS X) T Xs

If the estimator €, 7 given by (43) is used in (41), we can repeat the above arguments to obtain
(X/TQ;TXT)_IX/TQ;:T = (X,TE;%XT)_IX/TE;%

41



and thus A7" T according to definitions (41) and (42). The proof of the proposition is complete
since the asymptotic covariance matrices of A" and A3 are the same regardless of which consistent

estimators ,, 7 and X, 7 we use. Q.E.D.

Proof of Theorem 7: First note that

07 —6 = —[(Spr+Afr) A — (Zf + M)A
—(Spr+A0fr) T [Ar = A+ [(Sp + M) — (Spr + A fr)] (S + M) 7HA
= —(Spr+Aefr) T (A — )\)
—(Srr+Arfr) [ (O — = Afr—pp) = (S —Sp)] (Sp + M) A
= —[1—fp(Sy+Mp)” IA](EfT + )\TfT) (Ar = A)
H(Epr + M fr) T (Spr — Sp) (S 4 M) TN
H(Epr + A fr) TN (S + ppN) T (o — ).

Recall that

1
VI O =) = 7= S Hk
where
H = (B/Qle)le/Qfl
and
ki = Re — g — [(fr — pp) S5 Nes.
Thus
VT (67 —68) = —[1—py(Sp+ M) TN(Zp + M) VT (A — )
H(Ep + M) TVT (S — Bp) (S5 + Mdp) A
H(Eg + M) TN (S + ppN) VT (fr — ) + 0p(1).

Now since HB = I, § = —(X¢ + )\,u’f)_l)\, L— (B + )\,u’f)_l)\ =14 &'y (see equation (20))

and

ﬁ(fT_Mf> = \;»Zj_l(ft_ﬂf)a
VT (Spr —%p)a = th N =) (fe = 1p) = g a+ 0p(1),
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we obtain

VT (85 —8) = (Sy +Mip) ™! \thlﬁtv%p)

where

&= (140" up)ke — B[(fr — py)(fe — p1y) = 5] 6 = BXS'(fe — p1y).

Next we establish the link between the variables ¢, and n:. Note that the time-series regression (5)
implies

1+yﬁ

=B(ft —py) + 11— (fr — Mf)lzfl)\}ﬁt = B(ft — py) + i 5/

since 1 — (f; — ,uf)’E]Tl)\ = 11:;5,/52 as it follows from (19). Thus

& = —(1+up)B(fe —py) = (148 fr)er
—B(fy — ) (ft — pug)'6 + BE 6 — B (f — puy).

By definition n; = R;(1+ 4’ f;) and thus the time-series regression (5) and the beta-pricing equation
(16) imply

ng = B+ fi—pp)(140ft) +e(1+0f)
= B+ fo—py) 14+ pup+ 08 (fr — pp)] +e(1+0'fr)
= (148 up)B(fi — ng) + B(fe — pp)(fr — pyp)'0
+BA (fe — pg) + BAL + 0 pp) + (1 +0'f2)
= =

since A(1 4 ¢'pup) = —X0 (see equation (19)). Therefore,
VT (6% = 6) = —(Sy + M) H(B'Q'B)'B'Q! Zt e+ 0p(1

Applying the argument that yields the asymptotically efficient choice of the GMM matrix, we
obtain that the optimal choice of the CSR matrix is Q=1 = ;1. Under this choice we immediately

have

V(85— 8) = —(S; + Au’f)l(B’inB)lB’in\/lT S mto,() (65)
and thus the asymptotic distribution of 67 is given by

V(65 = 6) =5 N(0x, (S5 + M) (B B) (S + X)),
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By the definition of B and the asset-pricing equation (16), we have
BYy = E[Rq (fi — 114)') = E[Ref;] — B\
and thus
B(S;+My) =D B=D(Sy+ M)~ (66)

under the assumption that ¥ + )\u'f is invertible. Thus, in the light of equation (66), combining
the expressions (24) and (65) completes the proof. Q.E.D.

Proof of Theorem 9: Defining Pr = (E’RﬁTQ}lERf’T)_IE’RﬁTQ}l we have Pr¥gpsr = Ik so
that

VT(b5 —b) = VT(PrRr — b) = PrvVT(Rr — Sgyrb).
Furthermore,
_ 1 T _
VT(Rr — Sgrprb) = Wi thl [Ri — Ry(fi — fr)'0]
1 T _
= s Zt:l [Re(1 = (fr — py)'b) + R (fr — puy)]
= 2 (RO om0 4 R = ()
JT g LI t— My T JT g\t Ky
1 T
= ﬁ thl o1+ op(1).
The result now follows by Slutsky’s theorem since Pp Ly PasT — . Q.E.D.

Proof of Theorem 10: First, recall that the asymptotic variance of b is given by

b= (SR, Srp)
Moreover, it follows from (45) and the formula for the inverse of a partitioned matrix that

01— Q Qhf
g — | f

where
O = (Qh — thQlefh)il = le + Q}:lthQfohQ}:l,
0 = (Qf — Q" )
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O = — 0 (2 — Qa2  p) T = QM0
th — —QJIIth(Qh — thQJTIth)_l = —QfohQIII

This implies

U U
r0—1 _ 11 12
Dyt Dy = [ Us1 Uso ]
where
Un = Yy 0"Sgy,
Uy = —Spp(Q"Sgpbt — QM)

Uy = Uly=—(bVSRQ" — QM) Sgy,
Uy = bV (SR "Sgp)bb) — b0y, — QIS 00 + Q.

Using the formula for the inverse of a partitioned matrix and the formula for the inverse of a sum

of matrices, we obtain that

QOF = (Un1 — Ur2Uyp'Ua1) ™
Since

Un1 — UoUg Uy = B[ — (QQ"Spsbb' — QM) UL (00 SR Q" — Q7)) Sgy
to show that Qf = Q' it suffices to show

Qb = Q" — ("SR — QUL (V'S0 — M)

®
Ot = Q= QM (Sgebt — ()T UR (B0 SR, — QM QN TH &
Ot = Q= Q"(SRbb + QO Us! (B0 Sy + Q71 Q)"

which is equivalent to
0! = 0" — Q"GO UL 0 G (68)
where

Gi1 = beb’Z’Rf + th.

45



Note that use was made of the identity (Q"*)~1Q" = —thﬂjjl. Next, we proceed to show that the
equality stated in (68) is indeed valid. First, note that

Q;l — Qf . th(Qh)*lth
— Qf _ th(Qh)—lQh(Qh)—lth
= of —o/hh -t tal
= Qf - Q;lsthﬂmhfsz;l
implying
O — QJ:l = Q;lfthQthfo.
Therefore,
Uz = b/ (S Q" Sy )bb' — b0/ S5 QM — QIS + QF =
Uy — Q7" = b (S Sy — b/ Sl y 0 — QIS b + Q10 02100 =
Usa — Q7" = (00'Shy + Q71 Q) Q" (Spsbb + Q1 Q1) =
QfUQQQf — Qf = GlﬁhGll =
O — Uz = GG Uy, =
O - QUL = 0 GG 0 U, 0
from which, after pre-multiplication by G} and post-multiplication by G; we obtain
GO G- GO UL QG = GO GG UL 0 G =
Go—G3 = GoQ"Gs

where
Ga = G190} 'Gy, G = G190y, Q1 Gy
Hence,

QhGQ — QhG3 — QhGQQhG3 = Onxn =
Q" + Q"GO (M) - G3) = In=
() + G =Gy = Iy,
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Since ¢; = ®gy where ® = [ Iy bul, | we have

Q¢ = (I)ng), =Qp + :uRb/th + thb,u'R + ,uRb'beuR =
Q¢ = O — thQjTIth + (Zbeb/Qf + th) Q;l (beb/ ;%f + th) =
Q = ()1 +Go
Therefore, it follows that
O = QMM - G = Q" - Q'GQ"

and so the equality in (68) is established. This completes the proof. Q.E.D.
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Table 1: Empirical p-values under normal distribution.

This table reports the empirical p-values (in percentages) for 7" = 240, 360, 480 and 600, N = 25,
48 and 100 and level of significance (size) equal to 1 percent, 5 percent and 10 percent. The factors
and the time-series regression disturbances are generated from a normal distribution.

Test N=25 N=48 N=100

Size 1 5 10 1 5 10 1 5 10
T=240 | CSR-SM | 1.2 5.8 10.3 | 1.6 6.6 11.5 | 3.9 10.5 16.3
CSR-OP | 2.6 8.6 141|176 177 26.8 | 35.5 51.5 60.3
GMM-HJ | 1.2 5.6 10.3 | 1.5 6.4 11.1 | 3.3 94 15.4
GMM-H | 1.5 7.3 13.1 127 119 21.1| 58 24.6 41.4
T=360 | CSR-SM | 1.4 6.0 11.0 | 1.6 6.4 11.6 | 2.7 8.6 14.2
CSR-OP | 2.3 7.9 14.2 | 4.8 136 214|184 34.3 45.1
GMM-HJ | 1.3 5.9 10.8 | 1.6 6.1 114 | 2.4 8.2 13.9
GMM-H | 1.6 6.8 133124 102 182 | 5.8 20.1 33.2
T=480 | CSR-SM | 1.1 5.1 10.3 | 1.4 6.0 11.1 | 1.9 7.5 13.6
CSR-OP | 1.6 6.9 12.7 1 3.3 109 18.2 | 12.3 26.3 37.1
GMM-HJ | 1.1 5.1 10.3 | 1.3 5.8 109 | 1.7 7.4 13.1
GMM-H | 1.2 6.2 11.9 | 2.0 8.7 159 | 4.6 17.3 28.9
T=600 | CSR-SM | 1.3 5.8 11.1 | 1.2 5.6 11.0 | 1.7 6.9 13.2
CSR-OP | 1.8 6.9 12.7 127 100 16.8 | 9.0 22.3 32.3
GMM-HJ | 1.3 5.7 11.1 | 1.2 5.4 11.0 | 1.6 6.7 12.7
GMM-H | 14 6.4 12.2 | 1.7 8.1 15.1 | 4.0 15.6 26.4
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Table 2: Empirical p-values under ¢ distribution.

This table reports the empirical p-values (in percentages) for 7' = 240, 360, 480 and 600, N =
25, 48 and 100 and level of significance (size) equal to 1 percent, 5 percent and 10 percent. The
factors and the time-series regression disturbances are generated jointly from a ¢ distribution with
6 degrees of freedom.

Test N=25 N=48 N=100

Size 1 5 10 1 5 10 1 5 10
T=240 | CSR-SM | 1.2 5.9 11.3 | 1.3 7.0 13.1 | 3.9 11.7 18.8
CSR-OP | 3.9 11.8 19.3 | 13.1 27.3 37.5 | 44.9 62.9 72.1
GMM-HJ | 1.5 6.4 12.1 | 1.5 7.8 14.3 | 3.9 12.2 20.2
GMM-H | 2.7 10.1 185 | 5.6 19.5 31.7 | 8.6 32.4 51.2
T=360 | CSR-SM | 1.1 5.3 11.0 | 1.1 5.5 11.7 | 2.2 8.9 16.5
CSR-OP | 3.0 101 173 | 7.8 20.2  29.6 | 30.3 50.2 61.1
GMM-HJ | 1.3 5.9 11.8 | 1.3 6.4 12.9 | 2.7 10.6 18.6
GMM-H | 2.2 9.4 16.9 | 4.4 16.1  26.8 | 10.9 33.1 49.1
T=480 | CSR-SM | 0.9 5.5 10.6 | 0.7 4.7 10.6 | 1.5 7.6 14.6
CSR-OP | 2.5 8.8 154 | 5.6 16.4 25.6 | 22.0 40.9 52.4
GMM-HJ | 1.1 5.9 11.3 | 0.9 5.5 11.8 | 2.0 9.3 16.8
GMM-H | 2.1 8.5 15.5 | 3.6 14.0 23.9 | 10.1 30.3 45.0
T=600 | CSR-SM | 1.0 5.5 10.8 | 1.1 4.7 10.2 | 14 6.3 13.1
CSR-OP | 2.2 8.5 15.2 | 4.3 13.8 229 17.1 35.0 47.1
GMM-HJ | 1.1 5.9 11.5 | 1.1 5.3 11.5 ] 1.8 7.7 15.8
GMM-H | 1.9 8.3 15.5 | 3.2 12.6  21.7| 8.8 27.6 41.4
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