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Abstract

Do long-term and short-term options contain differential information? If so, can
long-term options better differentiate among alternative models? To answer these ques-
tions, we first demonstrate analytically that differences among alternative models usually
may not surface when applied to short-term options, but do so when applied to long-
term contracts. Using S&P 500 options and LEAPS, we find that short- and long-term
contracts indeed contain different information. While the data suggest little gains from
modeling stochastic interest rates or random jumps (beyond stochastic volatility) for
pricing LEAPS, incorporating stochastic interest rates can nonetheless enhance hedging
performance in certain cases involving long-term contracts. © 2000 Elsevier Science
S.A. All rights reserved.
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1. Introduction

Option pricing has played a central role in the general theory of asset pricing.
Its importance comes about because of the derivative nature of option contracts,
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that is, the value of an option is almost completely derived from, and hence
closely tied to, the value of the underlying asset. Not surprisingly, option pricing
has been proven to be the best place for exemplifying the power of the much
celebrated arbitrage valuation approach. From an application perspective,
however, option pricing formulas based on the arbitrage approach have not
performed well empirically. Take the prominent Black and Scholes (1973) model
as an example. When applied to European-style options, it produces pricing
errors that are related to both moneyness and maturity in a U-shaped manner.
Thus, the ‘implied volatility smiles’. The unsatisfactory performance by the
Black—-Scholes has led to a search for better alternatives that extend the classic
model in one, or a combination, of three directions: (i) to allow for stochastic
volatility; (ii) to allow for stochastic interest rates; and (iii) to allow for random
jumps to occur in the underlying price process." Each of the alternatives in
principle offers some flexibility to correct for the biases of the Black-Scholes.
For example, the stochastic-volatility (SV) models rely on the correlation coef-
ficient between volatility and underlying price changes to internalize the level of
skewness, and the variation-of-volatility coefficient to generate a desired kurto-
sis level, necessary to correct the volatility smiles. But, since existing SV models
typically let volatility follow a diffusion process, the extent to which high levels
of kurtosis in the return distribution can be internalized is limited. This points
out a special role to be played by random jumps in the modeled price process.
Thus, one should expect an option pricing model allowing for stochastic
volatility and jumps (SVJ) to further enhance performance. In addition, even
casual empiricism suggests that modeling stochastic interest rates in any pricing
formula should be of practical significance as it ensures proper discounting of
future payoffs. A model with stochastic volatility and stochastic interest rates
(SVSI) should also have promise to further improve pricing and hedging
performance.

While each generalization beyond the Black-Scholes may be sound and
justifiably appealing on normative grounds, given the application-oriented
nature of the problem at hand it is ultimately an empirical issue whether a given
generalization and its consequential model complication are justified by the
additional performance benefits (if any at all). Motivated by this, Bakshi et al.

! These include (i) the stochastic-interest-rate option pricing models of Merton (1973) and Amin
and Jarrow (1992), (ii) the one-dimensional jump-diffusion/pure-jump models of Bates (1991),
Madan and Chang (1996), and Merton (1976), (iii) the constant-elasticity-of-variance model of Cox
and Ross (1976), (iv) the stochastic-volatility models of Heston (1993), Hull and White (1987), Melino
and Turnbull (1990, 1995), Scott (1987), Stein and Stein (1991), and Wiggins (1987), (v) the
stochastic-volatility and stochastic-interest-rates models of Amin and Ng (1993), Bailey and Stulz
(1989), Bakshi and Chen (1997a,b), and Scott (1997), and (vi) the stochastic-volatility jump-diffusion
models of Bakshi et al. (1997), Bates (1996a, 1999) and Scott (1997). See Ghysels et al. (1996) for
a review of stochastic-volatility models.



G. Bakshi et al. | Journal of Econometrics 94 (2000) 277-318 279

(1997) conduct a comprehensive empirical study on the relative performance of
the above alternative models, using regular S&P 500 index option prices. Their
conclusions can be summarized as follows. First, while the SV model typically
reduces the Black-Scholes pricing errors by about a half, adding jumps does not
further improve the SV model’s pricing performance, except for extremely
short-term options; Neither does incorporating stochastic interest rates enhance
the SV’s pricing performance. Second, when hedging errors are used as a perfor-
mance benchmark, the SV model still does better than the Black—Scholes, but
the SVSI and the SVJ models do not show any improvement beyond the SV.
These findings are somewhat surprising given that one would expect incorporat-
ing random jumps or stochastic interest rates to further enhance the perfor-
mance.

Given that the options used in most existing studies are generally short-term
(typically with less than one year to expiration), the purpose of this paper is to
address two related questions. First, do long-term options contain different
information than short-term options? Second, if so, can long-term options better
differentiate among the Black—Scholes and its alternatives? Answering such
questions is important not only because it will help better appreciate and learn
more about existing parametric option pricing models, but also because it will
enhance our understanding of long-term contracts in general. In recent years,
such contracts as equity LEAPS (Long-term Equity Anticipation Securities)
have attracted increasingly more attention in the investment community. Yet, at
the same time the academic literature has paid, at most, limited attention to
issues related to long-term contracts (see Ross, 1996, for a treatment on long-
term versus short-term futures commitments). This paper thus serves to fill in
this gap. Our study is also timely and feasible as closed-form option pricing
formulas have recently become available even for the general cases. On the data
front, we now have high-quality intradaily quote and transaction data available
for such popular contracts as the S&P 500 LEAPS. Unlike the regular S&P 500
options, these LEAPS have up to three years to expiration and are hence ideal
for the purpose of this study.

We begin our quest by demonstrating analytically that long-term options can
distinguish among alternative models more dramatically than short-term op-
tions. Specifically, we first examine whether the Black—Scholes, the SV, the SVSI,
and the SVJ models yield different hedge ratios, or option deltas, for a given
option contract. When implemented using estimated parameters and implied
volatility values, all the models assuming stochastic volatility produce stock
price option deltas that are drastically different from those based on the
Black-Scholes. This is true regardless of option maturity and whether it is
a low-volatility day, an average-volatility day, or a high-volatility day. But,
when the SV, the SVSI, and the SVJ are compared to each other, the hedge
ratios for a given option are either similar or significantly different, depending
on whether the option is short term or long term. For a 45-d put, for instance,
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the three models yield virtually the same hedge ratios when the option is at the
money, and are thus indistinguishable from each other. For a two-year put,
however, the model-specific hedge ratios are generally far apart across the three
models, even for a low-volatility day.

In the theory of asset pricing it is well understood that each parametric
pricing model is associated with an Arrow-Debreu state-price density (SPD).
This SPD function completely embodies the pricing structure implicit in the
pricing model (see, e.g., Ait-Sahalia and Lo, 1998). Therefore, another way to
examine alternative option pricing models is to compare their implicit SPDs, as
their differences in pricing performance must come from differences in their
SPDs. Again, when implemented using estimated parameters and implied vola-
tilities, the SPDs of the SV, the SVSI, and the SVJ differ significantly from that of
the Black—Scholes (regardless of time horizon): the former all assign more
risk-neutral probability mass to the far lower tail and less mass to the upper tail
of the underlying asset’s return distribution, which effectively corrects and
flattens out the volatility smiles associated with the Black-Scholes. For short-
term options, the SPDs of the SV, the SVSI and the SVJ models coincide almost
everywhere, except in the far left and far right tails. For long-term options,
however, the difference among the SPDs of these models becomes especially
pronounced when parameters implied by option prices taken from a relatively
volatile day are used as input. Thus, long-term options should distinguish
among alternative models more effectively than short-term options.

In the empirical exercise, we apply the method of simulated moments (MSM)
to estimate each model’s structural parameters out of the following consider-
ations. First, the unobservability of the stock volatility process precludes the
estimation by maximum likelihood. The unavailability of the moments of option
prices in closed form also rules out the use of the generalized method of
moments (GMM). With the MSM, on the other hand, we can jointly simulate
the sample paths for the stock price and its return volatility, to construct a time
series of simulated option prices of different strikes and maturities. The struc-
tural parameters estimated via the MSM will then reflect both the cross-
sectional and the time-series information contained in option prices.

Empirically, we find that the S&P 500 LEAPS and regular options do provide
distinct information. First, on a typical day, the two sets of options imply
different volatility values (for any given option pricing model). Second, the
implied-volatility time-series implied by regular options follows a drastically
different path than that by LEAPS. Finally, the LEAPS-implied volatility
exhibits a much higher level of long memory than the short term options
implied, which suggests that volatility innovations will persist relatively longer
(also see the recent work by Bollerslev and Mikkelsen (1996, 1999)).

In terms of out-of-sample pricing, the SVJ model performs the best among the
four models in pricing short-term puts. In pricing medium-term options the
SVSI model does better than the SV in certain categories, while the SV performs
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better in pricing other moneyness-maturity puts. In pricing long-term puts,
however, the SV model performs the best. Overall, even for pricing long-term
options, adding the stochastic interest rates feature does not lead to consistent
improvement in pricing errors. Overall, all four models are still misspecified
statistically. For example, they each have moneyness- and maturity-related
biases, though to varying degrees.

For the hedging exercise, we divide the discussion into two parts. In the first,
the goal is to evaluate the relative effectiveness of (i) short-, medium- and
long-term options (as hedging instruments) in hedging the underlying stock
portfolio and (ii) the alternative option models in devising the desired hedge. The
main results from this part can be summarized as follows. First, irrespective of
the option model used, deep in-the-money LEAPS puts yield the lowest hedging
errors on average, but short-term deep in-the-money puts generate the most
stable hedging errors over time. Second, among the four option models, the
BS-based hedge is always the least effective, regardless of the hedging instru-
ment. The SV and the SVJ models lead to similar hedging errors, and both
perform better than the SVSL

In the second part of our hedging exercise, we let a LEAPS put be the hedging
target and evaluate the relative effectiveness of (i) the underlying asset, (ii)
a short-term put, and (iii) a medium-term put, as the hedging instrument. In
a common practice, users and underwriters of long-term contracts often have no
other choice but rely on exchange-traded, relatively short-term contracts to
hedge their long-term commitments. At least, such short-term contracts have
high liquidity and relatively low trading costs. Therefore, it is important to
address the question of how effectively can short-term contracts hedge their
long-term counterparts. On the other hand, this exercise also allows us to
examine the relative hedging performance of the alternative models. The overall
conclusion from this part is that medium-term options are generally the best
instrument for hedging LEAPS, partly because they are more similar to the
hedging target than either the underlying asset or a short-term option. Next,
between the underlying asset and the short-term option as a hedging instrument,
the former dominates the latter in hedging out-of-the-money LEAPS puts.
Short-term contracts are good instruments only for hedging in-the-money
LEAPS. In terms of model choice, the SVSI generally dominates the other
models. Therefore, at least for devising hedges of long-term options, modeling
stochastic interest rates does help improve empirical performance.

The paper is organized as follows. Section 2 develops an option formula that
takes into account stochastic volatility, stochastic interest rate and random
jumps. A description of the regular and LEAPS S&P 500 option data is
provided in Section 3. Section 4 discusses the implementation of each option
model and the MSM estimation of the structural parameters. Section 5 con-
trasts the information in short-term versus long-term options. The out-of-
sample pricing exercise is conducted in Section 6. Section 7 addresses issues
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related to hedging the underlying stock portfolio, and Section 8 evaluates the
relative effectiveness of the underlying asset, short-term and medium-term
options in hedging LEAPS. Concluding remarks are offered in Section 9. Proofs
to all pricing formulas and hedging strategies can be found in the Appendix.

2. Valuation of European options

In this section we derive a closed-form option pricing model that incorporates
stochastic volatility, stochastic interest rates, and random jumps. The model is
sufficiently general to include as special cases all the models which we investigate
in the empirical sections. As in Bakshi et al. (1997), we take a risk-neutral
probability measure as given and specify from the outset risk-neutral dynamics
for the spot interest rate, the spot stock price, and the stock return volatility.?
Specifically, let the spot interest rate follow a square-root diffusion of the Cox et
al. (1985) type:

dR(t) = [0g — kgR(#)] dt + or/ R(t) deg(t), (D)

where kg, Or/kg, and oy are respectively the speed of adjustment, the long-run
mean, and the volatility coefficient of the R(t) process; and wg(t) is a standard
Brownian motion, uncorrelated with any other process in the economy. With
the short rate in (1), the price of a zero-coupon bond that pays $1 in t periods
from time ¢, denoted by B(t,7), is

B(t, ©) = exp[ — o(r) — o(D)R(1)], 2
where

o(t) = %{(g — Ke)T + 21n[1 _ (Lf__%(g_‘ilﬂ]}

o= 2= o 3

26— le—madl(—e ) °

The underlying stock is assumed to pay a constant dividend yield, denoted by 4,
and its price S(¢) changes, under the risk-neutral measure, according to the

21t is noted that the exogenous valuation framework can be derived from a general equilibrium in
which the volatility risk, interest risk and jump risk are priced. See Bakshi and Chen (1997a) and
Bates (1996a, 1999) for details.
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jump-diffusion process below:

dS()

SO [R(t) ~ 6 — Aps]dt + \/V(t)das(t) + J(1) dg(t), )

where unexpected percentage price changes have a diffusion component,
J V(t)dws(t), and a jump component, J(t) dg(t). The size of the diffusion com-
ponent is determined by V(¢), which represents, absent of any jump occurring,
the level of (stochastic) return variance attributable to diffusion variations. For
tractability, let V(¢) also follow a square-root process:

dv) =[6, — x, V(t)]dt + ¢,/ V() do (1), €]

where «,, 0,/k,, and o, respectively reflect the speed of adjustment, the long-run
mean, and the variation coefficient of V(¢). The intensity of the jump component
is measured by A, whereas the size of percentage price jumps at time t is
represented by J(¢) (which is lognormally, identically, and independently distrib-
uted over time with unconditional mean uy), that is,

In[1 + J(©] ~ N(n[1 + u;] - 303, 63), (5)

for some constant a,. In (3), q(t) is a Poisson counter with Pr{dg() = 1} = Adt
and Pr{dg(t) =0} =1 — Adr. Finally, let Cov,[dws(t), do,(t)] = pdt, and as-
sume that g(t) and J(r) are uncorrelated with each other or with wg(t) and w,(¢).
Under the assumed framework in (3)-(5), the total return variance consists of
two components:

— Var, ———) = V(t) + V (1), (6)

1 ds@)
dr S(t)

where

Vit) = éVar:[J(t) dq()] = ALud + (e — 101 + 1)’

is the instantaneous variance of the jump component.

These assumptions are fairly general and can capture many features of
empirical return distributions. Note that all the structural parameters, such as
Or, kg, 0,, K, and p;, are given under the risk-neutral measure, not under the true
probability measure. Consequently, they may differ from their true-probability
counterparts because of the risk-premium adjustments respectively for interest
rate risk, volatility risk and jump risk. In general, the smaller the risk premiums
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for these risks, the closer these parameters to their true-probability counterparts.
See, for example, Bates (1996a) for a related discussion.

2.1. The option pricing formula
With the stochastic setup in (3)-(5), consider a European put option written

on the stock with strike price K and term-to-expiration 7. Then, its time-t price
P(t,r) must, by a standard argument, be

P(t, 1) = E?{exp( - j HtR(u) du)max(O, K — St + r))}, @)

where E(-) is the expectations operator with respect to the risk-neutral
measure. Then solving the conditional expectation, as in Bakshi et al. (1997), we
arrive at the following put option formula:

P(t,t) = KB(t, ©){1 — II,(t, 1)} — S()e™°" {1 — II,(t, 1)}, 8

where the risk-neutral probabilities, II; and II,, are recovered from inverting
the respective characteristic functions:

© —i¢ In[K] ¢ .
Mt % S, R, V) = % N 1 j Re[e KIf(t, 1, iS('f()t), R(1), V(1); ¢>)] do,

TJo

©

where Re[ - ] stands for the ‘real part of operator and forj = 1, 2, the character-
istic functions f(t, 7) and f5(t, 7) are displayed respectively in (A.1) and (A.2) of
the Appendix.

The put option valuation formula in (8) contains most existing models as
special cases. For example, we obtain (i) the BS model (with constant dividend
yield) by setting A =0 and 0z = kg = g = 0, = k, = 7, = 0; (i) the SV model
by setting A =0 and 0z = kg = 6x = 0; (iii) the SVSI model by setting 4 = 0;
and (iv) the SVJ model by letting 8 = kg = oz = 0. In deriving each special case
from (8), one may need to apply L’Hopital’s rule.

2.2. Option deltas under alternative models

Before examining the relative performance of the alternative models, we first
look at the extent to which the BS, the SV, the SVSI, and the SVJ models can
yield different deltas (or sensitivities to sources of risk) for a given option. The
goal is to demonstrate analytically that model differences can show up more



G. Bakshi et al. | Journal of Econometrics 94 (2000) 277-318 285

dramatically using long-term options than short-term options. For this purpose,
use the general model in (8) as the point of discussion and note that there are
three sources of stochastic variation over time: price risk S(¢), volatility risk V(t)
and interest rate risk R(f). Thus, there are three put option deltas of interest:

OP(t, 1) _

Asit, 7 K) =2 —e 0 (1 —1I,) <0, (10)
OP(t, 1) _5.0114 oll,
A . = — L
We, 7 K) = 0 = S(0e ™" ot — KB(L 15, (11
NS S o,
AR(tn (2] K) - aR - S(t)e aR KB(t5 T){ a + Q(T)[l HZ]}’

(12)
where, for h=V,Randj=1, 2,

ort; 1. [1 _i\ia®f
— R i¢In[K]JJ X
o x J . e|:1,—¢ e _ag:|d¢ (13)

Specializing these expressions according to each respective model’s assump-
tions, we obtain the deltas for the BS, the SV, the SVSIL, and the SVJ models.
These analytical expressions are later applied to construct hedging strategies.

To compare across these models, we focus on the stock-price delta,
As(t, K; K), as this is the most relevant hedge ratio used in our hedging exercise
to be conducted shortly. The structural parameters are estimated by using the
method of simulated moments and taken from Table 2, and the implied spot
volatility for each day is estimated by using cross-sectional S&P 500 put option
data (the estimation method will be described in Section 4). For the SV model,
for example, the estimated parameters are x, = 1.12, 6, =0.03, ¢, =0.19,
p = —0.25, and 6 = 0.02. Given that the spot volatility changes over time, we
choose the volatility estimates from three representative days, i.e., a low-volatil-
ity day, an average-volatility day, and a high-volatility day during the studied
sample period, all based on the BS model’s implied volatility. For the sample
period, the first-, second- and third-quartile implied volatilities respectively
correspond to 22 November 1993, 19 May 1994 and 22 April 1994. For the SV,
the SVSI and the SVJ models, their respective spot volatilities are taken
separately from these same dates. On 22 November 1993, the implied spot
volatilities are 14.76%, 11.70%, 13.21% and 10.48%, respectively, for the BS,
the SV, the SVSI, and the SVJ models. On 19 May 1994, they are 15.88%,
13.03%, 14.00%, and 11.64% for each of the four models. On 22 April 1994, the
spot volatilities are 16.74%, 14.35%, 15.85% and 13.50%, respectively.
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Fig. 1. The ratio of put option delta (45) with respect to underlying stock price between the SV (the
SVSI, or the SVJ) and the BS models, corresponding to two terms to expiration (45 and 730 d).
Structural parameters for each model are estimated by using the method of simulated moments, and
taken from Table 2. For the BS model, we use the first- and third-quartile implied volatilities, which
correspond to 22 November 1993 and 22 April 1994. For the SV, the SVSI and the SVJ models, the
spot volatilities are taken from respective dates. The spot stock price is fixed at $450 and the strike
price varies from $400 to $500.

For the delta calculations, we use two terms to expiration: 45 days (short-
term) and 730 days (long-term). We set R(t) = 3.00%, S(t) = 450, and vary the
strike price from $400 to $500 (which is at most 50 points away from the spot
price of 450), to generate a delta graph for each model. For ease of comparison,
we divide the SV model’s delta for a given option by its corresponding
BS model’s delta. This normalization is also applied to the SVSI and the SVJ,
and the resulting delta ratios for these models relative to the BS are displayed in
Fig. 1.3

Fig. 1 shows that the delta for a given put option differs substantially across
the models, especially between the BS model and the others. Take the low-
volatility day as an example. For short-term options, the deltas based on the SV
and the SVJ are fairly close, but they all differ from the corresponding BS delta.

*Plots using the second-quartile volatility are similar and are omitted.






