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Abstract

This paper studies contingent claim valuation in a Lucas-type exchange economy. The
derived fundamental valuation equation differs from its Cox~Ingersoll-Ross production-
economy counterpart in that it is expressed in terms of the direct utility function and
an exogenous output process, thus offering superior tractability. We apply our approach
to derive closed-form solutions for bond, bond option, individual stock, and stock option
prices, under a more general setting than allowable in the Cox—Ingersoll-Ross framework.
The resulting interest rate and stock price dynamics are empirically plausible. Moreover,
our stock option pricing formula with stochastic volatility and interest rates can reconcile
certain puzzling empirical regularities, including the volatility smile.
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derivatives
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1. Introduction

The well-known valuation framework of Cox, Ingersoll, and Ross (henceforth,
CIR) (1985a) has been the basis for recent equilibrium models of contingent
claims valuation and of the term structure of interest rates. Their work has, for
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example, provided the necessary push for the development of more general option
valuation models beyond Black and Scholes (1973). Like the Merton (1973a)
intertemporal asset pricing model, however, their fundamental valuation equation
is expressed in terms of both the indirect utility function and the endogenous
wealth process. As such, two steps are required in order to price stocks, bonds,
or any contingent claims: (i) solve the Hamilton-Jacobi-Bellman equation for the
representative agent’s optimal consumption—investment policy and the indirect
utility function, and (ii) substitute the indirect utility and the derived wealth
process into the fundamental valuation equation and solve for the claim’s price.
Unfortunately, Merton (1971) notes that a closed-form solution for the indirect
utility function or the optimal policy cannot be found unless the agent has a log
period utility or the investment opportunities are nonstochastic. For this reason,
virtually all existing equilibrium models for contingent claims as well as for the
term structure of interest rates assume a log utility function.!

The first purpose of this paper is to show how to circumvent the above-
mentioned difficulty of the CIR (1985a) valuation model by adopting a con-
tinuous-time Lucas (1978) exchange economy.” A Lucas-type economy provides
the flexibility to impose an exogenous consumption-portfolio plan. Once such
a plan is specified, the imposed aggregate output can be substituted into
Breeden’s (1979) pricing relation, which is then used, together with the applica-
tion of Ito’s lemma, to produce an alternative valuation equation for contingent
claims that depends only on the exogenous output and the direct utility of con-
sumption.’> As a result, security valuation can be conducted without facing the
difficulty of the nonlinear Bellman equation.

To illustrate the wider applicability of our approach, we examine pricing issues
for bonds, bond options, individual stocks, and stock options under the two most

'For a partial list, see Bailey and Stulz (1989), Chen and Scott (1992), CIR (1985b), Longstaff
(1990), Longstaff and Schwartz (1992), and Scott (1996). The few exceptions are the discrete-time
models of Amin and Ng (1993), Brennan (1979). Rubinstein (1976), Sun (1992), and Turnbull and
Milne (1991), which typically allow the representative agent to have a power utility function. On the
surface it appears that one can derive contingent claims valuation models in a more general setting
using a discrete-time framework than using its continuous-time counterpart, clearly contradictory to
the fact that a continuous-time framework typically offers higher, rather than lower. tractability.

>The relative advantage of a pure-exchange economy has also been exploited by, for instance. Sun
(1992) and Wang (1996), to derive term structure models. But the issues addressed in these studies
are different from those in this paper. Other characterizations of a pure-exchange economy can be
found in Gennote and Marsh (1993), Goldstein and Zapatero (1996), and He and Leland (1993). All
these studies assume the existence of a single aggregate firm.

*Note that the type of economies studied in this paper also differs from the one in Breeden (1979) in
a fundamental way. As in the CIR (1985a) and Merton (1973a) models, consumption in Breeden's
model is endogenous. Consequently, in order to literally use Breeden's pricing equation to value
contingent claims, one would need to first solve for the optimal consumption process in closed form
before going any further. Thus, the same difficulty as with the CIR valuation model applies to the
Breeden model.
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widely used classes of utility functions: the power and the exponential utility
class. Economically, these two classes are interesting because the power utility
functions form the constant relative risk aversion (CRRA) family while the ex-
ponential utility functions represent the constant absolute risk aversion (CARA)
family. In the dynamic economy that we study, there are two systematic state
variables that each follow a mean-reverting square-root process. The term struc-
ture model developed here contains most elements of Longstaff and Schwartz’s
(1992) model, and in comparison our model has at least two additional features:
(1) the term structure depends on the agent’s risk aversion and (ii) the term pre-
mium in our model has more plausible properties such as the ability to take any
desired shape. The closed-form bond option pricing formula is also a two-factor
model that depends on risk aversion. Its structure resembles those in Heston
(1993) and Scott (1996) in that the probabilities that the option expires in the
money are recovered by inverting their respective characteristic functions, and it
is different from the formulas in CIR (1985b) and Longstaff and Schwartz (1992)
in which the probabilities are obtained by integrating over a bivariate chi-square
distribution function.

In deriving the stock price formula, we assume for each individual firm a
continuous dividend process that is proportional to an exponential function of
the systematic and firm-specific state variables, with the proportion linear in the
same state variables. The class of dividend policies covered by this assumption
includes those that lead to a constant dividend yield and those that produce a
dividend yield equal to the short-term interest rate. The endogenously determined
stock price and its dynamics have many empirically desirable properties. First,
the rate of stock price appreciation has a predictable component and expected
stock returns are time-varying, which is consistent with recent findings on stock
return predictability. Second, the resulting volatility of stock returns consists of a
systematic and an idiosyncratic risk component. This volatility structure is similar
to the one used in Amin and Ng (1993), except that in their case it is an
exogenously imposed feature whereas here it is a derived equilibrium property.
This property is also in line with the growing empirical evidence that individual
stock volatility is not only stochastic over time, but correlated with systematic or
market-wide volatility. Third, the correlation between changes in stock price and
in stock volatility can be negative or positive as well as time-varying, depending
on the structural parameter values and the state of the economy. According to
Bakshi, Cao, and Chen (1997), Bates (1995), and Longstaff (1994), such a stock
return-volatility structure may be necessary for the resulting equity option pricing
model to reconcile certain empirical regularities such as the ‘volatility smile’
(Rubinstein, 1985, 1994).

Given the empirical desirability of both the term structure of interest rates and
the stock price process, the closed-form stock option pricing formula developed in
this paper should surpass existing models in several dimensions. First, determining
the stock option price jointly and simultaneously with the bond and stock prices
guarantees internal consistency, in contrast with the partial equilibrium models of
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Amin and Ng (1993), Heston (1993), Hull and White (1987), Longstaff (1994),
Merton (1973b), Stein and Stein (1991), and Wiggins (1987). Second, the option
pricing formula obtains whether the agent has a power or an exponential utility
function, as opposed to the log utility function commonly assumed in the existing
literature. Third, our option pricing model admits both stochastic interest rates
and stochastic volatility, whereas existing models that extend the classic Black—
Scholes (1973) formula allow either stochastic volatility and constant interest
rates (e.g., Heston, 1993; Hull and White, 1987; Stein and Stein, 1991; and
Wiggins, 1987) or constant volatility but stochastic interest rates (e.g., Amin and
Jarrow, 1992; and Goldstein and Zapatero, 1996), but not both.* Fourth, option
prices in our model depend on two factors (in addition to the underlying stock
price), which means that the model should be able to capture more variations
in option prices, both across different strikes or maturities and over time, than
the existing single-factor counterparts. Finally, and perhaps most importantly, the
underlying stock for our option pricing model pays a stochastic dividend yield.
This is a major departure from the existing option pricing literature in which
a constant dividend yield is typically assumed (e.g., Merton, 1973b) or, when
a stochastic dividend yield is allowed, closed-form option prices are not available.

To demonstrate certain properties, we provide an example economy in which
the structural parameter values are all chosen so that the initial term structure is
in line with some known features of its real-life counterpart. First, we show that
interest rates have a hump-shaped relation with, and stock prices are decreasing
in, risk aversion. Second, equity call option prices are decreasing and convex in
risk aversion. Third, our equity option model can help resolve the volatility smile
puzzle that has been empirically documented for option markets. More precisely,
when option prices determined by our model are used as inputs into the Black—
Scholes formula to back out the implied volatility, the implied volatility exhibits
a general U-shaped pattern across strike prices, especially for short-term options.

The exchange-economy valuation approach presented in this paper shares an
important feature with the partial-equilibrium approach of Constantinides (1992).
Constantinides has the pricing kemel (or the marginal utility) process directly
specified, whereas we have the utility of consumption and the aggregate
output process given separately, which in some sense amounts to specifying
the marginal utility process directly. It should be stressed, however, that our
equilibrium approach imposes more restrictions on the economy than
the Constantinides approach. To see this, note that in an economy with multiple
individual firms, an arbitrarily imposed consumption-equity holdings plan may
not be supported by any general equilibrium, unless the stock prices of individual

4Amin and Ng (1993) and Heston (1993) do consider stochastic interest rates and stochastic volatility.
But, they do not have a closed-form solution for option prices. Scott (1996) is an exception, and the
difference between his model and ours is noted later.
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firms are consistently and endogenously determined. Whereas the Constantinides
approach stops at specifying the marginal utility process, our model requires not
only the consistent specification of output processes at both the aggregate and the
individual firm levels, but also the endogenous determination of individual stock
prices in a way that supports the exogenous consumption-equity holdings plan.
This is also a crucial modeling aspect that distinguishes an exchange-economy
framework from its production-economy counterpart. In a CIR-type production
economy, individual stock prices are partly exogenous and the model is closed by
making equity holdings endogenous. In contrast, equity holdings in an exchange
economy are exogenous and the model is completed by making the individual
stock prices endogenous.’

The paper is organized as follows. Section 2 introduces a continuous-time
economy and derives the alternative valuation equation for contingent claims. Sec-
tion 3 describes a dynamic economy with power utility investors and then solves
for the term structure of interest rates and bond option prices. In
Section 4, we develop a pricing formula first for dividend-paying stocks and
next for stock options with stochastic volatility and stochastic interest rates. In
Section 5, we show that all results from Sections 3 and 4 hold even in economies
with exponential utility. Section 6 uses an artificial economy to study properties
of the stock option pricing model. Concluding remarks are offered in Section 7,
and proof and derivation of results are given in the Appendix.

2. An alternative valuation model

Consider a continuous-time exchange economy of the Lucas (1978) type, in
which a sole perishable consumption good is produced and markets are dy-
namically complete. The stochastic environment is determined by the standard
(M + N)-dimensional vector Brownian motion w = (wy,,...,Wyx, Wz ,.... 0z ),
where each component process wy, or wz is independent of every other

m

’As demonstrated by Constantinides (1992) (also see Sun, 1992). every non-log-utility exchange
economy can be transformed into an equivalent log-utility production economy in which security
prices stay the same as in the original exchange economy. This means that a given set of security
prices can be supported by either a non-log-utility exchange economy or a log-utility production
economy with the requisite investment opportunities. In interpreting such an equivalence result, how-
ever, one should distinguish between the primitive economy and its transformed counterpart. For
example, the agent may have a power utility function in the primitive economy but a log utility
in the transformed. To see the relative advantage of an exchange-economy framework from another
angle, suppose the primitives are such that investors have non-log-utility and the investment opportu-
nities are stochastic. Then, if one starts with a production economy setup, the asset pricing problem
becomes, as discussed earlier, unsolvable in closed form. Therefore, a production-economy setup
does not allow one to answer such questions as *what happens to security prices when investors’ risk
aversion changes?’. while its exchange-economy counterpart does.
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component of the vector process.® Implicitly, the first M components, wy =
(wx,,...,wyx, ), together describe the systematic sources of uncertainty. These M
sources are equivalently reflected by M economy-wide state variables X, for
m=1,....M, where X = (X,,....Xy) follows a vector diffusion process:

dX (1) = ux(t,X)dt + oy (£, X Y dawx (1), (1)

with X(0) > 0, where the drift py(¢,X) is an M-dimensional vector of expected
instantaneous changes (per unit time) in X(¢) and the diffusion term ay(7,X) is
a full-rank M x M local covariance matrix between changes in X(7) and changes
in wx(¢). Both the drift and the diffusion terms are functions of only time ¢ and
the general state of the economy as represented by X (1), and they satisfy the
local Lipschitz and growth conditions (e.g., footnote 4 of CIR, 1985a), imply-
ing that there is an unique solution to the stochastic differential equations. The
local Lipschitz and growth conditions are also maintained for the other stochastic
differential equations throughout the paper.

The other N components, w; = (wy,,..., wyz, ), together represent all firm-
specific sources of uncertainty, for a total of N individual firms. These risk
sources are more directly represented by an N-vector diffusion process
Z = (ZI,A .. Z\, )/, where

dZ(t) = uz(t.Z)dt + a7(t, Z)dwz(1), (2)

with Z(0) > 0. The drift uz(s,Z) is an N-vector of expected local changes in
Z(t) and 67(2.Z) is a full-rank N x N local covariance matrix between changes
in Z(t) and changes in wz(t). It is again assumed that uz(#,Z) and oz(t,Z) are
smooth functions of Z(¢) and ¢. As wy and w; are independent of each other
and as the drift and diffusion terms of dZ(r) and those of dX(¢) are unrelated
to each other, X and Z are also independent of each other. This, however, does
not rule out the possibility of correlation among the state variables in Z.

The N production firms (or Lucas trees) in the economy each produce the
single perishable good as output or dividend. Unlike CIR’s (1985a,b) production
economy, each firm »’s production decision is exogenous, with its dividend flow
D, being a twice-continuously differentiable function of X, Z, and time ¢. Thus,
a firm’s dividend growth can depend on the aggregate state of the economy as
well as the state of individual firms. By Ito’s lemma, D = (D;..... DyY follows
a vector Ito process:

dD(t) = pup(r.D. X, Z)dt + op(t. D.X. Z)Ydex(t). =0, (3)

®[n this paper. all random variables are defined on a given complete probability space (€,.7,Pr).
A stochastic process ¢ is then a collection of random variables {c(7): 120} on (£..7#.Pr). Throughout
the paper we use the standard filtration {.#,: 120} generated by the vector Brownian motion w.
Conditional expectations, £,(-), are defined according to this filtration. Every time-¢ variable, such as
c{t) and ¢(1). is taken to be .#;-measurable. For simplicity. we suppress the qualifier *almost surely”
when taking equality between two random variables.
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with D(0) > 0, where up(t,D,.X,Z) = (up,(t)....,up.{t)) is the vector of
expected time-f instantaneous dividend changes for the N firms, and ap(t, D, X, Z)
is the N X (M + N) matrix of local covariances between changes in D(z) and
changes in (). The aggregate output, ¢ = Z:Ll D,, must also follow an Ito
process:

dg(r) = pg(t.q. X ) dt + 0,(t.¢, X Ydwx (1), 120, (4)

with ¢(0) > 0, where 0,(t,q.X) is an | x N vector of local covariances between
dg(t) and dwy(z). In other words, the aggregate output is assumed to depend
only on systematic factors X. There are N + | equations from (3) and (4) that
form a joint system. Given that the firms’ output processes are exogenous to our
model, we have essentially N degrees of freedom in specifying the processes for
g and D and the remaining process has to be such that this system of N + 1
stochastic differential equations is satisfied. For modeling convenience, we will
typically specify the process g from the outset.

Each firm # has one equity share issued and continuously traded, the holder of
which is entitled to the full dividend flow {D,(¢): t>0}. Let S,(¢) be the time-¢
ex-dividend price of the nth stock. For now, assume that the stock price pro-
cesses to be endogenously determined, S = (S;,....Sy ), together form a vector
Ito process. In addition, the economy has one (real) instantaneous risk-free bond
and M zero-net-supply financial claims traded at each time ¢, so that the market
is dynamically complete. Let F,(¢) be the time-r price of the mth financial claim
and R(r) the time-7 instantaneous interest rate. To allow for such financial claims
as futures contracts, let D,() be the time-f payout flow for the mth claim. For
a claim yielding no payout prior to maturity, its D,,(¢) is clearly zero for each ¢.

As in CIR (1985a) and Lucas (1978), assume that there is a representative
agent who is an expected utility maximizer with preferences given below:

u(c) = £y {/x e“"’U(c(I))dt} . (35)
Jo

where p is the time preference parameter, c¢(¢) is the amount of time-r consump-
tion, and the period utility U: R — R is twice continuously differentiable such
that U, > 0 and U, <0, with the subscripts on U denoting partial derivatives.”
The representative agent is initially endowed with the equity share of each firm.

We follow Lucas (1978) in first treating the asset price processes S, and f, as
given and examining what the agent’s optimal consumption-portfolio policy must
satisfy, and then imposing an exogenous optimal consumption-portfolio policy to
derive the asset prices endogenously. Let a,(¢) be the number of shares held of

"For our general discussion, the period utility function can be state-dependent as in CIR (1985a) and
all of our characterizations in this section will not be affected. It may even be allowed to exhibit
other forms of state- or path-dependence such as habit formation as in Constantinides (1990). In
those latter cases, however, some of the characterizations may have to be modified.
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firm n and b,(¢) the number of units held of the mth financial claim at time ¢.
The agent’s problem is to solve

max u(c), (6)

a,b,c
subject to the budget constraint

N M

dW(1)= Y ap(OIAS,(1) + Dy(t)dr] 4 Y bu()dE(1) + Do(1) d]

n=I m=1

N M
—e(Odr + | W) = Y an(DISu0) = Y bu(DF(D)|R(1)de . (7)

n=1 m=1

with W(0) = S [S,(0) + D,(0)] > 0, where W(t) is the time- wealth (in
terms of units of the consumption good) generated by the plan (a,b,¢).

Take any claim whose value depends on the aggregate output, firms’ dividends
and stock price levels, the state of the economy, and the state of each firm. That
is, we can write F(t,q,D,S,X,Z) as the time-t price of such a claim. Let O(r) be
the claim’s time-¢ payout flow that can also be a function of ¢, D, S, X, and Z.
Assume that £ is at least twice-continuously differentiable in every argument. For
now, further assume that the optimal consumption process ¢ from (6) is an Ito
process. Then, from the existing literature on consumption-based asset pricing,
the first-order conditions for the problem in (6) lead to the following restrictions
on the optimal policy (a,b,c):

5

c U 1 c“ U,
R/ — _ < . o (444 Zt i 8
() p+< o );z(z) Il (8)

(see Eq. (21) of Breeden, 1986), where u.(t) and c.(r) are the conditional
expected value and standard deviation of instantaneous consumption growth,
respectively, and

o) el dF(t) de(t)
{w~(i)+ F(T)] - R(t) = <— 0. )COV’<_F(t)’ c(t)> , 9)

(see, e.g., Eq. (17) of Breeden, 1979; or Eq. (30) of CIR, 1985a), where uz(f)
is the conditional expected rate of price change of the claim and Cov,(-,-) is the
conditional covariance operator divided by dr. That is, given the collection of
processes for R(t), S,(t), and F,(t), the optimal policy must satisfy the above
equations, including a version of (9) with F and Q, respectively, replaced by S,
and D,. These two equations represent the core of the consumption-based asset
pricing theory.

In the Lucas-type economy, the optimal policy is given outside of the con-
sumption-portfolio optimization problem (6). That is, with the aggregate
output being perishable and exogenous. the rational agent must in equilibrium
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consume the entire output at each time point: ¢(¢) = ¢(¢). This consumption plan
is financed by the equilibrium portfolio policy in which a,(1)=1 forn=1,....N
and b,(t)=0 for m=1,..., M. This imposed consumption-portfolio policy should
not only be optimal for the agent but also make the goods and the security mar-
kets clear, provided that the security prices are supportive of such an exogenous
plan. In other words, if we impose this plan on the optimization problem (6),
we then interpret Egs. (8)-(9) as restrictions on interest rate R(f) and asset
prices S,(¢) and F,(¢). Relying on these restrictions, we arrive at the alternative
fundamental valuation equation,

Theorem 1. Let H = (q,D',8',X',Z'Y be the vector of the (1 + M + 3N)
determining variables of claim price F. Let Fy be the column vector of partial
derivatives of F(t) with respect to H(t), and Fyy be the matrix of second-order
derivatives of F(t) with respect to H(t). Then, in light of Ito’s multiplication
rule, the equilibrium price for any claim, F(t), is a solution to the following
PDE (with the time subscript dropped for convenience):

dg

i an &4
)” q

g Uy

[FF+ QO — RF]dt + Fyup dt + L dH'Fyy dH = (
q

(10)

subject to the relevant boundary conditions for the contingent claim as dictated
by the terms of the contract, where py is the (vector of) expected rates of
change in H(t) and

B q(z)uqq) 1 (6.0, D, X) 1 ¢2(1)Upgq <oq(t, q,D,X)>2
R(t) = p+ |- - .
® ”+( U, W 2 0, ()

(11)

The valuation PDE in (10) applies to any contingent claim satisfying the smooth-
ness condition, whether interest rate or equity sensitive. The left-hand side of
the equation is obtained via applying Ito’s lemma to F(t,q,D, S, X, Z), while the
right-hand side determines the equilibrium risk compensation for the claim. As
is, the valuation PDE in (10) is not yet complete for contingent claims (e.g.,
equity options) that depend on the vector S(¢), because the stock prices are to be
endogenously determined as well. To make the valuation model complete, note
from Grossman and Shiller (1982) and Lucas (1978) that the time-z stock price
for the nth firm should be

o Udg(e))
S.(1) =E, ple=n 4102 DLy(v)de, 12
) / € Uytqn PO (12)

which means that S,,(t) can be a function of ¢(¢), D(¢), X(¢), Z(¢), and time 7.
Consequently, letting H = (¢,D',X',Z’Y, S,(¢) must solve the following version
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of the PDE (10):
[(Su)i + Dy — RS, 1t + (S0)); pyp dt + 3 dH' (S,)7 dH

quq ! 3 dq
- | - Sn - dH — | 13

subject to the boundary condition:

: —pr—n Uglg(T))
p(T—1) ¥4
. {e 4 (q(1))

where the notation convention from Theorem 1 is adopted, except that (S, ),, for
instance, stands for the partial derivative of S,(¢) with respect to 7. This boundary
condition is often referred to as the transversality condition, which helps ensure
the existence of the integral in (12).

The endogenous nature of stock prices renders it redundant to express any
contingent claim price F(¢) as a function of S(r), when S(7) is at the same time
assumed to depend on ¢(1), D(t), X(¢), and Z(¢t). We nonetheless choose to
include S(¢) in H(¢) and hence in the PDE (10) out of the consideration that
contingent claims such as equity options are sometimes direct functions of their
underlying stock price.

The valuation equation in (10) is the Lucas-type exchange-economy counter-
part to the fundamental valuation equation of CIR (1985a). Major differences
should, however, be noted between the two valuation models. First, recall that
CIR’s valuation PDE is expressed in terms of both the value function and the
endogenous wealth. In contrast, the PDE in (10) involves only the direct utility
of consumption, U(c).

More fundamentally, the difference between CIR’s valuation model and ours
lies in whether the optimal consumption-portfolio policy or the vector stock price
process S(7) is exogenously specified, while letting the other part be endogenously
determined. In CIR’s production-based economy, the stock price processes S(z)
of the firms are fixed from outside of the model and it is up to the agent to
decide at what capacity he would operate the fixed production processes. That
is, the agent’s investment decisions have to be so as to make the exogenous
stock price processes consistent with equilibrium. But to find the agent’s optimal
consumption—investment policy requires solving the Hamilton-Jacobi-Bellman
equation which is a nonlinear PDE. As is known, nonlinear PDEs are diffi-
cult to solve either in closed form or by numerical methods, as there are no
well-developed numerical methods for solving such PDEs. Moreover, there are
no easily applied general conditions that guarantee the existence of a solution.
Merton (1990, Ch. 6) provides more discussion on these points.

In contrast, the optimal consumption—investment policy is fixed from outside
of the present Lucas-type exchange economy. Here, it is the stock prices S(¢) that
have to adjust within the model, until they reach a level at which the agent finds

S,,(T)} =0, (14)






