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Abstract

This paper studies contingent claim valuation in a Lucas-type exchange economy. The
derived fundamental valuation equation differs from its Cox~Ingersoll-Ross production-
economy counterpart in that it is expressed in terms of the direct utility function and
an exogenous output process, thus offering superior tractability. We apply our approach
to derive closed-form solutions for bond, bond option, individual stock, and stock option
prices, under a more general setting than allowable in the Cox—Ingersoll-Ross framework.
The resulting interest rate and stock price dynamics are empirically plausible. Moreover,
our stock option pricing formula with stochastic volatility and interest rates can reconcile
certain puzzling empirical regularities, including the volatility smile.

Key words: Fundamental valuation equation; Stocks: Bonds; Stock options; Interest rate
derivatives
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1. Introduction

The well-known valuation framework of Cox, Ingersoll, and Ross (henceforth,
CIR) (1985a) has been the basis for recent equilibrium models of contingent
claims valuation and of the term structure of interest rates. Their work has, for
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example, provided the necessary push for the development of more general option
valuation models beyond Black and Scholes (1973). Like the Merton (1973a)
intertemporal asset pricing model, however, their fundamental valuation equation
is expressed in terms of both the indirect utility function and the endogenous
wealth process. As such, two steps are required in order to price stocks, bonds,
or any contingent claims: (i) solve the Hamilton-Jacobi-Bellman equation for the
representative agent’s optimal consumption—investment policy and the indirect
utility function, and (ii) substitute the indirect utility and the derived wealth
process into the fundamental valuation equation and solve for the claim’s price.
Unfortunately, Merton (1971) notes that a closed-form solution for the indirect
utility function or the optimal policy cannot be found unless the agent has a log
period utility or the investment opportunities are nonstochastic. For this reason,
virtually all existing equilibrium models for contingent claims as well as for the
term structure of interest rates assume a log utility function.!

The first purpose of this paper is to show how to circumvent the above-
mentioned difficulty of the CIR (1985a) valuation model by adopting a con-
tinuous-time Lucas (1978) exchange economy.” A Lucas-type economy provides
the flexibility to impose an exogenous consumption-portfolio plan. Once such
a plan is specified, the imposed aggregate output can be substituted into
Breeden’s (1979) pricing relation, which is then used, together with the applica-
tion of Ito’s lemma, to produce an alternative valuation equation for contingent
claims that depends only on the exogenous output and the direct utility of con-
sumption.’> As a result, security valuation can be conducted without facing the
difficulty of the nonlinear Bellman equation.

To illustrate the wider applicability of our approach, we examine pricing issues
for bonds, bond options, individual stocks, and stock options under the two most

'For a partial list, see Bailey and Stulz (1989), Chen and Scott (1992), CIR (1985b), Longstaff
(1990), Longstaff and Schwartz (1992), and Scott (1996). The few exceptions are the discrete-time
models of Amin and Ng (1993), Brennan (1979). Rubinstein (1976), Sun (1992), and Turnbull and
Milne (1991), which typically allow the representative agent to have a power utility function. On the
surface it appears that one can derive contingent claims valuation models in a more general setting
using a discrete-time framework than using its continuous-time counterpart, clearly contradictory to
the fact that a continuous-time framework typically offers higher, rather than lower. tractability.

>The relative advantage of a pure-exchange economy has also been exploited by, for instance. Sun
(1992) and Wang (1996), to derive term structure models. But the issues addressed in these studies
are different from those in this paper. Other characterizations of a pure-exchange economy can be
found in Gennote and Marsh (1993), Goldstein and Zapatero (1996), and He and Leland (1993). All
these studies assume the existence of a single aggregate firm.

*Note that the type of economies studied in this paper also differs from the one in Breeden (1979) in
a fundamental way. As in the CIR (1985a) and Merton (1973a) models, consumption in Breeden's
model is endogenous. Consequently, in order to literally use Breeden's pricing equation to value
contingent claims, one would need to first solve for the optimal consumption process in closed form
before going any further. Thus, the same difficulty as with the CIR valuation model applies to the
Breeden model.
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widely used classes of utility functions: the power and the exponential utility
class. Economically, these two classes are interesting because the power utility
functions form the constant relative risk aversion (CRRA) family while the ex-
ponential utility functions represent the constant absolute risk aversion (CARA)
family. In the dynamic economy that we study, there are two systematic state
variables that each follow a mean-reverting square-root process. The term struc-
ture model developed here contains most elements of Longstaff and Schwartz’s
(1992) model, and in comparison our model has at least two additional features:
(1) the term structure depends on the agent’s risk aversion and (ii) the term pre-
mium in our model has more plausible properties such as the ability to take any
desired shape. The closed-form bond option pricing formula is also a two-factor
model that depends on risk aversion. Its structure resembles those in Heston
(1993) and Scott (1996) in that the probabilities that the option expires in the
money are recovered by inverting their respective characteristic functions, and it
is different from the formulas in CIR (1985b) and Longstaff and Schwartz (1992)
in which the probabilities are obtained by integrating over a bivariate chi-square
distribution function.

In deriving the stock price formula, we assume for each individual firm a
continuous dividend process that is proportional to an exponential function of
the systematic and firm-specific state variables, with the proportion linear in the
same state variables. The class of dividend policies covered by this assumption
includes those that lead to a constant dividend yield and those that produce a
dividend yield equal to the short-term interest rate. The endogenously determined
stock price and its dynamics have many empirically desirable properties. First,
the rate of stock price appreciation has a predictable component and expected
stock returns are time-varying, which is consistent with recent findings on stock
return predictability. Second, the resulting volatility of stock returns consists of a
systematic and an idiosyncratic risk component. This volatility structure is similar
to the one used in Amin and Ng (1993), except that in their case it is an
exogenously imposed feature whereas here it is a derived equilibrium property.
This property is also in line with the growing empirical evidence that individual
stock volatility is not only stochastic over time, but correlated with systematic or
market-wide volatility. Third, the correlation between changes in stock price and
in stock volatility can be negative or positive as well as time-varying, depending
on the structural parameter values and the state of the economy. According to
Bakshi, Cao, and Chen (1997), Bates (1995), and Longstaff (1994), such a stock
return-volatility structure may be necessary for the resulting equity option pricing
model to reconcile certain empirical regularities such as the ‘volatility smile’
(Rubinstein, 1985, 1994).

Given the empirical desirability of both the term structure of interest rates and
the stock price process, the closed-form stock option pricing formula developed in
this paper should surpass existing models in several dimensions. First, determining
the stock option price jointly and simultaneously with the bond and stock prices
guarantees internal consistency, in contrast with the partial equilibrium models of



126 G.S. Bakshi, Z. ChenlJournal of Financial Economics 44 (1997, 123 165

Amin and Ng (1993), Heston (1993), Hull and White (1987), Longstaff (1994),
Merton (1973b), Stein and Stein (1991), and Wiggins (1987). Second, the option
pricing formula obtains whether the agent has a power or an exponential utility
function, as opposed to the log utility function commonly assumed in the existing
literature. Third, our option pricing model admits both stochastic interest rates
and stochastic volatility, whereas existing models that extend the classic Black—
Scholes (1973) formula allow either stochastic volatility and constant interest
rates (e.g., Heston, 1993; Hull and White, 1987; Stein and Stein, 1991; and
Wiggins, 1987) or constant volatility but stochastic interest rates (e.g., Amin and
Jarrow, 1992; and Goldstein and Zapatero, 1996), but not both.* Fourth, option
prices in our model depend on two factors (in addition to the underlying stock
price), which means that the model should be able to capture more variations
in option prices, both across different strikes or maturities and over time, than
the existing single-factor counterparts. Finally, and perhaps most importantly, the
underlying stock for our option pricing model pays a stochastic dividend yield.
This is a major departure from the existing option pricing literature in which
a constant dividend yield is typically assumed (e.g., Merton, 1973b) or, when
a stochastic dividend yield is allowed, closed-form option prices are not available.

To demonstrate certain properties, we provide an example economy in which
the structural parameter values are all chosen so that the initial term structure is
in line with some known features of its real-life counterpart. First, we show that
interest rates have a hump-shaped relation with, and stock prices are decreasing
in, risk aversion. Second, equity call option prices are decreasing and convex in
risk aversion. Third, our equity option model can help resolve the volatility smile
puzzle that has been empirically documented for option markets. More precisely,
when option prices determined by our model are used as inputs into the Black—
Scholes formula to back out the implied volatility, the implied volatility exhibits
a general U-shaped pattern across strike prices, especially for short-term options.

The exchange-economy valuation approach presented in this paper shares an
important feature with the partial-equilibrium approach of Constantinides (1992).
Constantinides has the pricing kemel (or the marginal utility) process directly
specified, whereas we have the utility of consumption and the aggregate
output process given separately, which in some sense amounts to specifying
the marginal utility process directly. It should be stressed, however, that our
equilibrium approach imposes more restrictions on the economy than
the Constantinides approach. To see this, note that in an economy with multiple
individual firms, an arbitrarily imposed consumption-equity holdings plan may
not be supported by any general equilibrium, unless the stock prices of individual

4Amin and Ng (1993) and Heston (1993) do consider stochastic interest rates and stochastic volatility.
But, they do not have a closed-form solution for option prices. Scott (1996) is an exception, and the
difference between his model and ours is noted later.
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firms are consistently and endogenously determined. Whereas the Constantinides
approach stops at specifying the marginal utility process, our model requires not
only the consistent specification of output processes at both the aggregate and the
individual firm levels, but also the endogenous determination of individual stock
prices in a way that supports the exogenous consumption-equity holdings plan.
This is also a crucial modeling aspect that distinguishes an exchange-economy
framework from its production-economy counterpart. In a CIR-type production
economy, individual stock prices are partly exogenous and the model is closed by
making equity holdings endogenous. In contrast, equity holdings in an exchange
economy are exogenous and the model is completed by making the individual
stock prices endogenous.’

The paper is organized as follows. Section 2 introduces a continuous-time
economy and derives the alternative valuation equation for contingent claims. Sec-
tion 3 describes a dynamic economy with power utility investors and then solves
for the term structure of interest rates and bond option prices. In
Section 4, we develop a pricing formula first for dividend-paying stocks and
next for stock options with stochastic volatility and stochastic interest rates. In
Section 5, we show that all results from Sections 3 and 4 hold even in economies
with exponential utility. Section 6 uses an artificial economy to study properties
of the stock option pricing model. Concluding remarks are offered in Section 7,
and proof and derivation of results are given in the Appendix.

2. An alternative valuation model

Consider a continuous-time exchange economy of the Lucas (1978) type, in
which a sole perishable consumption good is produced and markets are dy-
namically complete. The stochastic environment is determined by the standard
(M + N)-dimensional vector Brownian motion w = (wy,,...,Wyx, Wz ,.... 0z ),
where each component process wy, or wz is independent of every other

m

’As demonstrated by Constantinides (1992) (also see Sun, 1992). every non-log-utility exchange
economy can be transformed into an equivalent log-utility production economy in which security
prices stay the same as in the original exchange economy. This means that a given set of security
prices can be supported by either a non-log-utility exchange economy or a log-utility production
economy with the requisite investment opportunities. In interpreting such an equivalence result, how-
ever, one should distinguish between the primitive economy and its transformed counterpart. For
example, the agent may have a power utility function in the primitive economy but a log utility
in the transformed. To see the relative advantage of an exchange-economy framework from another
angle, suppose the primitives are such that investors have non-log-utility and the investment opportu-
nities are stochastic. Then, if one starts with a production economy setup, the asset pricing problem
becomes, as discussed earlier, unsolvable in closed form. Therefore, a production-economy setup
does not allow one to answer such questions as *what happens to security prices when investors’ risk
aversion changes?’. while its exchange-economy counterpart does.
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component of the vector process.® Implicitly, the first M components, wy =
(wx,,...,wyx, ), together describe the systematic sources of uncertainty. These M
sources are equivalently reflected by M economy-wide state variables X, for
m=1,....M, where X = (X,,....Xy) follows a vector diffusion process:

dX (1) = ux(t,X)dt + oy (£, X Y dawx (1), (1)

with X(0) > 0, where the drift py(¢,X) is an M-dimensional vector of expected
instantaneous changes (per unit time) in X(¢) and the diffusion term ay(7,X) is
a full-rank M x M local covariance matrix between changes in X(7) and changes
in wx(¢). Both the drift and the diffusion terms are functions of only time ¢ and
the general state of the economy as represented by X (1), and they satisfy the
local Lipschitz and growth conditions (e.g., footnote 4 of CIR, 1985a), imply-
ing that there is an unique solution to the stochastic differential equations. The
local Lipschitz and growth conditions are also maintained for the other stochastic
differential equations throughout the paper.

The other N components, w; = (wy,,..., wyz, ), together represent all firm-
specific sources of uncertainty, for a total of N individual firms. These risk
sources are more directly represented by an N-vector diffusion process
Z = (ZI,A .. Z\, )/, where

dZ(t) = uz(t.Z)dt + a7(t, Z)dwz(1), (2)

with Z(0) > 0. The drift uz(s,Z) is an N-vector of expected local changes in
Z(t) and 67(2.Z) is a full-rank N x N local covariance matrix between changes
in Z(t) and changes in wz(t). It is again assumed that uz(#,Z) and oz(t,Z) are
smooth functions of Z(¢) and ¢. As wy and w; are independent of each other
and as the drift and diffusion terms of dZ(r) and those of dX(¢) are unrelated
to each other, X and Z are also independent of each other. This, however, does
not rule out the possibility of correlation among the state variables in Z.

The N production firms (or Lucas trees) in the economy each produce the
single perishable good as output or dividend. Unlike CIR’s (1985a,b) production
economy, each firm »’s production decision is exogenous, with its dividend flow
D, being a twice-continuously differentiable function of X, Z, and time ¢. Thus,
a firm’s dividend growth can depend on the aggregate state of the economy as
well as the state of individual firms. By Ito’s lemma, D = (D;..... DyY follows
a vector Ito process:

dD(t) = pup(r.D. X, Z)dt + op(t. D.X. Z)Ydex(t). =0, (3)

®[n this paper. all random variables are defined on a given complete probability space (€,.7,Pr).
A stochastic process ¢ is then a collection of random variables {c(7): 120} on (£..7#.Pr). Throughout
the paper we use the standard filtration {.#,: 120} generated by the vector Brownian motion w.
Conditional expectations, £,(-), are defined according to this filtration. Every time-¢ variable, such as
c{t) and ¢(1). is taken to be .#;-measurable. For simplicity. we suppress the qualifier *almost surely”
when taking equality between two random variables.
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with D(0) > 0, where up(t,D,.X,Z) = (up,(t)....,up.{t)) is the vector of
expected time-f instantaneous dividend changes for the N firms, and ap(t, D, X, Z)
is the N X (M + N) matrix of local covariances between changes in D(z) and
changes in (). The aggregate output, ¢ = Z:Ll D,, must also follow an Ito
process:

dg(r) = pg(t.q. X ) dt + 0,(t.¢, X Ydwx (1), 120, (4)

with ¢(0) > 0, where 0,(t,q.X) is an | x N vector of local covariances between
dg(t) and dwy(z). In other words, the aggregate output is assumed to depend
only on systematic factors X. There are N + | equations from (3) and (4) that
form a joint system. Given that the firms’ output processes are exogenous to our
model, we have essentially N degrees of freedom in specifying the processes for
g and D and the remaining process has to be such that this system of N + 1
stochastic differential equations is satisfied. For modeling convenience, we will
typically specify the process g from the outset.

Each firm # has one equity share issued and continuously traded, the holder of
which is entitled to the full dividend flow {D,(¢): t>0}. Let S,(¢) be the time-¢
ex-dividend price of the nth stock. For now, assume that the stock price pro-
cesses to be endogenously determined, S = (S;,....Sy ), together form a vector
Ito process. In addition, the economy has one (real) instantaneous risk-free bond
and M zero-net-supply financial claims traded at each time ¢, so that the market
is dynamically complete. Let F,(¢) be the time-r price of the mth financial claim
and R(r) the time-7 instantaneous interest rate. To allow for such financial claims
as futures contracts, let D,() be the time-f payout flow for the mth claim. For
a claim yielding no payout prior to maturity, its D,,(¢) is clearly zero for each ¢.

As in CIR (1985a) and Lucas (1978), assume that there is a representative
agent who is an expected utility maximizer with preferences given below:

u(c) = £y {/x e“"’U(c(I))dt} . (35)
Jo

where p is the time preference parameter, c¢(¢) is the amount of time-r consump-
tion, and the period utility U: R — R is twice continuously differentiable such
that U, > 0 and U, <0, with the subscripts on U denoting partial derivatives.”
The representative agent is initially endowed with the equity share of each firm.

We follow Lucas (1978) in first treating the asset price processes S, and f, as
given and examining what the agent’s optimal consumption-portfolio policy must
satisfy, and then imposing an exogenous optimal consumption-portfolio policy to
derive the asset prices endogenously. Let a,(¢) be the number of shares held of

"For our general discussion, the period utility function can be state-dependent as in CIR (1985a) and
all of our characterizations in this section will not be affected. It may even be allowed to exhibit
other forms of state- or path-dependence such as habit formation as in Constantinides (1990). In
those latter cases, however, some of the characterizations may have to be modified.
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firm n and b,(¢) the number of units held of the mth financial claim at time ¢.
The agent’s problem is to solve

max u(c), (6)

a,b,c
subject to the budget constraint

N M

dW(1)= Y ap(OIAS,(1) + Dy(t)dr] 4 Y bu()dE(1) + Do(1) d]

n=I m=1

N M
—e(Odr + | W) = Y an(DISu0) = Y bu(DF(D)|R(1)de . (7)

n=1 m=1

with W(0) = S [S,(0) + D,(0)] > 0, where W(t) is the time- wealth (in
terms of units of the consumption good) generated by the plan (a,b,¢).

Take any claim whose value depends on the aggregate output, firms’ dividends
and stock price levels, the state of the economy, and the state of each firm. That
is, we can write F(t,q,D,S,X,Z) as the time-t price of such a claim. Let O(r) be
the claim’s time-¢ payout flow that can also be a function of ¢, D, S, X, and Z.
Assume that £ is at least twice-continuously differentiable in every argument. For
now, further assume that the optimal consumption process ¢ from (6) is an Ito
process. Then, from the existing literature on consumption-based asset pricing,
the first-order conditions for the problem in (6) lead to the following restrictions
on the optimal policy (a,b,c):

5

c U 1 c“ U,
R/ — _ < . o (444 Zt i 8
() p+< o );z(z) Il (8)

(see Eq. (21) of Breeden, 1986), where u.(t) and c.(r) are the conditional
expected value and standard deviation of instantaneous consumption growth,
respectively, and

o) el dF(t) de(t)
{w~(i)+ F(T)] - R(t) = <— 0. )COV’<_F(t)’ c(t)> , 9)

(see, e.g., Eq. (17) of Breeden, 1979; or Eq. (30) of CIR, 1985a), where uz(f)
is the conditional expected rate of price change of the claim and Cov,(-,-) is the
conditional covariance operator divided by dr. That is, given the collection of
processes for R(t), S,(t), and F,(t), the optimal policy must satisfy the above
equations, including a version of (9) with F and Q, respectively, replaced by S,
and D,. These two equations represent the core of the consumption-based asset
pricing theory.

In the Lucas-type economy, the optimal policy is given outside of the con-
sumption-portfolio optimization problem (6). That is, with the aggregate
output being perishable and exogenous. the rational agent must in equilibrium
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consume the entire output at each time point: ¢(¢) = ¢(¢). This consumption plan
is financed by the equilibrium portfolio policy in which a,(1)=1 forn=1,....N
and b,(t)=0 for m=1,..., M. This imposed consumption-portfolio policy should
not only be optimal for the agent but also make the goods and the security mar-
kets clear, provided that the security prices are supportive of such an exogenous
plan. In other words, if we impose this plan on the optimization problem (6),
we then interpret Egs. (8)-(9) as restrictions on interest rate R(f) and asset
prices S,(¢) and F,(¢). Relying on these restrictions, we arrive at the alternative
fundamental valuation equation,

Theorem 1. Let H = (q,D',8',X',Z'Y be the vector of the (1 + M + 3N)
determining variables of claim price F. Let Fy be the column vector of partial
derivatives of F(t) with respect to H(t), and Fyy be the matrix of second-order
derivatives of F(t) with respect to H(t). Then, in light of Ito’s multiplication
rule, the equilibrium price for any claim, F(t), is a solution to the following
PDE (with the time subscript dropped for convenience):

dg

i an &4
)” q

g Uy

[FF+ QO — RF]dt + Fyup dt + L dH'Fyy dH = (
q

(10)

subject to the relevant boundary conditions for the contingent claim as dictated
by the terms of the contract, where py is the (vector of) expected rates of
change in H(t) and

B q(z)uqq) 1 (6.0, D, X) 1 ¢2(1)Upgq <oq(t, q,D,X)>2
R(t) = p+ |- - .
® ”+( U, W 2 0, ()

(11)

The valuation PDE in (10) applies to any contingent claim satisfying the smooth-
ness condition, whether interest rate or equity sensitive. The left-hand side of
the equation is obtained via applying Ito’s lemma to F(t,q,D, S, X, Z), while the
right-hand side determines the equilibrium risk compensation for the claim. As
is, the valuation PDE in (10) is not yet complete for contingent claims (e.g.,
equity options) that depend on the vector S(¢), because the stock prices are to be
endogenously determined as well. To make the valuation model complete, note
from Grossman and Shiller (1982) and Lucas (1978) that the time-z stock price
for the nth firm should be

o Udg(e))
S.(1) =E, ple=n 4102 DLy(v)de, 12
) / € Uytqn PO (12)

which means that S,,(t) can be a function of ¢(¢), D(¢), X(¢), Z(¢), and time 7.
Consequently, letting H = (¢,D',X',Z’Y, S,(¢) must solve the following version
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of the PDE (10):
[(Su)i + Dy — RS, 1t + (S0)); pyp dt + 3 dH' (S,)7 dH

quq ! 3 dq
- | - Sn - dH — | 13

subject to the boundary condition:

: —pr—n Uglg(T))
p(T—1) ¥4
. {e 4 (q(1))

where the notation convention from Theorem 1 is adopted, except that (S, ),, for
instance, stands for the partial derivative of S,(¢) with respect to 7. This boundary
condition is often referred to as the transversality condition, which helps ensure
the existence of the integral in (12).

The endogenous nature of stock prices renders it redundant to express any
contingent claim price F(¢) as a function of S(r), when S(7) is at the same time
assumed to depend on ¢(1), D(t), X(¢), and Z(¢t). We nonetheless choose to
include S(¢) in H(¢) and hence in the PDE (10) out of the consideration that
contingent claims such as equity options are sometimes direct functions of their
underlying stock price.

The valuation equation in (10) is the Lucas-type exchange-economy counter-
part to the fundamental valuation equation of CIR (1985a). Major differences
should, however, be noted between the two valuation models. First, recall that
CIR’s valuation PDE is expressed in terms of both the value function and the
endogenous wealth. In contrast, the PDE in (10) involves only the direct utility
of consumption, U(c).

More fundamentally, the difference between CIR’s valuation model and ours
lies in whether the optimal consumption-portfolio policy or the vector stock price
process S(7) is exogenously specified, while letting the other part be endogenously
determined. In CIR’s production-based economy, the stock price processes S(z)
of the firms are fixed from outside of the model and it is up to the agent to
decide at what capacity he would operate the fixed production processes. That
is, the agent’s investment decisions have to be so as to make the exogenous
stock price processes consistent with equilibrium. But to find the agent’s optimal
consumption—investment policy requires solving the Hamilton-Jacobi-Bellman
equation which is a nonlinear PDE. As is known, nonlinear PDEs are diffi-
cult to solve either in closed form or by numerical methods, as there are no
well-developed numerical methods for solving such PDEs. Moreover, there are
no easily applied general conditions that guarantee the existence of a solution.
Merton (1990, Ch. 6) provides more discussion on these points.

In contrast, the optimal consumption—investment policy is fixed from outside
of the present Lucas-type exchange economy. Here, it is the stock prices S(¢) that
have to adjust within the model, until they reach a level at which the agent finds

S,,(T)} =0, (14)
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it optimal to hold the whole supply of each firm’s stock. In some sense, the need
to solve the /inear PDE in (13) is a substitute for the need to solve, in the case
of CIR (1985a) and Merton (1973a), the nonlinear partial differential Bellman
equation. But, this linear PDE of the parabolic type is far easier to solve, and even
if closed-form solutions are not obtainable, there are well-developed numerical
methods. Furthermore, there are known existence and uniqueness conditions for
a solution to this type of linear PDEs. Therefore, at least for asset valuation
purposes, our exchange-economy-based approach is much more tractable.

Since Breeden’s (1979) consumption CAPM falls essentially in the same class
of production-economy models as CIR (1985a) and Merton (1973a), it is just
as difficult to apply as the other two. Furthermore, aggregate consumption is
endogenously determined reflecting individual firms’ production and investors’
consumption decisions, eliminating the flexibility to assume a tractable aggregate
consumption process from outside of the model. In other words, even if one
can solve for the endogenous consumption, closed-form expressions for contin-
gent claim prices may still be unobtainable unless the derived aggregate con-
sumption happens to have the right structure. In contrast, because the aggregate
output/consumption process in our exchange economy is exogenous, it offers
researchers flexibility to choose the ‘right’ output process so that a closed-form
solution to the PDEs (10)—(13) can be found.

3. Interest rates and interest rate derivatives in an economy with CRRA
agents

In the remainder of the paper, we apply the alternative valuation model to
price (i} bonds and bond options and (ii) stocks and stock options, under either
power or exponential utility functions. We first work with an economy in which
the representative agent has a general power utility function:

e

l-n

/

Uc) = (15)
where ;' > 0 is the coeflicient of relative risk aversion and in which there are two
independent systematic state variables, conveniently denoted by X and Y, each
following a mean-reverting square-root process:

dX (1) = K (0 — X(£))dt + 0 VX (1) dao(1) (16)
dY (1) = 5, (0, — Y(0)dt + 0, /Y (D) deoy (1), (17)

where all the parameters are positive constants and (wy,w,) is a standard vec-
tor Brownian motion (corresponding to the vector process wy in the preceding
section). The aggregate output is a function of only X and Y, with its dynamics
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given by
dg(r)
20 =g+ B X (1) + B Y(1))dt + 0, /X(2)dw(2)

+a,, VY () doy (). (18)

Clearly, (¢,X,Y) are jointly Markov.

The output process in (18) closely resembles the one assumed in Longstaff
and Schwartz (1992): expected output growth depends on X (¢) and Y(¢), except
that here the conditional volatility of output growth is also linear in both state
variables. In this economy with stochastically changing production and investment
opportunities and power utility function, the difficulty to solve in closed form for
the indirect utility of wealth or for the optimal consumption plan is well known
(Merton, 1971). This is the reason that Longstaff and Schwartz (1992), among
others, choose to rely on the log utility function, which is a special case of the
power utility in (15).

Solving the stochastic differential equation in (18), we have the time-t output
given by

q(r)zqw)exp{/ [ty + (B — 162 DX (D) + (B, — L2 )Y (D] dt

+O'q,.r/0‘ VX (1) don(t) + a4y /0 V Y(t)dw,\-(l)}-, (19)

with g(0) > 0. In this economy, the equilibrium risk premium for any contingent
claim F is

[IJF( )+ gzt;J — R(1) =704/ X(1)Cov, (d—F,dwx>
4964,/ Y(1)Cov, ( dw‘> : (20)

which is obtained by substituting the utility function in (15) and the processes
in (16)—(18) into Eq. (9).

3.1. Bond valuation and the yield curve

Before introducing the processes for individual firms, let us first examine a pure
discount bond that pays one unit of consumption in 7 periods and whose time-t
price is B(z,t). Following a variational argument and using the utility function
in (15), we have B(t,t) given by

gt +1 ))’

21
q(t) @D

B(t,7) = e "'E, (
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Substituting (19) into this equatton and realizing that (w,, ®,) is a standard Brow-
nian motion, we conclude that the above conditional expectation can only be a
function of X(¢) and Y(¢), so that we can write the bond price as B(¢,7; X, Y).
Substituting B(t,7;X.Y) into the fundamental valuation equation in (10) and
specializing it to the present context produces the following PDE for the dis-
count bond:

1, B ; B 1, B
5 gy X _GXZ + [K,\‘()x — (KX -+ A_x-)X] 5} + 5 O'y _(7Y2
. éB (B
Ikl — (ke + Y12 — 2 _RB =0, (22)
C : : oY T

subject to the following boundary condition: B(r + 7,0;X,Y)=1, where 7, =
V0:04.x, /v =70,0,,. Using a standard separation-of-variable technique, the solu-
tion for the bond price is

B(t, T, X.Y)=exp[—(p + yig)T — (1) — 2,(7) — 0:(T) X (1) — ¢:(T) Y(1)] .

(23)
where
2K.r0.r (1 - eil}\r)(h‘,\‘ + /\ - 1}\) -
(7)) = Tf_ {ln [l + 2%, } + %[1}r — Ky — /_X]T} ,
- . a—UT - ;).
(1) = 2I\7\-”0y {ln l:] 4 (1 —e¢ )("1 + Ay 1)_1 )} + %[1)“ — K — ),‘»]T} .
' o 20y R
2:{Be — 30+ )og 0 —e")
e St et i o) —e ) 9
2 )". ‘ % 1 - 2 . 1 - -t
P U a0 AUl (25)

21}\ + (’\1 =+ /‘ — 19‘)(] _ eft), r)

with 9 = [(ke + 4 +702{2B — (1 + )02 }1'? and 0 = [(K, + £,) + 703
{28, — (1 +7)o] ,}1"*. Intuitively, %, and /, stand for the factor risk premiums,
respectively, for X and Y. The two functions, ¢.(1) and ¢,(7), can be interpreted
as the t-period bond’s sensitivity to, respectively, X risk and Y risk. As can be
checked, both ¢,(7) and ¢,(7) are increasing in 7, which means that longer-term
bonds tend to be more sensitive to both X and Y risk. By Ito’s lemma, the bond
price dynamics are described by

dB(r.t)

B(t T) - {R(l) - /\Q\(T)X(t) - /19\(T)Y(t)}dl - U.\-Q.r(f) V X(t)d(u.\‘(r)

—0.0 7)Y (1) dey (1) . (26)
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The implied t-period yield to maturity is

R(LT) = ;ln[Bit,T)]
—p o, + %(T) ‘: xr(f) 1 QX‘([T)X([) n Q":‘E)Y(I) (27)

which represents a two-factor term structure of interest rates. The instantaneous
interest rate is given by
) A+ 2
R(t) = p+3luy + BX (1) + B Y(O)] = =510y X (1) + 0, Y ()]
(28)

This two-factor term structure of interest rates specializes to the one given in
Longstaff and Schwartz (1992) if we take y— 1 and o,,=0. Other single-
and multi-factor term structure models, such as Bakshi and Chen (1996a), CIR
(1985b), Duffie and Kan (1996), and Sun (1992), are nested within our model
as well. Our model thus possesses most of the properties shared by existing
two-factor term structure models in that it affords a richer set of term structure
shapes, interest rates are generally not perfectly correlated, and the yield curve
will generally not shift in parallel over time. However, since the utility function
here is more general than assumed in most existing models and since the output
volatility is driven by two state variables, rather than by one as in Longstaff
and Schwartz (1992), our model has its own unique appealing features. First, the
instantaneous interest rate is a function of the risk aversion level and the current
state of the economy. Depending on the magnitude of the structural parameters
and the state of the economy, interest rates can be both higher and lower as the
coefficient y increases because the reciprocal of ;' is also the intertemporal elastic-
ity coefficient® As 7 increases, the intertemporal elasticity coefficient decreases,
which means the equilibrium interest rate has to increase in order to induce the
agent to substitute future consumption for current consumption. This effect of an
increase in 7 is reflected by the second term on the right-hand side of Eq. (28).
On the other hand, an increase in 7 also means a higher level of risk aversion
on the part of the agent, which tends to depress the interest rate. This negative
effect is captured by the last term in Eq. (28). For this reason, the overall effect

¥The fact that a dual role is played by 7 is an undesirable aspect of the standard expected utility
framework. Because of this, a change in 7 can be due to either a change in risk-taking attitude or a
change in intertemporal consumption substitutability. With this understanding in mind, we nonetheless
proceed to interpret a change in ; as reflecting a change in risk-taking attitude, largely in order to
streamline the discussion.
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of a higher 7 on R(¢) is mixed.” Compared to the log-utility economies in CIR
(1985b) and Longstaff and Schwartz (1992), therefore, economies with 7# 1 may
have higher or lower interest rates.

Second, the term premium in our model possesses more realistic properties. As
noted by Constantinides (1992), the term premium in CIR-type single-factor mod-
els is either monotonically increasing or monotonically decreasing in the term to
maturity, which is counterfactual. Like the term structure model of Constantinides
(1992), ours allows the term premium to have many types of shape, including
the common monotonically increasing, decreasing, humped, or inversely humped
term premium shapes. More specifically, the term premium is

dB
TP(1,1) = [ B(([’ t))} — R()
= —70x0gx ox(T)X(¢2) — 70, 0g,y Q,r(f)Y(t) . (29)

To see what happens within our model, divide the discussion into four cases.
In the first case, 0,0, > 0 and 6, 04, > 0. In this case, innovations in output
growth are positively correlated with those in the state variables. Thus, both X
and Y risks represent ‘positive’ systematic risks that require a positive premium
(i.e., both /4, and 4, must be positive). But since bond prices in this case are
negatively related to both X and Y (see Eq. (26)), bonds in effect act as insur-
ance against unfavorable movements in X and Y and hence in output g. This
explains why the term premium is negative in this case, regardless of the term
to maturity 1. Furthermore, as ¢,(7) and ¢,(t) are increasing in 1, longer-term
bonds provide better insurance against unfavorable movements in g and are hence
better hedging instruments, which implies that the term premium will be mono-
tonically decreasing in 7. Now consider the second case in which .0, <0
but 6, g,, > 0. In this case, X represents ‘negative’ systematic risk. Since bond
prices are negatively related to X, the component of risk in any bond due to X
requires positive risk compensation, which is why the first term on the right-hand
side of Eq. (29) is positive under this scenario. In addition, the first term is in-
creasing in 7. On the other hand, for the same reason given above, the second
term in Eq. (29) is negative and decreasing in 7. As a result of these two oppo-
site effects, the shape of the term premium in relation to T can be nonmonotonic,
depending on the structural parameters and the state of the economy. In the third
case, oy, <0 and 0,04, <0, which is just the opposite of the first case.
The term premium will then be monotonically increasing in 1. In the last case,
0,04 >0 and o, 0,, <0. This is similar to the second case, and nonmono-
tonic term premium shapes can arise. In addition, depending on the signs of the

%A similar point is made by Wang (1996) in a different context. Wang examines the impact of
investor heterogeneity on the term structure of interest rates. For the case of investors with a power
utility function, he also derives a closed-form term structure.
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structural parameters and the state of the economy, an increase in risk aversion
can mean a higher or lower term premium for any given t.

Observe that in the case of Longstaff and Schwartz (1992), o, =0, which
means the first term on the right-hand side of Eq. (29) is zero. Since ¢,(7)
is monotone in 7, their model only permits either monotonically increasing or
monotonically decreasing term premium shapes.

3.2. Bond option valuation

Consider a European call option that matures in t periods and is written on a
T-period pure discount bond, B(#,7), where T > 1. Let G(#,7) be the time-¢ price
of the call. Using a standard argument, we have

g(t + 1)
q(f)

where K is the exercise price. By the output process in (19) and the bond price
dynamics in (26), the conditional expectation in (30) can only be a function of
X(t) and Y(¢), which allows us to write G(t,7;X,Y). This means that the PDE in
(22) must also apply to G(¢,1;X, Y ), except that the boundary condition becomes:
G(t + 1,0;X,Y) = max{0.B( + 1.7 — 1} — K'}. Solving the PDE, we obtain the
bond option price:

G(t,r):e—t”E,[ ( >_‘max{O,B(1 +0,1—-1)-K}|, (30)

G, X, Y)=B(tL,T)P(t,; X.Y) - KB(r.t)P:(t,1; X. Y ), 31

with the two probabilities, £, and P», given by

1o [e9F S XY
P(t.T.X.Y) = §+E/ Re{ ) 5 ?) d¢ for j=1,2,
J0

(32)

where Re[-] stands for the real value part of the expression, i stands for imaginary
numbers, K= In[K]+(p+71y Wi—1)+%(f—1)+%(F—1), and the characteristic
functions jj-, j=1,2, are provided in Egs. (A.4) and (A.5), respectively, in the
Appendix.

The bond option formula in (31) shares the same functional form with many
of the known bond option formulas: the bond option price is determined by
the price of a discount bond multiplied by the probability function minus the
present value of the payoff from optimal exercise at expiration. Among the
models, however, the probability functions can be quite different. For example, in
Constantinides (1992), Jamshidian (1989), and Turnbull and Milne (1991), each
probability is determined by a cumulative normal distribution function. In the
single-factor model of CIR (1985b) and the two-factor generalizations in Chen
and Scott (1992) and Longstaff and Schwartz (1992), the probabilities that the
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option expires in the money are determined by a bivariate noncentral chi-square
distribution function. Compared to these existing models, our model in (31) has
a few distinct features. First, the probabilities in (31) are easier to estimate than
their counterpart in Chen and Scott (1992) and Longstafl and Schwartz (1992).
Recall that this part of our setup is similar to theirs in that both interest rates
and interest rate volatility are stochastic. In our case, however, the calculation
of P and P, involves taking the single integral over the characteristic function
[see Eq. (32)], whereas in their cases computing the two probabilities involves
evaluating the double integral over a bivariate noncentral chi-square distribution
function. As Heston (1993 ) points out, integrating over the characteristic function
numerically can be conducted quite efficiently because the characteristic function
declines rapidly in ¢.

Second, the bond option formula in (31) is derived under a general power
utility. It applies to any economy with the assumed stochastic environment and
with constant relative risk aversion. It allows one to examine how bond option
prices respond to a change in risk-taking attitudes, whereas such an exercise is
not possible using existing models because of the log utility assumed.

Finally, both the instantaneous interest rate and its volatility are linear in the
unobservable X (¢) and Y(¢). As in Longstaff and Schwartz (1992), R(t) and its
volatility, or any two yields R(¢,7;) and R(,75), can be used to substitute out
X(z) and Y(¢) in the bond and bond option formulas, so that one can conve-
niently implement the bond and bond option model by relying only on observable
variables. For further details on this point, see, among others, Bakshi and Chen
(1996b), CIR (1985b), and Longstaff and Schwartz (1992). Thus far, we have
focused on pure discount bond call options. Along the lines of discussion in
Longstaff (1990), Turnbull and Milne (1991), and Chen and Scott (1992, 1995),
our approach can also be applied to value other interest rate derivatives (e.g.,
options on coupon bonds, compound options, and interest rate caps) and relate
their prices to the level of risk aversion in the economy. Details are omitted here.

4. Valuation of stocks and stock options

We now turn to valuing individual stocks and European options written on
these securities. To keep the results manageable, in this section we specialize
the two-systematic-factor economy of the preceding section to one with a single
systematic factor X. That is, set . =0, =0 in Eq. (18). As a consequence, the
term structure of interest rates has a single factor and the instantaneous interest
rate in (28) changes to
(1 +7)a;

R(t) = p+7uq+:‘[ﬁ\- — ""‘}X(t)- (33)
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This change in the systematic factor structure does not affect the generality of
the results to follow and it is only to make the presentation more focused.'?

4.1. Individual stocks

Each firm’s own state variable is an autonomous diffusion process Z,(¢), for
n=1,...,N, where

dZ,(t) = k., (0., — Z,(t))dt + 0., \/Z,(t) dw, (1) . (34)
Here, as a slight departure from Section 1, the N firms’ sources of uncertainty
represented by (w;,...,w, ) can be correlated with each other (which makes

the Z,’s possibly correlated with each other), but each Z, is by itself a Markov
process. Assume that each firm’s dividend flow D,(¢) is a function of X(¢) and
Z,(t), implying that it depends on both systematic and firm-specific risk variables.
From Eq. (12) and the utility function in (15), the time-¢ stock price of firm »
is

o A\

Su(t) = E,/ e*ﬂ“‘*”(ﬁg) Dy(v, X, Z,)dv (35)
' q(t)

By Eq. (19) and the fact that X and Z, each are autonomous processes, this

conditional expectation can only be a function of X(¢) and Z,(¢), so that we

can write the stock price as S,(t,X,Z,). By the utility function in (15) and the

fundamental valuation PDE in (10), S,(¢) must solve

1, @28, , . s, 1, &8s,
o X '\'0\' — Ky X v 50: Zn 372
30X T TR = 20 XN F 505 Zn 57
cS,
+[’\:,,0:,, — K-, Zn](»:—” +D,—-RS, =0, (36)
subject to the transversality condition that
, T\~
lim EQe P70 (ﬁ-)) SAT.X,Z) s =0. (37)
Toc q(t)

As existing work in a discrete-time context by Abel (1988), Bossaerts and Green
(1989), Long and Plosser (1983), and Lucas (1978) and in a continuous-time
context by Bakshi and Chen (1996a), Gennotte and Marsh (1993), and Goldstein

10To put the state variable ¥ back to the stock and the stock option price formulas, one only needs
to add an analogous Y-related term to wherever an X-related term occurs. Each added Y-related term
is identical to the corresponding X -related term, except that the variable is replaced by Y. Similarly,
other independent systematic state variables can be added to the model.
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and Zapatero (1996) has demonstrated,'! finding closed-form solutions for stock
prices is typically not possible for an arbitrary dividend process, especially when
the utility function U(c) is other than the log utility. For this reason, we need
to assume a particular structure for firms’ dividend policies.

Consider the case in which dividend flows for the first N — 1 firms are of the
following form:

Dy(t) = gn(t)expllnx X(8) + 1 : Z(1)], V=20, (38)
forn=1,...,N — 1, where
gn(t) = ‘I/n + ‘//n,.xX(t) + lpn.zZn(t) > (39)

with ¢, >0. This dividend structure is quite general and includes many known
dividend policies as special cases, further discussion of which is given shortly.
Since the aggregate output process g(¢) has already been specified, the dividend
flow for the Nth firm must be Dy(t) = ¢(¢) — Z:’;l' D,(1), to ensure internal
congistency.

We start with the valuation of the first N — 1 firms’ stocks and leave the valu-
ation of the Nth firm and the market portfolio to a later point. For convenience,
take a generic firm out of the N — 1 firms and suppress the subscript n on each
variable/parameter, e.g., use D(t), S(t), Z(¢), I, I}, g(t), ¥, Y, and y.. Sub-
stituting the dividend function into the PDE in (36) and solving it, we arrive at
the endogenous stock price:

S(t) = Aexp[I X (1) + I: Z(1)], (40)

where

¥
= =0, 41
p+ T — Kxexl; - Kzezr_:_- ’ ( )

subject to the structural parameter restrictions that

P+ vty — Ky Iy — k0.1 > 0 (42)
5o Vb= 3o+ ) + 06+ AL = ST 43)
¥ p+ 7ig — KO lx — 10 I B
L(x. — 1oL
W Y L. — 30: 1) 0. (44)

Tt g — KO T — 0

1 All these authors have focused on deriving and studying a closed-form stock price solution for the
market portfolio, but not for individual stocks. Typically, they (except Abel) specialize the utility
function to the log case in order to find a closed-form solution for the market portfolio price. In the
present paper, we solve for the stock prices of both individual stocks and the market portfolio, under
either power or exponential utility functions.
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The inequality in (42) is due to the transversality condition, while (43) and (44)
guarantee that the dividend process and the resulting stock price are consistent
with equilibrium. To see the necessity of restrictions (43) and (44), apply Ito’s
lemma to the stock price in (40):

ds()

S0 = us(t)dt + o1 /X (1) doy(t) + 02/ Z(1) dws(t) . (45)

where o, = 0., 0, = I o,, and
ps(t) = 10707 X(1) + K L0, — X(O] + L1762 Z(t) + & L0 — Z(1)].
(46)

On the other hand, the equilibrium restriction in (20) implies that pus(¢) must
also satisfy

t)y= me R(t) + 71, X
ps(t) = m +R(t)+ 7 x0q.x0x (1)
L R :
=1 X(1) y Z(t)+ R(t) + LA, X(¢). 47)

In equilibrium, the right-hand side of (46) must equal the right-hand side of
(47). This imposes two restrictions on the structural parameter values, as given
in (43) and (44). When the choice of the structural parameter values violates
these restrictions, the stock price solution will no longer be consistent with the
dividend policy.

Dividend yield for such firms is linear in the state variables, namely, D(¢)/S(¢)
= (1/A){¥ + ¥ X(¢) + yZ(1)}. This class of dividend policies includes many
known cases. The following are some examples:

1. Set Y =y. =0 and choose I, and I according to (43) and (44), so that
¥ #0. This corresponds to a constant proportional dividend policy with a constant
dividend yield;

2. Set Y = = . =0, which means the firm never pays any dividend, now or
at any time in the future. Then, 4 =0 and the stock price is zero at each time ¢,

3. Set I, =I. =0, in which case the stock price is a constant (i.c., 4) and the
dividend yield is the same as the instantaneous interest rate R(z);

4. Set I, =0, but I # 0. In this case, the firm’s stock price is stochastic but
has no exposure to systematic risk. It is exposed only to the firm-specific risk
Z. Consequently, the expected instantaneous rate of total gains from holding the
stock must be the same as the interest rate R(z). The dividend yield is equal to
g(1)yjA=R(t)+ L[x. — k.0, — %(rff:] Z(t). That is, the firm has its dividend yield
indexed to the short-term interest rate (plus noise).

Among the comparative statics, S(¢) is decreasing in relative risk aversion 7,
time preference parameter p, and time-invariant expected output growth g, but
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increasing in I; and I;. Note that there is a long-run steady-state distribution for
both X(¢) and Z(¢), with their respective long-run means given by ), and 0.. As
the expected appreciation rate of stock price, ps(?), is a linear combination of the
two independent gamma variates X (¢) and Z(¢), it must also have a steady-state
distribution, with its long-run mean equal to 31?02 0, + 31202 0..

Other distinct features of the equilibrium stock price can also be noted. First,
its instantaneous return volatility (i.e., variance) is, by Eq. (45),

VY=ot X(t) + 632(1), (48)

which is linear in both the systematic and the idiosyncratic state variables. Here,
the systematic volatility component is determined by the coefficient o,: the higher
the coefficient, the more systematic risk the stock has and the more highly
correlated its volatility is with the market-wide volatility factor. For instance,
when g, =0, the stock has no systematic risk and only idiosyncratic risk; when
g, = 0, the stock has only systematic risk. This derived feature for stock price
volatility is plausible given the considerable and growing empirical evidence that
the volatility of an individual stock is not only stochastic over time but also
highly correlated with the overall market volatility. For instance, Bates (1995)
and Wiggins (1987) demonstrate that the volatilities of stocks are positively
correlated with each other and highly correlated with market volatility. In a recent
paper on option valuation, Amin and Ng (1993) also have the return volatility
of an individual stock comprising a systematic and an unsystematic component,
although in their case such a volatility structure is an exogenously assumed fea-
ture, rather than an endogenous feature as in our model.

Over time, the stock volatility follows an Ito process:

AV (t) = {ali, [0, — X(D)] + a3x-[0. — Z(1)]} dt + aia, /X (1) dor(t)
+030.\/Z(1)dw.(t), (49)

which is obtained by applying Ito’s lemma to (48). Like the expected appreciation
rate us(t), V(¢) has a steady-state distribution, with mean %6, + ¢30.. This
volatility process is different from those used in Heston (1993), Hull and White
(1987), Stein and Stein (1991), and Wiggins (1987), in which the stochastic
volatility is typically driven by a single systematic risk source. Another difference
between these existing models and ours lies in the correlation structure between
stochastic volatility and interest rates. For example, the instantaneous interest
rate and the underlying asset volatility are assumed to be perfectly correlated in
Heston (1993), whereas in our model these two entities are generally not perfectly
correlated, as can be seen by comparing Eq. (48) with Eq. (33). In practice, it
is unlikely for a stock’s volatility to be perfectly correlated with interest rates.
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Finally, the conditional covariance (per unit time) between volatility change
and stock return is stochastic over time:

Cov, (‘;S((’)) dV(t)) = IPat X (1) + [Pa* (1), (50)

which can clearly be positive or negative, depending on the sign and the mag-
nitude of I; and I;. Bakshi, Cao, and Chen (1997) and Longstaff (1994) argue
that time-varying correlations between stock return and its volatility are important
for avoiding the skewness-related biases (e.g., ‘volatility smile’) found in exist-
ing option pricing models. In addition, the volatility process in (49) may also
help explain the empirical findings of excess conditional kurtosis in stock returns.
Larger (absolute) values for I and I can, for instance, make the stock volatil-
ity process more volatile, which can in turn bring the distributional properties of
modeled stock returns in line with those implied by actual option prices. Overall,
our endogenous stock price and its return volatility have a rich enough structure
that we expect the resulting stock option pricing model, which is derived next,
to possess many empirically appealing properties as well.

4.2. Options on dividend-paying stocks

Consider a European call option written on a stock that pays a continuous
stochastic dividend according to (38), with strike price K and t periods to expi-
ration from time ¢. The dollar payoff to the holder at expiration is max{0, S(z + 1)
— K}, Its time-r price, C(t,7), is given by

q(;;)”)_' max{0,5(t + 1) — K} . (51)

C(,t) = E, [e“” (

Given the stock price dynamics in (45) and the restriction that f. =0 and g, , =0,
the conditional expectation in (51) can only be a function of S(¢), X(¢), and
Z(t), which allows us to write C(t,7;S,X,Z). The fundamental valuation PDE in
Theorem 1 can thus be specialized to

752C Dl ¢C o
_(a, X + GZZ)S‘ {R - E} S 5 + 010, XS Ay
PCc 1, éc X oc
+01,0.ZS 577 + EO'XX X + [Kely = (K¢ + 20)X] x
o, &C cC oC
—0:7 — . — k.2 =0, 52
T30 2 m H el —ellm = (52)
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where the time argument is suppressed, subject to the boundary condition that
C(t+1,0;5,X,Z) = max{0,S(¢ + 1) — K}. The solution to this PDE is

C(t,1;8, X, Z)=S)exp[—n(t,t; X, I (¢t,7; S, X, Z)
—KB(t, ) (1,1, 8, X, Z), (53)

where B(1,7) is the t-period discount bond price, and the two risk-neutralized
probabilities, 71, and II,, are determined by

e MKl f(1.1,S,X,Z; ¢)
i

1 [
H/([,‘L’;S,X,Z) = 5 + ;/ Re[ dd’» (54)
0

for j =1,2. The characteristic functions, f| and f5, are, respectively, presented
in Egs. (75) and (76) of the appendix, and the dividend adjustment function
ntt,X,Z) 1s

X, Z)
Oy )
= '\;2. (((Sx — Ky — Ay + I"_\-O'V%)T
(Or — Ky — fu + D62 )1 —e™™7)
2Inf1 — i
+ n{ 26,
+K:(,): ((5, — k. + ol)t
g:

+21n

24.

R ) (e C_M)D

(1 — e %)a™!
20 — (8 — Ky — A + Fea2)(1 —e™7)

24’:(1 — 6‘7‘5~'I)A71 w
26:5:—K;+r:g§)(1 _emd:r)z(t)‘i“ ZT, (55)

+ X()

where  O,=[(k, + A, — [',62)F + 26244 '}"?  and  6.=[(k. — .6}y +20?
Y.A='1"2. When ¥, = y. = 0, for example, the dividend yield is a constant,
D(8)/S(t) = YA, and the dividend adjustment term in (53) becomes: exp[—#(Z,T;
X,Z)] = exp[—%r], which is also how dividend adjustment is done in the
constant-dividend-yield option pricing formula of Merton (1973b). The term in
(53), S(t)exp[—n(t,1,X,Z)], stands for the forward price of a 1-period forward
contract written on the stock, multiplied by the price of a t-period discount bond.
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The individual stock option formula in (53) has several distinct features:

e The underlying asset pays a continuous stochastic dividend yield, and the class
of admissible dividend policies for the equity option pricing formula is quite
large;

e Both interest rates and underlying asset volatility are stochastic, with the later
consisting of a systematic and an idiosyncratic volatility component;

e All prices and rates (e.g., interest rates, stock price, and option price) are
jointly determined in a general equilibrium;

e The pricing model is derived with the representative agent having a power
utility function (or, exponential utility, as shown later), rather than the usual
log utility; and

e It is effectively a two-factor option model, with the probabilities that the option
will expire in the money depending on both market-wide and firm-specific state
variables.

Thus, our model goes beyond existing option models and combines together
most of their desirable elements. For example, the option pricing model of
Merton (1973b) allows the underlying asset to pay a continuous dividend that is
in constant proportion to the stock price, but it does not allow interest rates or
stock volatility to change over time. The option models in Heston (1993), Hull
and White (1987), Stein and Stein (1991), and Wiggins (1987) admit stochastic
volatility, but they are derived assuming that the underlying asset does not pay
any dividends and that interest rates stay constant over time. A third class of op-
tion pricing models, such as Amin and Jarrow (1992) and Goldstein and Zapatero
(1996), is built under the assumption that interest rates are stochastic whereas the
underlying asset has constant volatility, Finally, Scott (1996) has a closed-form
pricing formula for stock options with stochastic volatility and stochastic interest
rates. However, like other existing ones, his model is of partial equilibrium in
nature, with interest rates and stock prices specified outside of the model, and
is concerned with the pricing of an option written on a stock index with only
systematic risk and without dividend payments.

Our valuation model for individual stock options differs from Amin and Ng’s
(1993) partial equilibrium model in a crucial way. Even though in their discrete-
time framework they also consider a general power utility function and a similar
volatility structure for individual stocks, their option valuation formula is given
in terms of an expected Black-Scholes formula with the conditional expectation
taken with respect to the variance and interest rate processes. Hence, their pricing
formula is not given in closed form, and the option price can only be obtained
via cumbersome numerical methods. Besides, the underlying stock in their model
does not pay dividends and the stock price is exogenously specified.

The aforementioned differences between existing option models and ours have
many implications for understanding and correctly pricing equity options. For
example, consider two extreme types of stock option, type-A options written on



G.S. Bakshi, Z. Chen/Journal of Financial Economics 44 (1997) 123-165 147

stocks or stock indexes with only systematic risk (i.e., I, =0 for these underlying
assets) and type-B options written on stocks with only idiosyncratic risk (i.e.,
I, =0). For type-A options, the correct pricing formula is a version of Eq. (53)
with only the systematic state variable X(¢) as the driving factor, whereas for
type-B options the pricing formula has only the unsystematic state variable Z(¢)
as the driving factor. Consequently, the two pricing formulas have completely
different factor structures. If one fits the same option pricing formula to both types
of option, large pricing errors can result. This may explain why, for instance,
Whaley (1982) finds that the Black and Scholes model leads to option pricing
biases that differ across stocks of distinct risk characteristics. Since the pricing
models in Heston (1993), Hull and White (1987), Stein and Stein (1991), and
Scott (1996) are more suitable for type-A options and since individual stocks are
bound to have exposures to both systematic and idiosyncratic risk sources, one
can expect these existing option models with stochastic volatility to still generate
pricing biases that differ across stocks of distinct sizes or risk characteristics.

The availability of closed-form option prices makes it possible to derive com-
parative statics and hedge ratios analytically. For the option pricing formula in
(53), we can note a few useful comparative statics. First, the call price is decreas-
ing in the strike price: 0C(f,7)/0K = — B(¢,t)IL <0. Next, given the dependence
of C(¢) on S(¢), X(t), and Z(¢), there are now three different hedge ratios or
delta measures. With respect to the stock price, the option delta is

oC(t,1)
As = =
ST oS
which is state-dependent and time-varying. (Recall that in the Black—Scholes case

there is only one call option delta and that delta depends only on the underlying
stock price.) With respect to X(¢) and Z(¢), the option deltas are, respectively,

e >0, (56)

aC(t,7) —nen [ O on
= = R e 9 | (I (e
de=—2 S(t)e 5 - oy
e
—KB(t,r){C.,—X2 - Qx(f)Hz}, (57)
_ k) —nen [ O LA o
d:=—5— = S()e a7 Tl —Ih =~ KB(LT) =,

(58)
where, for j=1,2 and for h=2X,Z,
o, 1 [~ ) o of,
! R —le—iomik) il g4
el /0 e [(lqﬁ) e o | 99
and ¢n/ch can be easily determined from (55). Here, a change in X (¢) will lead
to a change in four endogenous variables: the spot stock price, the dividend yield,
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the interest rate, and the stock volatility. As these four variables affect the option
value in different directions, the impact of the change on C(¢,t) is ambiguous,
depending on the parameter values and the state of the economy. Similarly, a
change in Z(¢) will have an ambiguous impact on C(Z,7), even though Z(r) does
not affect the interest rate level. In Section 5, we resort to a calibration exercise
to show how stock options respond to a change in risk aversion.

Using the hedge ratios 45, 4,, and A4, one can follow the standard practice
to design a delta-neutral hedging strategy for calls, puts, and other option-like
derivatives. Relying on the same logic as above, the different gamma measures
can be derived for a call or a put. The details are omitted here to save space.

Finally, note that the option pricing formula in (53) is expressed as a func-
tion of S(¢), X(¢), and Z(¢). Among the three time- variables, X(¢) and Z(¢)
are not observable, which can hamper the practical implementability of the pric-
ing formula. To solve this problem, observe from Egs. (33) and (48) that both
R(¢) and V(¢) are linear in X(¢) and Z(t), which means that one can substi-
tute out the unobservable X(¢) and Z(¢) in formula (53) by the observable
short-term rate R(¢) and the recoverable stock volatility ¥ (¢). This substitu-
tion technique, therefore, permits convenient implementation of our equity op-
tion pricing formula. See Bakshi, Cao, and Chen (1997) for such implementation
details.

4.3. The Market portfolio and options on the market portfolio

The discussion in the preceding subsections applies to the first N — 1 firms’
stocks and options written on them. Now, we turn to valuing the market portfolio.
Once we have resolved the valuation issue for the market portfolio, the valuation
of the Nth firm’s stock is trivial because its price must be the difference between
the market portfolio value and the sum of the other N — 1 firms’ stock prices.
Let S(¢) be the time-r price of the market portfolio. We still set f, =g, , =0
and maintain the single systematic state variable assumption. Then, as the market
portfolio is a claim to the aggregate output stream of the economy, we have by
Eq. (35)

> ANt

S(t)=q(t)E, / g A0 <M> de. (59)
‘ q(t)

This price S(¢) must also satisfy the fundamental valuation PDE from Theorem 1:

&8 5 1,,88
Xq’ 1q2+(uq+{ﬁr 70, . }X)qﬁ += axm

L,
2"‘

&S S
+ [K:0, — (h,-i—/r)X] +aaq,qX qX+q RS=0, (60)
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subject to the transversality condition. Solving this PDE gives

where
N -1
(X (1)) = [/0 exp[—{p + (7 = Dg}r — s(t.v:.X)] db} ’ )
‘ - _X I l _ —&c
st X) = k;?x [21n<1 - o 2: o )>
om0
ooy = Ko — —— /x| U
o _ l., 2 _ — U
G Dl —gyopli—e ) o (63)

26y — [f\, — Ky — 1; A\](] —e-ur)

letting &,= \/(x_r+[1 — /)P +262(y — DBy — %}'U(i).}. The function A(X(¢))
is the equilibrium dividend yield for the market portfolio. In general, it is hard to
analytically solve the integral for A(X(t)). There are, however, two special cases
in which the integral can be solved.

Case 1. Let X(t) be a constant for each ¢ (ie., setting k, =a,=0). Then,
the output/dividend process g is a geometric Brownian motion, and so is the
price process S. The dividend yield becomes a constant, with A(X(2))=p+
(7= Dpg+G—D{B: — 7 70, 2 }. The market portfolio price is thus increasing in
g and B if y<1, and decreasing in these parameters if > 1. The price S(r)
is decreasing in the risk level g, , of the aggregate output growth if 7 <1, and
increasing in the risk level if y> 1. The solution for this case is consistent with
that of Abel (1988), who studies a similar discrete-time economy.

Case 2: Let 7 — 1, which produces the often-used log utility function. Conse-
quently, A(X(t))=p, that is, the dividend yield for the market portfolio equals
the subjective time discounting factor. Applying Ito’s lemma to S(¢) produces

dS()

50) =[pg + BX (D] + 0, /X (1)d(1) . (64)

In this case, the time ¢ price of a European call option written on the market
portfolio, with strike price K and with 7 periods to maturity from time ¢, is

C(t,t;$,X)=S8(t)e " I1(t,1;$,X) — KB(t, )IT>(t.7; §,X) (65)
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where 171 and 171 are the probabilities that can be recovered from the characteristic
functions given in (A.11) and (A.12) of the Appendix. This option formula is the
stochastic opportunity counterpart to the one in Rubinstein (1976). Furthermore,
as the interest rates and the market portfolio volatility are still stochastic in this
case, the option formula in (65) is more general than the market portfolio option
formula in Goldstein and Zapatero (1996), who have stochastic interest rates but
constant market volatility.

For other cases, the corresponding pricing formula for options written on the
market portfolio is typically not obtainable, since the exact dynamics for S(z) are
not known (unless the integral in A(X(¢)) can be explicitly solved).

5. Contingent claims valuation with exponential utility

Using the alternative valuation approach, we can demonstrate that the results
established in the two preceding sections also apply to economies with expo-
nential utility functions. Continuing with the earlier notation, assume that the
representative agent has an exponential period utility:

U(c)= —e ¥, (66)

where 7 is now interpreted as the coefficient of absolute risk aversion. To arrive
at the previous pricing formulas, we only need to change the output process in
(18) to

dg(t) = (ug + B X () + B Y(1))dt + 0y /X (1) deo (1)
+ 0V Y (1) dwy(1), (67)
and keep the processes for state variables X and Y as given in (16) and (17),
respectively. Here, change in output, rather than growth in output, is driven by
a linear combination of the state variables. With this output process and the
exponential utility function, the equilibrium risk premium for any contingent claim
F is the same as given in (20). Take the t-period discount bond as an example.

In this economy,

B(t,t)= eﬂ‘”Et[e“?'[q(! + r)—q(l)]]

= E exp {—(p + )t — / [Bx X(v)+ B Y(v)]de

4+t 1+ 7
— ‘,'oq,x/ VX ()dw(v) — yo,,_},./ \/Y(v)dw,»(v)}.
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Thus, B(z,7) is still only a function of X(¢) and Y(¢). As the risk premium for
the bond and the processes for X and Y remain unchanged from before, the PDE
in (22) applies to this bond as well. As a result, the t-period bond price in this
exponential utility economy is the same as in (23). Similarly, the bond option
price remains the same as determined in (31).

Let the firm-specific state variables Z, and the dividend policy be as given in
(34) and (38), respectively. Following the same reasoning as above, we conclude
that (i) the stock price solution in (40) and its dynamics in (45) still hold and
(ii) the PDE in (52) and hence the closed-form pricing formula in (53) apply to
a European call option written on such a stock in this economy.

In summary, the term structure, the stock prices, and the bond and stock option
pricing formulas remain unaltered, whether the representative agent has a power
utility or an exponential utility function. This statement is, however, made only
in terms of the functional forms for the respective pricing formulas. The two
types of economy can be quite different from one another. For one thing, the
output in each type of economy follows a distinct process.

6. Properties of option prices

The purpose of this section is twofold. First, using an artificial economy, we
seek to understand how interest rates, term premiums, stock prices, and stock
option prices respond to a change in risk aversion. Given that existing models
are often free of the risk aversion parameter, this calibration exercise should
serve a special role. Second, we study whether our general option pricing model
can reconcile certain differences between existing option models and empirical
regularities.

The values chosen for the structural parameters are reported in the notes to
Figs. 1 and 3. These parameter values are chosen such that the resulting term
structure of interest rates and stock price volatility are empirically plausible. For
example, the term structure of interest rates corresponding to y=2.0 is upward
sloping, with R(¢)=8.10%, R(:,0.50) =8.29%, R(z,1)=8.47%, R(1,2)=8.88%,
and R(t,00) = 12.30%, and the steady-state standard deviation of the spot interest
rate is 6.28%. The stock return standard deviation is 36.88% and the dividend
yield is 3.23%, which are not unreasonable. Furthermore, stock volatility is neg-
atively correlated with stock returns, and interest rates are positively correlated
with stock volatility.

Let us first look at the impact of risk aversion on interest rates. Note that
when y=1 (i.e., the often-used log utility case), the term structure changes to
R(t)=4.73%, R(2,0.50)=4.85%, R(t,1) =4.95%, R(1,2)=5.13%, and R(t,oc) =
7.16%, which is still upward sloping but quite different from its counterpart at
y=2. Fig. 1 plots the response of the term structure to a change in risk aver-
sion. The interest rate for any maturity has a hump-shaped relationship with ;: it
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Fig. 1. Effect of risk aversion on interest rates.

Note: The (+)-curve, ((J)-curve, (5)-curve, and < -curve, respectively, plot the yield-to-maturity on

a t-year discount bond when 1 varies from t=10.25, 1= 1, 1 =2, to T = 30. The calculations are based
on the following structural parameter values: p = 0.005, ji, =0.02, f; =0.04, 8, =0.06, 7, =0.12,
oqy= — 012, ky =0.15, 0, =045, 6. =0.12, x, =020, 0, =0.75, 6, =0.10, and time-/ (initial)

values of X(7)=0.25 and Y(t)=0.35.

first increases and then decreases, with y =35 (approximately) being the turning
point. This is exactly as expected. Recall that the elasticity of intertemporal sub-
stitution is the inverse of the risk aversion parameter 7. As 7 increases, initially
the (positive) effect of intertemporal substitution dominates and then the (nega-
tive) risk aversion effect on interest rates dominates. While this response pattern
applies to every maturity, long-term interest rates are more sensitive (with a
steeper slope), as long-term bonds are riskier and hence more responsive to
changes in risk-taking attitudes. Fig. 2 plots the term premium in relation to
. The term premium on short-term bonds is increasing in 7, while for long-term
bonds, such as for the 30-year bond, it displays a hump-shaped response. This
finding should not be surprising given the two opposite effects of 7 on interest
rates.

Fig. 3 plots the sensitivity of the stock price to 7. As expected, based on
Eq. (40), the stock price is decreasing in 7. For the European stock calls reported
in Fig. 4, we fix the term to expiration at T=0.25 (a quarter of a year) and let
the strike price change: K =$90, K =$100, and K =$110. For each call option,
the reported prices are normalized (i.e., divided) by its price corresponding to
v =2, which is done for ease of comparison. Observe the following features from
Fig. 4: (i) the call prices, regardless of strike price, are decreasing and convex in
v and (i1) the sensitivity of the call price differs substantially across strike prices,
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Fig. 2. Effect of risk aversion on the term premium.

Note: The (+)-curve, ((J)-curve, (&)-curve, and (O )-curve, respectively, plot the term premium on
a t-year discount bond when t varies from t=0.25, 1=1, 1=2, to 7= 30. All the calculations are
based on the structural parameter values displayed in the note to Fig. I.
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Fig. 3. Effect of risk aversion on the stock price.

Note: The reported values in the graph are normalized by the price of the stock correspond-

ing to y=2. The calculations are based on the following structural parameter values: p = 0.005,
g =002, Br=004, f,=0, 0,,=0.12, 04, =0, w,=0.15 0,=045 0,=0.12, x-=0.10,
0-=0.55, 0- =040, y=67.09, I''= — 1.75, I'-= — 1.25, and time-1 (initial) values of X () =0.25

and Z(1) =0.35.
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Fig. 4. Effect of risk aversion on stock options.

Note: The (4 )-curve, ((J)-curve, and (& )-curve, respectively, plot the call option price when the strike
price varies from K =90, K = 100, to K = 110. The time-to-expiration for the options is t = 0.25 years
and the spot stock price is $100. The reported values in the graph are normalized by the price of the

call option corresponding to 7 =2. All the calculations are based on the parameter values displayed
in the note to Fig. 3.

with in-the-money calls being the least sensitive and the out-of-the-money calls
the most sensitive. Observe from Eq. (53) that y can affect call option values
through its impact on the stock price, the dividend yield, and the bond price:
a higher 7 means a lower S(¢), a higher #(¢,1), and an initially lower and then
higher B(t, 7). The negative impact of an increase in 7 on stock prices in general
dominates.

We now demonstrate that our option pricing model can generate a volatility
smile. According to Rubinstein (1985) and Bakshi, Cao, and Chen (1997), when
actual option prices are substituted into the Black-Scholes model to back out
the implied volatility, the implied volatility tends to vary across strike prices in
a U-shaped manner. This volatility smile is particularly striking for short-term
options and has been a persistent feature of option markets (e.g., Rubinstein,
1994). While it is beyond the scope of the present paper to subject our model
to actual option data, we study the performance of our model in the following
fashion. We first obtain (theoretical) option prices using our equity option pricing
model, and then substitute those prices into the (dividend-adjusted) Black—Scholes
formula to numerically back out the implied volatility. The test hypothesis is
that if our model exhibits empirically plausible features, the model-generated
option prices should also lead to an implied volatility smile. For each term to
expiration, Fig. 5 plots the implied volatility against the strike price, whereas
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Fig. 5. Volatility smile in stock options.

Note: The (+)-curve, ([J)-curve, (i2)-curve, and ¢ -curve, respectively, plot the implied stock volatil-

i irati PO _Jo . __ 15 - 30 — 90
ity when the term-to-expiration for the options varies from = 65> L= 365> T= 365> 10 T= 335+ The

spot stock price is $100 and ; = 2. The implied stock volatility is obtained by inverting the (dividend-
adjusted) Black—Scholes formula where the call option price is determined via Eq. (53). The structural
parameter values used in the calculation are as displayed in the note to Fig. 3.

Fig. 6 displays the term structure of implied volatility. In all the calculations,
v=2.0. Several observations can be made from these figures. First, the volatility
smile is much stronger for call options with 30 days or less to expiration. For
longer-term options, however, the implied volatility is declining in the strike price.
Both of these features are consistent with the evidence presented in Rubinstein
(1994). Second, the implied volatility for in-the-money options is substantially
higher, compared to those for both at-the-money and out-of-the-money options.
Take as an example options with ten days to expiration (i.e., 7=10/365 years).
The implied volatility is 59.42% for K =$75, 36.68% for K =$100, and 45%
for K =$125. Recall that the time ¢ standard deviation of the stock is 36.88%.
Finally, the term structure of implied volatility for both in-the-money and out-of-
the-money options also displays a volatility smile, with 30 days being the turning
point of the U-curve, although for at-the-money calls, the implied volatility is
virtually linear in the term to expiration.

Note that these observed features apply to option prices taken from one time
point and obtained from one set of structural parameter values. As can be seen
from our derivations, for instance, different time ¢ values for X, Y, and Z
can generate different volatility patterns across strike prices and across terms to
expiration. In other words, the volatility patterns coming out of our model can be
time-varying and state-dependent, which is again consistent with the time-varying
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Fig. 6. Term structure of implied volatiliy.

Note: The (+)-curve, ((J)-curve, and (®)-curve, respectively, plot the term structure of implied stock
volatility when the exercise price varies from K = $75, K = $100 to K = $125. The spot stock price is
$100 and 7 =2. The implied stock volatility is obtained by inverting the (dividend-adjusted) Black-
Scholes formula where the call option price is determined via Eq. (53). The structural parameter
values used in the calculation are as displayed in the note to Fig. 3.

nature of the strike price biases and volatility smiles emphasized in Rubinstein
(1985).

7. Concluding remarks

The work here can be extended in different directions. For example, the al-
ternative valuation equation can be used to study contingent claims by assuming
other classes of stochastic processes. The choice of the exact stochastic structure
for the economy often depends on empirical plausibility and technical tractability.
For instance, systematic jumps can be introduced along the lines of Amin and Ng
(1993), Bates (1996), and Scott (1996). Given the existence of jumps in real-life
asset prices and economic variables, this line of research should be of signifi-
cant importance. In another direction, this approach can be applied to value other
types of derivative claims, such as equity forward and futures contracts, options
on equity futures, and options on interest rate futures.

The bond and stock option pricing models developed here can also be tested
using real-life data. Such empirical exercises can address issues related to the
well-known biases associated with the Black-Scholes model as well as how
option prices differ across assets of distinct systematic and idiosyncratic risk
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characteristics. This task, together with model implementation issues, is pursued
in Bakshi, Cao, and Chen (1997). The bond and stock valuation formulas of
this paper are applied and implemented in Bakshi and Chen (1996b).

Finally, non-expected utilities can also be introduced into this framework. Typ-
ically, solving the Hamilton—Jacobi—Bellman equation for the indirect utility or
value function is even more difficult when nonstandard utility theories are applied
(e.g., see Constantinides, 1990; Duffiec and Epstein, 1992; Epstein and Zin, 1991;
and Sundaresan, 1989). For these types of application, it then becomes more
important to develop contingent claims valuation methods without involving the
value function. This paper offers a useful direction for finding a way to conduct
contingent claims valuation under nonstandard or nonexpected utility.

Appendix. Proof of results
Derivation of the bond option formula in (31)

Conjecture that the solution to the PDE (22) is of the form as given in (31).
Then the functions B for j = 1,2 must, respectively, satisfy the PDEs:

1 0 P] . i . (sz OB(I ‘L') 8P}
X [ O A TR } ox
1 P ) ol 0B(1,%) | éP
il y 00, — (Ky + 4y 2 Y| —
At [ O = o4 20V + s oy ay
P,
_on Al
= 0 (A.T)
and
1, &P, . o2 0B(t,7) ] P,
— - — - - X P
3 g X a2 + [1\ O — (kx + A)X + Bet) oxX ax
1, 8P, o ¢B(,1) | 0P,
Y| —
T3 gy —Ua Y Bes Tay Y
Py, (A.2)
cT

where all time subscripts are suppressed and the PDEs must be solved subject to
the terminal condition:

PJ'(I +5.0XY) = l-e‘(ffr)/\’(t‘r)—e\(f~r}Y(t*r) =K

for j = 1,2, with K =In[K]+(p+ 7 NT— 1)+ 2T~ 1)+ 2%(T— 7). In a similar
agreement, Heston (1993), the PDEs for P, and P; in (A.l) and (A.2),
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respectively, are precisely the Fokker—Planck forward equations for probability
functions (see Karlin and Taylor, 1975). Hence, P; and P; must both be proba-
bility functions taking values in [0, 1]. The characteristic functions corresponding
to these two probabilities, ]i-(t, 17,X,Y;¢) for j = 1,2, must also satisfy the re-
spective PDEs in (A.1) and (A.2), subject to the terminal condition:

f;(t +1,0,X,Y;¢) = exp[—igo (T — 1) X(t + 1) — i (T — )Y (1 + 1)].
(A3)

For details on this point, see Johnson and Kotz (1970). Solving the respective
PDEs, we have the characteristic functions for the bond option formula given by

ft e XY ¢)

{ K0,
=exp$ —

2
0%

{zln<1 B e U i‘é’éo’fax(f — o)1 - e—frf)ﬂ

_wb, [2 ln(l L& -k~ hy— (L ig)eP,(E - T - e*‘rf))}

0}2, 2¢,
=P+ )T — 2T — T) = 2,(T = 1) = (1 +19)0c(T — Drubht
—(1+ip)on(® — D01 — (1 +idh)oclE — DX (1)
—(141i¢)e, (T — 1)Y (1) — In[B(2.7)]
+{[[5 021 +ip 202 (E — 1)+ (1 + i)y + AT — 1)
7B = F U+ — e S /[Ee — $ [ —we — A
—(1+igp)alod® — (1 — e =X (1) +{[[367(1 +i¢)e3 (T — 1)
(14 + )en(E = D=3(Be — $ (1 +7)0 )N — =7/

[gv_\' - %[éw - Ky - /ly - (1 + 1¢)0}29\(% - T)](l - eii‘r)]}y(t)

Ky Ox

ﬁ[@—mfa—uﬂmﬁmh4m
K"Gv i A . 2 -
g LG — ke = Ay = (T+ig)gra (T — D, (A4)
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and
AT XY )
_ GXp{~ S0 o (1 6= it e )
o 285
Kb [2 ,n<l G-k A l<l>0_2v‘§:-(f — ol —e ))}
—(p+7uy)T — 190 (T — 1)K 0,1 — 1¢Q\(% - T)Ky(')yf —igo{T—1)X (1)
. - ’\\'Hr . . 2 ~
—igo,(T — 1)Y(¢) — In[B(s,7)] - [EF — Ky — Ay — 1o 0:(T—T)]T
H[5 219V 03 (F — 1) +id(ky + A)ox(F — T)—3(Be — 3 (1 +7)02 )]
x(—e = ) /[E ~ [ —Ke— i —igpato(F—T)(1 —e~ H}X (1)
3 G0 T — D) +ig(k, + 4y et — 1)
=3B = (L) DI —e = )Y
(&= 3 [E — ke — A —idofou (T — DI(1 —e = )]}Y (1)
K_\'Hy P . - - 2 ~
- 0_‘2 [C,\' — Ky =/ — ld)G‘ Qy(T -0t p, (A.5)
where

Eo=[{ky + 2+ 021 +id)on(T — 1)} = 202{(1 + i)k + A g — T)
+3al(1+igY ol — 1) — (B — 3 (1 + )0y Y

=l A+ g (1 +id)e (- ) = 20301 +id) + A)e (T~ 1)
+30l(1+ipYel(E — 1) — W — S (1 +7)a; )N

& =[{ke + Ay + 07idoe(F — 1)} — 20} {ip(ry + 20 )o(T — 1)
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‘ET = [{"\ + ;il‘ + 6;214)@‘(% - T)}z - 26»2{14)("1 + ;EL')Q,\'(% —1)
2. ~ 2 1,2
+3 o9 e — 1) = wB, - S+ g N O

Derivation of the stock option formula in (53)

The PDE in (52) can be written as

] C 1, ) 1 '//r l// oc
2(0 X+GﬂZ) PLZ R 2(O'|X+O'ZZ) y X Z L
2c 2C 1, &C N le
+010, X —— SLax 0 Z 1oz T3 0 X —— et [K0; — (Kx + A0)X] Frd
1 oC cCc oC
_ o = A.
+5 0 27 — =57 + [k:0: — k. =~ =0, (A.6)

where, for convenience, L(t)=In[S(¢)]. Conjecture that the solution is of the
form as given in (53) and substitute it into (A.6) to yield the two PDEs for the
two functions, 71, and IT,, respectively. As in the derivation of the bond option
formula, the PDEs for 1) and I, respectively, satisfy the Fokker—Planck forward
equation for probability functions. This guarantees that [T, and IL are two valid
probability functions. The corresponding characteristic functions for II, and I
also satisfy the same respective PDEs, subject to the boundary condition

fit+1.0,8.X,Z; ¢) = exp(i¢ In[S( + 7)]) . (A7)
Solving the PDEs for the two characteristic functions results in the final solution:
H(t.t.5.X.Z; ¢)
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Derivation of the option formula in (65)

The valuation PDE for a call option written on the market portfolio is

1, &2Cc oC .o
- “,SX 5 + (R~ S—+ v O SX —=——
2% o5 (R~») a5 e ScX
1 3C oC ac -
ot X —— A, — e — — — —RC=0, A.10
+ o a2 + [kl — (K + 2x ) X ] % = C ( )

subject to the boundary condition C(r + t,0) = max(0,S(¢ + t) — K). Using the
same sequence of steps as in the derivation of the bond option and stock option
formulas, first suppose that the solution is of the form as in (65) and then solve
the resulting PDEs for the characteristic functions. For completeness, we give the
solution for the two characteristic functions below:

- c x Uy :x" x i _r I - —ht
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(ip — 12 + (i — 2)a, (1 — 5T)
+ X(1)
20 — [5‘—1\Y+(1d)71)/ (1 —e=<77)



G.S. Bakshi, Z. Chen/!Journal of Financial Economics 44 (1997) 123-165 163
where i, = 0,045 and

Le={(k — 104 — iday (2B, + (i¢ — Doy )},
= {0k = (i = DL = (id - Doy 2B + (i — 2oz N} . O
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