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This article offers a tractable monetary asset
pricing model. In monetary economies, the price
level, inflation, asset prices, andtbe real and nom-
inal interest rates bave to be determined simul-
taneously and in relation to each other. This link
allows us to relate in closed form each of the de-
pendent entities to the underlying real and mon-
etary variables. Among other features of such
economies, inflation can be partially nonmone-
tary and the real and nominal term structures
can depend on fundamentally different risk fac-
tors. In one extreme, the process followed by the
real term structure is independent of that fol-
lowed by its nominal counterpart.

This article studies the endogenous and simultane-
ous determination of the price level, inflation, asset
prices, and the term structure of interest rates, both
real and nominal. The setup is an intertemporal mon-
etary economy where there is fiat money for trans-
action purposes and where investors find it useful to
hold cash balances. The objective is to relate, in the
spirit of Cox, Ingersoll, and Ross (1985b) (henceforth,
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CIR), the price level, equity returns, and both the real and the nominal
term structures to primitive economic variables. As in CIR, the closed-
form solutions in continuous time give us a way to understand and
predict how changes in the real and monetary variables will affect the
money, the stock, and the bond markets.

Our approach provides a way of integrating asset pricing theory
with models from monetary economics. In the theory of asset prices
and the term structure of interest rates, powerful tools from continuous-
time mathematics have been used to derive closed-form formula that
parsimoniously relate asset prices and interest rates to underlying eco-
nomic variables. Premier examples include the consumption-based
CAPM of Breeden (1979) and Cox, Ingersoll and Ross (1985a) and
the term structure models of Constantinides (1992), CIR, Longstaff
and Schwartz (1992), and Sun (1992). However, in most such models,
money often plays no role and all prices are denominated in units of
the numeraire consumption good. Consequently, when building term
structure models of nominal interest rates, for instance, authors of-
ten choose to assume some exogenously given processes for the price
level and the expected inflation rate [see, for example, CIR, Pennacchi
(1991), and Sun (1992)] presumably with the understanding that these
processes are in some way due to the existence of money. While such
models have helped gain some understanding of the determinants of
asset prices and interest rates, we do not yet know whether the as-
sumed processes for the price level and inflation can be consistent
with any general equilibrium in which these variables are endoge-
nized. Overall, when money plays no direct role, the analysis can
only be partial equilibrium in nature.

Some models in monetary economics that address asset pricing is-
sues, however, do assume a role for money and endogenize the price
level and inflation together with stock prices [see, for example, Boyle
(1990), Danthine and Donaldson (1986), Foresi (1990), Lee (1989,
1992), LeRoy (1984), Lucas (1982), Marshall (1992), and Stulz (1986)].
These studies are typically motivated by citing the following empirical
findings:

e Real stock returns are negatively correlated with inflation, ex-
pected or unexpected. Stock price levels are negatively correlated
with the price level of consumption. In addition, real returns to
nominally risk-free bonds are also negatively correlated with in-
flation [see, for instance, Fama (1981), Fama and Gibbons (1982),
and Marshall (1992)].

e Real stock returns are positively correlated with money growth
[Marshall (1992)]. Nominal stock prices are negatively related to
the contemporaneous velocity of money, while real stock prices
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are positively correlated with the velocity of money three quarters
ahead [Friedman (1988)].

e Assets that are positively correlated with inflation earn a lower
risk premium [Chen, Roll, and Ross (1986)].

The negative correlations between asset returns and inflation are con-
tradictory to the traditional view that equity shares should be usable
as hedges against inflation. When inflation is viewed as a purely mon-
etary phenomenon and when the role of money is assumed away, the
positive correlations between asset returns and money growth are also
puzzling to the theory of finance. As shown by Boyle (1990), Dan-
thine and Donaldson (1986), Foresi (1990), LeRoy (1984), and Stulz
(1986), once money is introduced with the role that it contributes to
investors’ utility, negative correlations between inflation and stock re-
turns become an equilibrium property. By assuming that fiat money
facilitates consumption transactions, Marshall (1992) also endogenizes
this property as part of economic equilibrium. Based on simulations,
he shows that real returns will be positively related to money growth.
In existing monetary asset pricing models, however, the focus is typ-
ically on the determination of stock market prices, not on that of the
term structure of interest rates, real or nominal.

This article follows a tradition of monetary economics in that real
cash balances directly enter the period utility of consumption func-
tion [e.g., Brock (1974, 1975)]. Feenstra (1986) has shown that this
way of incorporating a role for money is equivalent to assuming that
money facilitates consumption transactions. In our framework, the
empirical facts listed above are also consistent with general equilib-
rium. However, our analysis differs from the existing monetary mod-
els in several ways. First, the existing models are generally cast on
a discrete-time setup, which renders analytical solutions difficult to
obtain. Here, as in Sun (1992), we start with a discrete-time economy
and then take it to the continuous-time limit, which allows us to solve
in closed form for all dependent variables in question. Among other
things, these solutions show the exact relations of the financial mar-
kets to the underlying economy and make the theoretical predictions
amenable for empirical applications. Second, we provide a complete
analysis of the joint determination of the price level, inflation, eq-
uity prices, and the term structures. In this sense, our study contains
most elements from Boyle (1990), Danthine and Donaldson (1986),
Marshall (1992), and Stulz (1986), on the relations between inflation,
asset returns, and money growth, and from Bosshardt (1987), Constan-
tinides (1992), CIR, Longstaff and Schwartz (1992), Pennacchi (1991),
and Sun (1992), on the nominal and real term structures of interest
rates.

243



The Review of Financial Studies /v 9 n 1 1996

In particular, we show that the nominal and real term structures
can have completely different properties, including their having fun-
damentally different risk structures. For instance, in some cases, the
nominal term structure is perfectly correlated with the money supply
process, while at the same time the real term structure is perfectly
correlated with the production output process. In those cases, if mon-
etary shocks are independent of output shocks, the process followed
by the real term structure will be independent of that followed by
its nominal counterpart. This finding is in sharp contrast with those
in the existing term structure literature. For example, in CIR and Sun
(1992), the real term structure has technological shocks as its single
risk factor, while its nominal counterpart has two risk factors: tech-
nological and inflationary shocks. Given their results, one would not
have considered the possibility that the real and the nominal term
structures may follow independent processes. Third, our framework
is general enough that for a reasonable class of stochastic processes
for the underlying real and monetary variables, closed-form solutions
for the commodity price level, stock prices, and the real and nomi-
nal term structures exist. This feature should be especially useful for
empirical implementations.

This article is organized as follows. Section 1 formally outlines a
dynamic monetary economy in which production output and money
supply are the two underlying state variables. Section 2 offers gen-
eral formulas that relate the equilibrium risk premium, the price level,
inflation, and both the nominal and real interest rates to real activity
and money supply. Section 3 examines a simple economy in which
both money growth and output growth follow an i.i.d. process. This
simple example serves to illustrate some of the basic properties of
our general model. Section 4 explores a more realistic but more com-
plex economy in which output growth and money growth still follow
autonomous processes. There, we give a detailed analysis of the solu-
tions, compare the real with the nominal term structure, and contrast
our results with those from the existing literature. The last section
concludes the article. The Appendix contains the proof of each result.

. A Dynamic Monetary Economy with Uncertainty

Consider a representative-agent monetary economy where (1) a single
perishable consumption good exists and (2) the agent’s period util-
ity function depends on both consumption and cash balances. This
economy shares one crucial feature with Brock (1974), Danthine and
Donaldson (1986) and Stulz (1986) in that a person’s real cash balance
is an argument in the direct utility function. Feenstra (1986) shows that
this way of modeling the role of money is equivalent to incorporat-
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ing money into liquidity costs in the budget constraint [see Marshall
(1992) and the references therein]. Initially we assume that consump-
tion, money demand, and portfolio adjustment decisions take place
at discrete time intervals of length At; later we take the model to its
continuous-time limit. Specifically, the infinitely lived agent chooses
consumption, money demand, and portfolio holdings at each point
of time so as to maximize his expected lifetime utility:

00 Md
max Z e Pl E {u (cz, L )} At, (1)
=0 P,

M 1=0, At,2At, ..., 00 '

where E; is the expectation conditional on all time ¢ information, ¢
denotes the consumption flow during the interval [£, £ + A#), MZ is
the nominal money demand from time (¢ — A?) to ¢, Pf is the price
of the consumption good, and p represents the discount factor. We
adopt the convention that upper- and lowercase letters denote, re-
spectively, the nominal and the real variable of the corresponding
economic entity. Further assume that the utility function is twice con-
tinuously differentiable and concave in both real money demand and
consumption, that is, ¢4, > 0, Uy, > 0, tee < O, Upm < 0, Uepy < O,

UeeUmm — (Uem)? > 0, where m, = (g—ﬁ) is the real money demand
and subscripts on # denote the corresponding partial derivatives.

The intertemporal budget constraint for the problem in Equation (1)
is constructed as follows. First, there is one equity share traded whose
holder is entitled to all the output of a single production technology.
This technology produces the sole consumption good. Its output in
terms of units of the good, y,, is governed by

M _ VAt — W

yt yz :/.»Ly,[ Al‘—{—(fy’t By’t\/ At, (2)

where ), and o), are, respectively, the conditional expected value
and standard deviation of output growth per unit time, and {B,),;: ¢ =
0, At,---}isani.id., standard normal process. The terms u,,; and o, ;
can be time varying, as in Cox, Ingersoll, and Ross (1985b) and Sun
(1992). Let the time ¢ nominal price of the equity share be denoted
by PZ,Z-

Second, also traded are one real bond and one nominal bond, both
risk-free, and (/V—2) financial assets. The risk-free bonds are issued at
each time # and mature at (¢ + At), except that the real bond pays one
unit of the good, whereas the nominal bond pays one dollar cash, at
maturity. The real (the nominal) interest rate at time ¢, denoted by 7
(by Ry), is simply the real (nominal) rate of return on the real (nominal)
bond. We refer to the real and the nominal bonds as financial assets
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1 and 2, respectively. At time #, the nominal cum dividend price for
every other financial asset ¢ is denoted by P;, for i=3,..., N.

Finally, at each decision time ¢, consumption ¢;, cash demand M,d,
equity holding z; (shares), and financial holdings «; = (&1, ..., an.;)
where «;, for i =1, ..., N is the number of units of financial asset i
held from (t — A¢) to ¢, must satisfy

Mzd‘f' (Pz,1 + P; yi At) Zt+PfCa1,t+a2,t+ZPi,t Uit

=3
= C; At+ M +At + Pz,t ZI+At
N
01 1+At 02 1+At
+ Pf — + — + D Pt %iriar
t 1+1’tAI 1+RZAI ; it Qi t+At (3)

where the right-hand side is the time ¢ “expenses,” while the left-hand
side is the total nominal value of everything carried over from the past.

Monetary policy in this economy is such that the resulting money
supply, M}, follows a stochastic process over time:

AM Mc M’
L AL T At 4o, By WAL (4)
M; M;

where {By; : t = 0, At,...} is again an i.i.d., standard normal pro-
cess, and wy and oy, are, respectively, the conditional expected
value and standard deviation of money growth rate per unit time.
In addition, we allow the money supply and output processes to be
correlated.

. Equilibrium Dynamics for Inflation and Asset Prices

In the assumed representative-agent economy, optimal consumption,
money demand and portfolio holdings, {ct,M,d, z;, 0}, and prices
have to adjust at each ¢ such that in general equilibrium

G = Ve
M, = M =M/,
Zr = 17

Ol,;;zo Vlzl,,N

for each t. Using these market clearing conditions, we can write the
first-order conditions for the representative agent’s problem in Equa-
tion (1) as follows:

uc(Yr, my) = e_pAzEt {Mc(yt+At, merar) (14 VtAf)} ©))
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C

P
uc(Ye, my) = e"AlEf{uc(yﬂrm, myrar) (14 KAL) Ct } (6)
Plias

Pi,z+Az}
it
i=3...,N @

ucr, m) = e PMEA[uc(isar mirar)

PC
+ tm (Visar, Mipar) At ( ‘ )} , 8

uc(y, m) = e PAE {uc(ylurm, My Ar)

C
Pl‘-‘rAt
M, P .
where m, = % is the real cash balance and p;, = 3¢ the real price of
t

13
asset 7 at time ¢. Furthermore, Equation (7) has to hold for the equity
share when p—;f & s replaced by Lotartdeardt

- . , where p,, = };;“;’ is
the real price of the equity share. Economically, the above equations
mean the following. First, by Equation (8), the agent in equilibrium
should be indifferent between holding P/ dollars more cash at time ¢
and consuming one extra unit of the good, because both will result in
the same marginal utility. This establishes the link between the price
level and monetary policy. Second, by Equations (5), (6), and (8),
the agent should also be indifferent between holding Py dollars more
cash and investing one extra unit of the good in the real or nominal
risk-free bond, which fixes the link between interest rates and money
supply. Third, by Equations (7) and (8), the agent should get the same
amount of marginal utility, whether he holds Pf dollars more cash or
simply invests it in any risky asset i. These two equations ensure that
asset prices are in line with the equilibrium money supply and vice
versa. Therefore, the above equations together provide the key links
between the good market, the asset markets, and monetary policy.

In addition to the first-order conditions, two transversality condi-
tions must be satisfied:

T E, { uc(yr, mr)

p,»’T} — 0, as T — o0, 9)
uec(Vy, my)

and

(7, 1
e‘pTEz{w —}—>O, as T — oo. (10)

uc(ye, mi) Py
These conditions ensure the existence of an interior optimum. To
briefly see this, first, suppose that Equation (9) were violated. Then,
for each little amount of consumption reduction at time #, the agent
would harvest a large marginal utility from investment-generated dis-
tant future consumption, which means that he would continue reduc-
ing current consumption without bound or, in the case that a bound
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exists, until the lower bound is reached. Second, suppose that Equa-
tion (10) did not hold. Then, the agent would want to continue reduc-
ing current consumption and hold as much cash as possible because,
for each little reduction in current consumption, the agent could re-
ceive a large marginal utility from the increased future money services.

To characterize equilibrium relations, further assume, as is standard
in the literature [e.g., Grossman and Shiller (1982), Merton (1971)], that
the real asset prices follow a vector diffusion process:

ADiy
Dit

where u;; and o;; are, respectively, the conditional expected value
and the standard deviation of the real rate of return per unit time on
asset 7, and {B;;: t = 0, At,---} is an i.i.d., standard normal process.
The parameters u;,; and o;; can depend on the time ¢ state of the
economy. Now, we may prove:

= Wiz Al‘—l—UUB,;,\/Al‘, (11)

Theorem 1. In the continuous-time limit, equilibrium risk premiums
Sfor risky assets and the real equity price are given below:
(i) The expected risk premium on asset i satisfies

Cillec (dpi,z d%)
COVy —

Uc Dit T
Myl dpi; dm
. tcem cov, < pz,t’ t) , (12)
Uc Dir My

where asset i can be any financial asset or the equity share and
cov(+, -) is the time t conditional covariance operator divided by dt;
(ii) The real price for the equity share is

o0
Dz = Et/ e Pt=D e, m5) Vs ds. (13)
t uec(Yr, My)

The equilibrium real price for the stock market, p, ;, is thus equal to
the total discounted value of all future dividend incomes. This conclu-
sion is a standard result, and hence no further comment is necessary.

According to Equation (12), both production risk and monetary
risk in this economy matter for the purpose of asset valuation. The
expected risk premium on a risky asset is linear in its covariance with
both production risk and monetary risk, and assets command differ-
ent risk premiums based on their hedging capabilities against the two
state variables. Intuitively, since investors care about not only con-
sumption but also cash balances, fluctuations in the monetary sector
can bring about changes in the real sector, and vice versa. As a re-
sult, both production and monetary risks should be compensated in
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equilibrium. Clearly, Breeden’s (1979) consumption-based capital as-
set pricing model obtains when ., = 0. Stulz’s (1986) pricing equa-
tion [Equation (8)] is also a special case of Equation (12). In his frame-
work, the period utility function is u(c, m) = ¢ In(c) + (1 — ¢) In(m),
which yields u.,, = 0.

In the empirical literature, Chen, Roll, and Ross (19806), for example,
have shown that assets that are positively correlated with inflation
command a lower risk premium. To see that this can occur in our
rational expectations equilibrium, rewrite Equation (12) as

CrlUcc dapi; dy;
Wit — 1 = — COVy y T —
Uc Dit W

miUem { (dpi,t th) <dpi,z dec) }
— cov, | —=, — cov, ,— ,
Uc bir M, bt P

Suppose that for some asset i, its covariance with inflation is positive.
Then, ceteris paribus, the expected risk premium on that asset will be
lower (recall that u.,, < 0), since such assets are desirable for inflation
hedging by risk averse investors. Analogously, risk premium tends to
be higher for assets that are positively correlated with the growth rate
of nominal money supply or aggregate real activity.

Theorem 2. In the continuous-time limit, equilibrium interest rates
and the price level are characterized as follows:
(i) The real interest rate is

A" {dyt} 1y;2uccc {dyt}
- —F{—t— -t —var, { —

= p —F Ly
u. dt Vr 2 U Vr
myUecm 1 dmt 1 WL? Ucmm dmt
- —F — ————— vary,
u. dt my 2 U m;
My U dy, dm
PR oy, (i Z) : (14)
Uc Yt ny

wherevar,(-) is the conditional time t variance operator divided by dt;
(ii) The nominal interest rate at time t

_ U (Y, M)
uc(ye, my) '

(15)

(iii) The commodity price level at time t

1 ° U (s, M) 1
— =F / e’ <H>M—C ds, (16)
Py t ue(yr, my) P
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and the expected inflation rate, denoted by m,,

L [ar
T — N
YT oart | pf

dPf C dPf d
:R;—rf—kvart( t)—ytuccov,( ! ﬁ)

Py Ue P
My U, aps dmy
— COVy e , (17)
7 Py ny
ar; . i i i P/L+A1_P/L
where =+ is the continuous-time limit of ~*%5— as At — 0.
t

t

The real interest rate in Equation (14) differs from the now-standard
interest rate equations in Breeden (1986) and CIR, in that money sup-
ply may also affect the real interest rate. Note that even in cases where
the utility functions are such that ey, = theem = Uemm = 0 [e.g., the
additive log utility function in Stulz (1986)], monetary policy can still
influence real interest rates. For example, the output process y, can
be a function of M,.

The nominal interest rate given in Equation (15) may be interpreted
as follows. The right-hand side, 2, is the marginal rate of substitution
between consumption and real cash holding, and it can be viewed as
the marginal benefit of holding one additional unit of cash balance,
whereas the left-hand side, R, is the cost of doing so in terms of
the interest foregone. Then, in equilibrium, the cost must equal the
benefit.

Although the price level in Equation (16) is not yet solved for in
closed-form, it provides the useful intuition that the real value of one
dollar of cash, 1%"’ is equal to the total “discounted value” of future

marginal benefits that the service from holding a dollar forever can
bring. As will be clear later, this equation allows us to derive the
endogenous price level, and nominal interest rates, in closed form
and without having to solve any partial differential equations.

To appreciate Equation (17), first note that the Fisher identity does
not hold in the type of economies in question. Second, rearrange
Equation (17) as

dPf Crlhee dpPf d
{Rt—JT;—I—VaI‘; <—L’>} —y = cov,( 2 i)
Pl‘ Ue P[ Vi

My Uhem < aps dmy )
cov; .

+

C 9
Ue f m;

arf « : »
= )} as the “implied real rate” on

the nominal bond, the left-hand side of the above equation becomes

Then, if we treat {R[ — 7 + vary (
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the risk premium of the nominal over the real bond and the right-hand
side shows how this risk premium is determined in equilibrium. This
reconfirms the assertion that, relative to a real instantaneous risk-free
bond, a nominal instantaneous risk-free bond is a risky asset, and
hence deserves a risk premium in real terms, which explains why it
is generally hard to back out the real interest rate from its nominal
counterpart. Equation (17) also closely resembles Equation (60) of
CIR. In their case, the direct utility ©# would be replaced by their
indirect utility of wealth, production output y; by their real wealth
term, and money supply M; would be treated as a state variable.

To see the general relationship between the real and nominal term
structures of interest rates, let b(#, t) be the time ¢ real price of a pure
discount bond that pays one unit of consumption and N (¢, t) be the
time ¢ nominal price of a discount bond that pays one dollar, in t
periods. By the Euler equation in Equation (7), b(t, ) and N(Z, T)
must satisfy in equilibrium

b(t,7) = e PTE, [M} (18)
ue(yr, my)
N(t, 1) e PTE, |:uc(yl+r, M) 1 :|

pPf uc(Yr, My) P;ir

)

Using the rule that E;(x - z) = cov,(x, 2) + E/(x) E/(z) for any two
random variables x and 2z, we obtain from Equations (18) and (19)

N(t,71) —pt Uc(Vigrr Mygr) 1
— = e "Tcov, —
P uc( Yy, my) Py

+ b(t,7) E ( 3 ) , 20)
P t+t

which determines the equilibrium relationship between the nominal

and the real yields to maturity for any default-free discount bond.

In the existing term structure literature, log utility functions are
often used, based on tractability considerations [see, for instance,
CIR, Longstaff (1989), Longstaff and Schwartz (1992), and Pennac-
chi (1991)]. From now on, as in Stulz (1986), we restrict attention to
the log utility below:

u(cr, my) = ¢ln(c) + (1 — @) In (my) 0<¢=1, (21)
where ¢ is the expenditure share on consumption. Substitute this

function into Equation (15) and obtain

R, = =

_ 1=y _1-9¢
6 m ¢ " 22)
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where v, = % is the time ¢ velocity of money. Then, the nominal
1

interest rate is increasing in time ¢ output, but is inversely related to
real money demand. This is the case because, as the opportunity cost
of holding money (i.e., the interest foregone) increases, the agent
is more willing to substitute cash balances into interest-bearing as-
sets and, consequently, real money demand will fall. In other words,
the velocity of money comoves with the nominal interest rate. An-
other point that is worth remembering is that whenever the velocity
of money v, is constant over time, so will be the nominal interest rate
R,. Therefore, in order for the nominal interest rate, and hence the
nominal term structure, to follow a stochastic process, the primitive
processes for y; and M; have to be such that the resulting velocity of
money follows some stochastic process.

Without more specific restrictions on the parameters of the pro-
duction and money supply processes, it is difficult to say much more,
based on Theorems 1 and 2, about the price process Py, the expected
inflation process m;, or the term structure of interest rates. For this rea-
son, we now turn to examining several cases in which closed-form
expressions for these and other endogenous variables are obtainable.
In what follows, we only examine properties of the economies in their
continuous-time limit.

3. An Economy with LLD. Output and Money Growth Processes

In financial economics, geometric Brownian motions are often used
to model the processes of many economic and financial variables. It
thus makes sense to first examine the case in which real output and
money supply are as given below:

d
e _ wydt + oy dw,,, (23)
Vi ‘
dan,

L=y dt 4 oy dw, 24)
M,

where w,, o), uy, and oy are all positive constants, with dw, , =
By, Adt, dwy, = BM,I«/E. This economy has a few distinctive fea-
tures. For example, both output growth and money growth are i.i.d.,
monetary policy has no impact on real output, and neither is monetary
policy accommodating to economic growth. We start with this simple
economy because it nonetheless illustrates many important properties
of the general model.
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Theorem 3. For this i.i.d. economy, equilibrium is characterized by
the following:

(i) The real price of the equity share and its dynamics are, respec-
tively,

pei =2 25)
o
d
Pt _ Wy dt + o, dw, ; (26)
Dzt ) ’
(ii) The price level and the inflation rate are, respectively,
¢ 21 M
Pf = ——|p+uy—oy| — 27)
! 1-¢ [ " M] Vi
apf
PCt - nzd[+UM dU)M’[_O—y dw}y’f, (28)
t

where the expected inflation is constant: w1, = uy — (U, — of,) —
0,0MPy M, With py y being the correlation benween the two Wiener
processes, respectively, determined by dw,, , and dwy;;

(iii) The real and nominal interest rates are constants: 1, = p +
fy — oy and R, = p + py — oy The nominal price of a - period
nominal discount bond is N(t, 1) = o~ (PHin—og) t, while the real price

of a real discount bond is b(t, t) = e~ (Priy—o T

By Equation (25), the real price of the stock market is proportional
to real output. The real rate of return on equity is the same as the
growth rate of output. Rearrange Equation (25) to get % = %. Then,
if we treat y; as the aggregate earnings flow on the stock market, the
equilibrium price-to-earnings ratio is simply the reciprocal of the time
preference parameter p. The more the average investor discounts fu-
ture utility of consumption (i.e., the higher the coefficient p), the lower
the real price level of the stock market and the lower the equilibrium
price-to-earnings ratio.

Following Equation (28), the inflation process is driven by both real
and monetary shocks. The expected inflation, m;, is increasing in ex-
pected money growth and decreasing in expected output growth. The
fact that 7, is a constant implies that for the type of economies specified
bere, a stochastic expected inflation process will not be consistent with
equilibrium.

The real money demand is proportional to output but unrelated to
nominal money supply:

M 1-¢
TR T b tum -

m;
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Thus, any change in money supply will not affect the real money
demand. However, the nominal price levels, Pf and P,; = ﬁ
X [,0 + pa — 01124] M;, are only proportional to money supply, which
means that a doubling in money supply will double the nominal prices
of both the good and the stock market, but will not affect any real
prices. There is nonetheless one exception, that is, the nominal bond
price N (¢, 7) is only a function of t and does not depend on money
stock ;. Consequently, as M, — oo, both Pf and P, will tend
to infinity but the nominal bond prices will stay invariant. In this
economy nominal stock and bond prices will not move together. Since
the nominal interest rate is a constant, so is the velocity of money [by
Equation (22)].

The real interest rate for any maturity is linear and increasing in
expected output growth but independent of monetary policy, whereas
the nominal interest rate for any maturity is increasing in expected
money growth and totally unrelated to production output. In other
words, an increase or decrease in expected output growth will not
affect the nominal interest rate. This is true because an increase in pu,,
increases the real interest rate by exactly as much as it decreases the
expected inflation rate, making the nominal interest rate independent
of output growth. This feature is due to the fact that (1) monetary
policy is detached from the real sector and (2) the average investor
has the log utility function.!

As noted previously, the persistent negative correlation between
inflation and real stock returns has been a puzzling empirical phe-
nomenon. To see how such a negative correlation can arise within a
general equilibrium, note from Equations (26) and (28) that

cov, , —= | = cov; | —, —var, | — ),
Dzt P Vo M Vi

which is clearly negative, unless both money growth is procyclical

When the investor’s utility function is replaced by

1-y
(04’ m"d’)
u(c,m) = ————
1-y
the limit of which, as y — 1, is the log utility in Equation (21), all qualitative properties of the
ii.d. economy are as stated in Theorem 3, except that the nominal interest rates become

1 1
R=p+(—-1 (/»‘Ly -5 Uf) +py — oy — S - 2o} —(y — 1) 0y 0u pyu-

In this case, the nominal interest rates are increasing when y > 1 and decreasing when y < 1 in
expected output growth.
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and its covariance with output growth dominates the variance of
the latter. Christiano (1991), Friedman and Schwartz (1982), Kydland
and Prescott (1990), and Romer and Romer (1989) all document that
money supply is procyclical and leads the business cycle, but the co-
variance between money growth and output growth typically does
not exceed the variance of the latter. This means the right-hand side
of the above equation, and hence the left-hand side, should be nega-
tive, a prediction that is supported by numerous studies such as Fama
(1981), Geske and Roll (1983), and Marshall (1992). On the other
hand, as Kaul (1987) observes, the years from 1926 to 1940 marked a
period during which money supply was strongly procyclical and the
short-run correlation between stock returns and inflation was positive,
a phenomenon that is also in line with the prediction of the above
equation.

Finally, the correlation between stock returns and money growth
depends on that between output growth and money growth, as indi-
cated below:

<dpz’[ dM[) (dy[ dM[)
COV; y = CovV; | —, .
Pzt M, Yoo M

Then, when monetary policy is procyclical [as is the case based on
existing studies, e.g., Stock and Watson (1989)], this correlation is pos-
itive, a prediction consistent with the conclusions of Marshall (1992)
and Stulz (1986).

In summary, while this economy possesses many intuitively or em-
pirically consistent properties, it has no lack of counterfactual fea-
tures. For example, the expected inflation, the real and nominal in-
terest rates, and the velocity of money are all constant over time; the
real and nominal term structures are flat. This observation helps moti-
vate our next section which offers an economy with more empirically
plausible features.

. A Model with More Realistic Money Supply and Output
Processes

For this section, monetary policy still does not directly affect produc-
tion output, nor does output determine money supply. The choice of
processes for M, and jy, is, however, based more on what is empiri-
cally plausible. To make the contrast with CIR and Sun (1992) clear, we
adopt their processes for technology and output. That is, technology,
denoted by x;, and production output follow the processes

dx; = kx Oy — x;) di + 0y /X, dwy 29
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d
BNy ) di + 0y % duw, (30)

N

where all coefficients are assumed to be positive, 6, is the long-run
mean of x;, and «, reflects the speed of adjustment to this mean.
Note that production output is perfectly correlated with the technol-
ogy process since both of their shock terms are driven by the standard
Wiener process wy ;. The square-root process, x;, is what CIR use to
characterize the underlying source of uncertainty in their models, and
Y is similar to the output process in Assumption 2 of Sun (1992). For
this reason, further interpretation of the two processes is omitted here.

In an important contribution, Stock and Watson (1989) find that
the M1 money supply process in the U.S. can be described as being
stationary around a significant time trend. The continuous-time coun-
terpart to their discrete-time model is, using our notation, as follows:?

dln (M) = wy, dt + dln (g,) Wi >0, (31)

where the growth rate of g, follows a stationary, zero-mean process.
According to this specification, money supply has two parts: a deter-
ministic time trend that grows at (exponential) rate u},, and stochastic
deviations about that trend caused by monetary shocks. Here, g; can
also be thought of as the “detrended money supply.” For our analysis,
g; is assumed to have the following dynamics:

? = kg (0g — &) di + 0g/G dwr, g > 0, (32)
t

where all the coefficients are positive, 6, is the long-run mean of g,
and k, measures the speed of adjustment. This mean-reverting process
g, is a reasonable specification for its counterpart in Equation (31)
because (1) the steady-state growth rate of g, is zero and (2) the
growth process for g; is stationary. As given in Equation (32), the

To be exact, the discrete-time model of Stock and Watson (1989) also has a quadratic time trend
in the log of money supply:

Aln (M) = (Mjf +st) Al+Aln(g) &3>0,

where & captures the deterministic quadratic time trend in log money supply. To simplify the
closed-form solutions to follow, we chose to include only a linear time trend for the log of money
supply. Solutions for the more general case that includes a quadratic trend are more complex and
are available from the authors upon request. See Marshall (1992) for a simulation-based study of
a monetary asset pricing model with a quadratic trend in the log of money supply.
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probability that g, = oo for any ¢ is zero.> From Equations (31) and
(32) and by Ito’s lemma, the dynamics of money supply are described
by
dam;
M;

=y, dt + 04 /G dwy s, (33)
where the expected money growth rate is

Mm,t = M;\)} + Kg(eg — 8- (34)

Since g; follows a mean-reverting process, so does the expected money
growth process, ;. Expected money growth will be high (low)
when the monetary shock process, g, is low (high) relative to its
long-run mean, 6,. The volatility of money growth is, nonetheless,
increasing in g;. Note that the steady-state mean of money growth is
positive and given by uj,:

E* (iar) = wiy + kglby — E* (@] = 0y, > 0,

where E*(-) is the steady-state expectation operator. For simplicity,
assume that past technological disturbances cannot be used to forecast
future monetary disturbances and vice versa, that is, cov(dwy. s, dwp ;)
= 0 and cov(dwy,,, dwys) = 0 for all s < t. However, this does
not rule out the possibility that contemporaneous technological and
monetary disturbances are correlated: cov(dwy ;, dwy,;) # 0.

In the subsections to follow, we examine the price level, inflation,
stock prices, and the real and nominal term structures for the economy
with the assumed processes.

4.1 The price level, inflation, and stock prices
Theorem 4. Let the representative agent’s utility function be as in
Equation (21). Then, equilibrium prices in the continuous-time limit
are as follows:

(i) The real price of equity is as given in Equation (25), with its
dynamics being

dpz.
pz,[

= () + 0y x)dt + 0y /X dwy; (35)

This can be seen from the fact that i follows a mean-reverting square-root process:

1 1 /1
d <—> =1 (MO__> dt — oy — dwy,,
8t & &

for some constants g, 19, and oy. For this process, it is known that the probability that i =0is
zero.

257



The Review of Financial Studies /v 9 n 1 1996

(ii) The time t commodity price level is

po_ 90~ )~ (o + wip) (p + why + kg8 M,
p+wiy+ (kg +07) & Ve

v, (36)

t

with the inflation process given by

dapf o + ui
L=, dt+ g;/g(p MM)Z dwy,s — 0y /% dwyy,  (37)
t P""MM"‘(Kg‘i‘Ug)gz |

where

T = /‘LTVI + Kg(eg —8g)— [My + (77y - U;)xt]
B (kg + Cfé)Kgé’z(@g - &)
p+uyt+ kg t+0o)g

2 2
" Kg 0y o2 g
ptumi+gtode | ¢

078 (kg +09) &
o+ uy+ (kg +02) &
B P+ Wiy
P+ 1yt (kg +07) &

0yO0g Py M /81X (38)

A number of points can be made based on Theorem 4. First, the
real price of the stock market is the same as in the i.i.d. case, so the
discussion on p, ; following Theorem 3 applies here as well. The stock
return dynamics are, however, different from before. By Equation (35),
the real equity returns are increasing in expected production growth.
Positive technological changes will have a positive impact on the stock
market, at least in the immediate future.

Second, the commodity price level, Py, is a decreasing convex func-
tion of output and a strictly increasing function of money supply. That
is, as output rises, the price level declines, but at an increasing speed.
This is empirically plausible. To see this, suppose that there is a sud-
den increase in output, and fix money supply and other things in
the economy. Then, the fixed amount of fiat money has to be di-
vided among more units of the consumption good, which lowers the
nominal price level. As output increases further, this negative impact
of output on the price level becomes stronger. The commodity price
level is also an increasing, concave function of the expected money
growth rate (i ). Among other features, the price level is increasing
in both the steady-state money growth rate (u},) and the subjective
discount factor (p).
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Third, by Equations (25) and (36), the nominal stock price is again
totally unrelated to real output:

@ (p+ why) (o + iy + kg0,)

Fer = parFi = T—d)p

M,
X
p+M*M'|' (Kg+5g2)gt

V. 39

This is the case because, ceteris paribus, the doubling of output, for in-
stance, doubles the real stock price but halves the nominal commodity
price. In effect, the nominal stock price becomes invariant to output
shocks. Among other things, the nominal stock price is increasing in
money supply. Its comparative statics with respect to other parame-
ters are the same as the corresponding ones for the commodity price
level. As in the i.i.d. case, when M, — oo, Pf — oo, and P, ; — 00.4

Fourth, by Equations (37) and (38), the dependence of inflation on
both monetary and technological shocks is just as in the i.i.d. case:
positive monetary shocks have a positive effect, while positive tech-
nological shocks have a negative impact on (unanticipated) inflation.
Furthermore, expected inflation increases in expected money growth
and decreases in expected output growth. Since both the techno-
logical shock (x;) and the monetary shock (g;) are mean reverting
processes, expected inflation is also mean reverting. Although the
steady-state distribution for expected inflation is not known in closed
form, we can examine the behavior of 7; in the deterministic counter-
part of the subject economy where 0, = 0y, = 0, = 0. In that case, the
deterministic steady-state inflation is positive for plausible parameter
values:

lim 7y = i — ey + y0x) -
Thus, the long-run expected inflation depends crucially on the long-
run money and output growth rates.

The endogenously determined price level and expected inflation
processes are in contrast with those assumed in, for example, Bosshardt
(1987), CIR, Pennacchi (1991), Richard (1978), and Sun (1992). In
these existing studies, expected inflation is typically taken to be an
AR(D) process [e.g., Sun (1992)] or a mean-reverting square-root pro-
cess [e.g., in Section 7 of CIR]. Clearly, from Equation (38), such ex-
ogenous processes are unlikely to be consistent with a general equi-
librium.

4 As noted before, the probability that g, — oo is zero (even as 1 — 00). Therefore, it is only when
t — oo that M, tends to infinity.
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Fifth, the real money demand is linearly decreasing in expected
money growth,

" — a _¢){Kg(p+M*M) + (Kg+0§)(M*M+Kg9g) - (Kg‘{’aé)MM,t} 5
f G iy (p+ 103) (p + Wiy + Kgby) -
(40)

This is because increases in pyy,, lead to increases in expected infla-
tion, which in turn results in agents decreasing their money balances.
As shown later, higher expected inflation means higher nominal in-
terest rates (and higher velocity of money), which increases investors’
desire to substitute interest-bearing assets for cash (i.e., lower money
demand).

Sixth, note from Equations (35) and (37) that

ap., dPy dy, dPy
oo 7 ) = G
t t

Dbzt Pf
P+ Wy dy; dM;
¥ > covy | —,
/0+MM+ (Kg+0'g)gt Vi M;

(dyt)

—var, [ —

Vi
dy, dM, d

Ccov; (i, t) — var; <i> . 41D
o M N

Thus, this more realistic economy possesses the same empirically
plausible correlation structure between inflation and stock returns as
the ii.d. economy in Section 3 does. The correlation structure be-
tween stock returns and money growth is also similar to that in the
ii.d. case. Thus, further discussion on these points is omitted here.

Finally, Friedman (1988) reports that for the period from 1961 to
1986, the velocity of money was negatively related to the nominal
stock price and positively related to the three-quarter lagged real stock
price. To see how his finding may be supported in this model, we have
the velocity of money below:

IA

_ o0 - &) (p+ why) (o + wiy + Kg0)
p+ 1wl + (kg + 0D & ’

(42)

t

which is strictly increasing in s diﬁ;[ > 0 (recall that py; is a
decreasing and linear function of g,). The velocity of money is thus
decreasing in g;, whereas by Equation (39) the nominal stock price
is increasing in g;. This implies that the nominal stock price is in-
versely related to the velocity of money. Next, the dynamics of v, are
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described by
du, agz (kg + 05)2 g? kg (kg + Ug) (O — &) &
_ = 2 * 2
s (p-l_uﬁ/[—k(lcg—l-agz)gt) p+ W+ (kg +02) g

3
0 (kg +07) 8

wM,l’v

which means positive monetary shocks lead to lower changes in the
velocity of money. The covariance between real stock returns and

changes in velocity is
d, d d, d d, dpPf
cov;( pz’z,ﬁ) ovt( pZ’z,ﬁ)—l—cov,( pz’t, f)

Dz U Dzt W J N
(dpz, ' th>
— COVy N
Dz M
(Kg‘f‘ag)gt o (dy[ th)
= — \ ) 9
P+ lgtode  \ v M

which is positive when money growth is countercyclical and negative
otherwise.

4.2 The term structure of real interest rates
Theorem 5. In the continuous-time limit, the equilibrium real interest
rate is

n=p+uy+0y—0)x, (43)

and the real price of a pure discount bond that pays one unit of the
good in T periods is

b(t,7) = exp [~ (¥) — ()], (44)

where

2K ,.0 1—e 4T (ky+ 0,0, —
Q) = (p+u)r+ xzx {ln [1-1-( )(kx +0x 0y 6]3)]
' ° 2q3

X

1
+ Et g5 — (kx + axay)]}

20y — o)1 —e™®7)
2q5 + [/cx +ox0y — q3] (1—e®7)

q(t) =
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B = \/(Kx + 0x0y)? + 20%(ny — 03).

Note from this theorem that the real interest rate and the real bond
prices do not depend on money supply. This fact is consistent with the
observation made earlier that the real price of the stock market is not
related to M;. In either case, the nondependence on money supply is
due to the fact that monetary policy here does not affect real output
and both money supply and output follow an autonomous process of
their own.

Next, the real spot rate is increasing in both the time preference pa-
rameter p and the expected output growth. Provided that (n), — 0}2,) >
0, the real interest rate is also increasing in the technology index
x;. By Ito’s lemma, Equation (43) implies the following dynamics
for 7

d?’} = Kx (97’ - 7t) dr+ Oy \/;zdwx,h (45)

with 6, = p + ), + (1, — 0;) 6, and o, = (1, — 0;) 0, which means
that, like x;, the real interest rate follows a mean-reverting, square-root
process with the same speed of adjustment but a different long-run
mean. Since technological shocks have opposite effects on inflation
and the real interest rate, the real interest rate must be negatively
correlated with inflation in this economy. The interest rate process in
Equation (45) is virtually identical to the one given in Equation (17)
of CIR.

The price of a real discount bond also depends solely on the tech-
nology index x;, and it is decreasing in (1) the time discount factor p,
(2) the invariant portion of output growth p,, (3) the long-run mean of
the technology index, 6., and (4) the term to maturity. Using the defi-
nition for real yield to maturity [denoted by 7(¢, )], "7 = b(¢, 1),
we obtain the term structure of real interest rates:

= B0 20

X (46)

Movements in the real term structure are thus completely driven by
real shocks. The real bond price equation in Equation (44) resembles
Equation (23) of CIR as well as the real bond price given in Corollary
1 of Sun (1992). Since both the real interest rate and the real term
structure have the same functional forms with the corresponding ones
in CIR and Sun (1992), all the discussion on the real term structure
dynamics offered by them can be carried over to our context, and the
repetition is omitted here.
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4.3 The term structure of nominal interest rates
Theorem 6. In the continuous-time limit, the equilibrium nominal
interest rate is
R = (o + /’L}k[/[) (o + M?{/{ + ngg)
, =

p+uy+ (kg +07) &

Vt, (47)

and the nominal price for a pure discount bond that pays one dollar
in T periods is
L d@+ () - d©)] &

N(t, 1) = ~ (48)
P+ iy + (kg +07) &

where dr,(t) — ds(t) > 0 and

di(t) = (p+ Mzﬂ/l)e—(p-wjﬁxﬁg)r -0

Kg + GZ B X
(1) = ——=5 [p+ iy + Kg] 7T >0
g%
Keg+ 072 )
d3(t) = 849g o + w3l e~ (P FK0)T o
kgVg

Before examining properties of the nominal interest rates, observe
the major difference between the real term structure implied by Theo-
rem 5 and its nominal counterpart in Theorem 6: the real term structure
is completely driven by technological shocks, x;, whereas its nomi-
nal counterpart is driven by monetary shocks, g;. In this economy
with the log utility function, the real and the nominal term structures
thus have fundamentally different factor structures/risk characteris-
tics: one is perfectly correlated with the technology process x; and
the other is correlated with the monetary shock process g;.> Particu-
larly when monetary shocks are uncorrelated with real shocks, that
is, when cov, (dx,, dg,) = 0, the process followed by the real term
structure will be independent of that followed by the nominal term
structure. This finding is in sharp contrast with those in CIR and Sun
(1992). In their partial equilibrium setups, the real term structure is vir-
tually the same as implied by Theorem 5 and it follows a single-factor
(real shocks) process, but their nominal term structures follow a two-
factor process, driven by both the real shocks and inflationary shocks.

As noted in the previous section, this “detachment” of the nominal from the real term structure is
due to the assumptions that (1) monetary policy and real output are not tied to one another and
(2) the average investor has the log utility function. One can easily construct examples in which
either one of the two assumptions does not hold and in which the real and the nominal term
structures share some common risk factor(s). Such examples are not given in this article in order
to save space.
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Their real and nominal term structures hence share one source of un-
certainty (i.e., the real shocks). To briefly see the internal working of
our model, note that the real interest rate in Equation (43) has the
term (1, — oj) x;, while the expected inflation in Equation (38) has
the term —(n), — 0}2,) x;. This means that real shocks affect expected
inflation and real interest rate with the same magnitude but in op-
posite directions, which results in a nominal interest rate completely
unrelated to real shocks.

Having said the above, we now turn to analyzing the nominal term
structure in some detail. In Equation (47), the nominal interest rate is
a decreasing concave function of monetary shock, and with gy > 0,
it has the economically plausible property of being positive with a
probability of one. As the level of expected money growth increases,
both the expected inflation rate and the nominal interest rate increase:

AR _ (p+ 13 (p+ 1y Ficgfy) 1
d B 2 '
Mt (o (g o) @)

Kg

In addition, the nominal interest rate is increasing in (1) the subjective
discount factor (p), (2) the steady-state mean money growth rate (u},),
and (3) the long-run mean (6,) of the monetary shock index. It is also
increasing in k, when g, < 6,, and decreasing otherwise.

Applying Tto’s lemma to Equation (47) gives

AR = { =% (Bo—B1R) [Bo— (Br+Bab )R]—G—gz(ﬂ —BiR)? tdt
t — ,3052 0 144 0 1 2Vg t 133132 0 143
- ﬂoajﬁ_zm (Bo — B1R)Y? duwyy., (49)
where

Bo = (p+ 1y (p+ 1y + kgbg) > 0
B =p+uy >0
B = Kg—f—0'§>0.

This mean-reverting process for R; is similar in complexity to the
single-factor interest rate process derived by Constantinides (1992),
and it is not nested within any known diffusion process. The drift
term is a nonlinear function of the nominal rate, and the variance
term also follows a mean-reverting process and is sensitive to the
level of the nominal rate. This is an important trait since the empirical
work of Chan et al. (1992) demonstrates that the performance of any
interest rate model depends critically on the variance of interest rate
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changes. Observe that since g; > 0 with probability one, and hence
Bo— B1R; > 0 with probability one, the mean reversion in the nominal
interest rate process is determined by [By — (B1 + 0582) R). The drift in
dR; is positive when [Byo— (B1+0,82) R > 0, and is negative otherwise.

Since g; has a long-run steady-state distribution, so will R;. Even
though the exact steady-state distribution of R, is not known in closed
form, its deterministic steady-state value can be calculated for the case
in which o, = 0. As By — 1R, > 0, the interest rate dynamics corre-
spond to the deterministic logistic model that has the property that as
t— 00, R, — /El‘f—}%zeq = p+u};. Thus, the subjective discount rate and
the long-run mean money growth rate are two critical determinants
of the long-run nominal interest rate. In some sense, this is consistent
with Friedman’s (1989) observation that countries that have had the
slowest rate of growth in the quantity of money have experienced
low interest rates.

As can be checked, the nominal price of the t-period bond satisfies
both the boundary and the transversality conditions, since N(t, t) — 1
as Tt — 0 and N(f, ) — 0 as T — 00. Note that

ON(t, 1) . ON(t,T) 0g
I, 08 O
(0 + i) (g + 0D (P + 0y + kg O) e PHIIT (1 — @bt

2
[P + 071;1 + (Kg + Ug)gt]
—1

X — <0,
Kg

which says that higher expected money growth means lower nominal
bond prices. This is true because higher expected money growth leads
to higher expected inflation, which in turn makes the nominal bonds
less valuable. It is straightforward to verify that the nominal bond
prices are decreasing in the term to maturity and hence forward rates
are positive:

lln{N(z, D)}
[ ) = —M 0)
T
P+ Wy + kgt
Kg0q
() + (o + Wi (e + o) (1 — ey e T,
% .

> 0,
di(7) + ldx(T) — d5(T)g:

where f(t, 7) is the t period ahead forward rate.
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The nominal yield to maturity for a nominal discount bond, denoted
by R(¢, T), is

R(t,7) = —% In [N(z‘, r)]

1
= —— (In[d(v) + [do(r) = (1)} 1]
—In [p+uj‘;4+{/(g+0§}gt]>- GD

Indeed, the nominal term structure has the monetary shock process,
gy, as its sole risk factor. The dependence of the term structure on
monetary shocks is nonlinear. We can further note the following fea-
tures. First, as T — oo, R(t, T) — p + u};, which means the upper
tail of the nominal yield curve is virtually flat. This also implies that
yields on very long-term bonds are less volatile than those of short-
term bonds. Second, as T — 0, R(f,t) — R,. Finally, the yield to
maturity is a nonlinear function of the term to maturity. As a result,
the nominal term structure can take different shapes, depending on
the parameters governing the evolution of money supply.

Using Ito’s lemma, we obtain the geometric term premium for a
nominal discount bond as

TP(t,t) = E {%{dln[N(t, )} — Rt}

d(T) +ldo(1) — ds(D g p+phy + (kg +0D)g
X Ko8i1{0g — &1}

_1[ dy(v) — ds(x) T
2 | Ldi(r) +lda(T) — ds(T)] g

2 2
B Kg+ 0, 02g3
P+ Wi+ (kg + 0 g 8t

(o i) (o + iy +Kg0)
p+uyt+ (kg +07) &

_[ dy(t) — ds(7) kg + 0} ]

+ f(t, 1) , (52)

which is nonlinear in both the term to maturity and the monetary
shock process. Depending on the parameter values and the level
of monetary shocks, the term premium can be positive or negative,
which is in contrast with the result in CIR that the term premium is
uniformly positive. Here the term premium need not be an increasing
function of 7.
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Concluding Remarks

In the Fisher identity, the nominal interest rate equals the real interest
rate plus inflation. As a somewhat immediate implication of this the-
ory, the nominal interest rate process should be driven by both the
factors affecting the real rate process and those affecting the inflation
process. Presumably this is what underlies the results in, for exam-
ple, CIR, Pennacchi (1991), and Sun (1992), that the real term structure
has real shocks as its single factor, whereas the nominal term structure
has both real and inflationary shocks as its risk factors. Consequently,
one would think that the respective processes followed by the term
structures could not be independent of one another. That, however,
is not true in certain economies. As demonstrated by the preceding
exercises, it is possible for real shocks to have opposite effects of the
same magnitude, respectively, on the real term structure and inflation.
The two effects then offset one another in the nominal interest rate
process, resulting in a nominal term structure completely unrelated
to real shocks. This explains why, in the case of Section 4, the real
and nominal term structures are driven by separate risk factors, one
by real shocks and the other by monetary shocks.

Depending on the nature of the processes followed by output and
money supply, the real and nominal term structures can nonetheless
share the same risk factors even within our framework. For instance,
suppose that both output and money supply are functions of real
shocks as well as some other state variables. Then, as one can see
from our discussion, the two term structures will both be driven by
real shocks and the other state variables. The key point here is that
with the log utility function, state variables can affect the nominal term
structure only through their impact on the money supply process,
and they can influence the real term structure and real asset prices
only through their impact on the output process. In this sense, our
framework does allow one to derive richer dynamics for inflation,
asset prices, and interest rates than the ones presented in Sections 3
and 4. Given the space constraint, we chose to present only the simple
cases in these two sections so as to demonstrate the basic properties
of our general model.

Our results regarding the correlation structure between stock re-
turns, on the one hand, and inflation and money growth, on the other,
hold for a large class of output and money supply processes as well
as for more general utility functions.” For many types of monetary

With more general utility functions, closed-form solutions are sometimes hard to obtain. For
instance, with the power utility function given in Footnote 1, it is difficult to solve for the term
structure of interest rates in closed form when output and money supply follow such general
processes as the ones given in Section 4.
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economies, stock returns will be negatively correlated with inflation
and positively correlated with money growth. Thus, incorporating a
role for money not only helps one to understand the internal determi-
nation of inflation and asset prices, but also permits one to reconcile
certain gaps between empirical facts and economic theory.

Appendix

Proof of Theorem 1. Subtracting Equation (5) from Equation (7) and
dividing both sides by #.(y;, m;) result in

£ { Uc(Verar, Meyar) (Apm - Al‘)} —0 (53)
uec(Vr, my) Dit '

Taking the Taylor series of uc(Virar, Meyar) at (Vy, my) gives

B { eV, my) + thec (Ve M) DAYy + tem (Y, M) Ay
' uc(Vr, my)

[(Mz‘,t — 1) At + Ui,tBi,t\/A_f]} + O(Af)% =0, (54)

where O(Az‘)g is a linear function of (At)% and higher-order terms,
which are negligible. Now, taking At — 0, applying Ito’s multiplica-
tion rule, and rearranging the resulting equation leads to the desired
equation in Equation (12).

Replacing the term 2420 in Equation (7) wit
rearranging the resulting equation leads to

h DesartYear At

Do and

—pAt Uc(Vivars Merar)
uc(yr, my)

Dz = E {e (Vrrnt AT+ pz,z+m)} .

Applying this equation iteratively, we have

o0
(i Uc(Vegj At> Mg jAr)
A c J J
Dzt = E Z e PUAD Vitjar At
J=1

ue(Yr, My)

whose continuous-time limit, as At — 0, is Equation (13), provided
that the transversality condition holds. =

Proof of Theorem 2. This proof involves the repeated use of the

Taylor series and Ito’s lemma. Since these are standard techniques, in
what follows we provide the main steps in order to save space.
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First, to get the real interest rate, take the Taylor series of (Vi1 as,
my4+ar) in Equation (5) at (), m;) and obtain

uc(Ye, mp)(1 4+ pAl) = E {[uc(yz, my) + tec(Vr, M) DAYy
1
+ tem(Vr, M) Amy, + Euccc(yh mt)(Ayt)z
1 2
+ E Mcmm(ytv mt)(A mt)

+ veem Ve, M) Ay Amf] 1+ rfAl‘)}

+O(AD3,
or,
1 Uee A 1 y?u, AN\ myue, Am
n=p-—=8 Jillee D)t + = JiHece <ﬁ> + —Lm
At Uc Vi 2 uc Vi Uc my

1 m?u, Am\* Myltheem Dy Am ;
4o cmm ( z) +yt tUcem ﬁ’ t}—l—O(Al‘)%.
2 U ny

Uc Vi mi

Taking At — 0 and applying Ito’s lemma to the above equation yields
Equation (14).

Next, to derive the nominal interest rate, subtract Equation (6) from
Equation (8) and obtain

R E |:Mc(yt+At7 My AL Pf i| B |:Mm(yt+At, My Ar) Ptc i|
t Mc()/t» mt) PfC+At ' uC(y[’ ml) PfC+A1 .
(55)
Note that using the Taylor approximation, we have
P AR (RS 2 +0(An? (56)
= — 2,
PtC+At Py Py

Taking the Taylor series of uc(Virar, Meyar) at (1, my;) and using the
above fact, we have

u ,m Pf Uee A MyUeym AM
E[|: cWrkae Mipar) i :| _ Et{[1+y; ccﬁ_i_ tUcm tj|

uc(ye, my)  Pia, Ue Vi Ue  my
(1 - AP[C) + O(At)%}
Py
— 1 as At — 0.

269



The Review of Financial Studies /v 9 n 1 1996

Similarly,

u ,m Py Um Vi, M.
E;I: m(VetAts MipAt) r i|_> m (s, 1) as At — 0.

Uec(Vy, my) P,C+A; uec(Vy, my)
In light of these facts, we conclude that Equation (55) implies Equation

(15) as At — 0.
Rewrite Equation (8) as follows:

1 — A, { U (Vevars My Ar) 1 N Uc(Yirar, Meyar) 1 }
/ ey, my) Pl uc(y, my) Py,
(57)
Applying this equation iteratively for times ¢, 4+ A¢, t+2A¢, ..., and

imposing the transversality condition, we arrive at

00
i = E Ze*p (jAb U (Vitj Ats Mg j Ar) Cl Al
j=1 Mc(yh mt) PH—jAt

whose continuous-time counterpart, as At — 0, is Equation (16).
Only Equation (17) remains to be shown. Divide Equation (6) by
Equation (5), rearrange the terms, and obtain

£ i Uc( Ve ats Mt Ar) 1+ r;At)}
uc(Yr, my)
— { Uc(Vetar, Mirar) (1 + RAY P[C } .
uc(Yr, my) PﬁFA,

Again, using the Taylor series and substituting Equation (56) into the
above gives, after some rearrangement,

A 1 t
Ue + Yy MCCT?} + Mty AWT APf APtC 2
Ue Py Py

(B —n) At = E {
+ 0(AD?,
whose continuous-time limit (as At — 0) is Equation (17). u

Proof of Theorem 3. Substitute the log utility in Equation (21) into
Equation (13) and obtain

per=E [/ e PG=h (%) Vs ds:| = / e P g, (58)
t S 12

which gives Equation (25). Applying Ito’s lemma to Equation (25) re-
sults in the dynamics for the equity price as in Equation (26). With
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the log utility, the commodity price level can be derived from Equa-
tion (16) (Theorem 2) as

1 1_4’/00 ~p(s=1) [1}
= e PYTVE | — | ds. 59
Pf oy o) t ' M; 69

Stochastically integrate Equation (24) to derive the following rule for
money supply,

1 N
Ms = Mt exp |:<le — EGIZW> (S — f) + 0'[\4/ d(,()M,(:| .
t

The conditional expectation can then be written as

1
E [ﬁ | M,] = M exp[—(uu — o) (s — D].

Substituting this expression into Equation (59) results in Equation (27).
Applying Ito’s lemma verifies the inflation dynamics in Equation (28).

The expressions for the nominal and real interest rate can be simi-
larly derived. From Equations (19) and (27),

uc[lerr, Myyr] P;C
ucy, md  Pp,
M;

N(t,7) = e °'E, |: :| =e "y Pl E [

Vire Pfys ]

e PT Er|: i| — o (ptmn—opt

MtJrr

which is the desired expression for the nominal bond price. The nom-
inal interest rate is obtained by taking R, = lim,_ —% In[N(¢,7)]. ™

Proof of Theorem 4. The equity price equation can be similarly
derived as in the case of Theorem 3. The dynamics for p, ; then follow
from applying Ito’s lemma to the equity price equation. With the log
utility, the commodity price level can be derived from Equation (16)
(Theorem 2) as

_ [e.¢]
3. = —1 ¢ / eip(s*l)Et |:ii| ds
Pt N ¢ t Ms

_ 1—¢/ e P =D=ILS [li| ds, (60)
¢ S '

S

noting that M, = e*v*g; and assuming that M, = gy. Now observe
that by Ito’s lemma,

1 K.0 o
dl=) =« +02)—ﬁ:|dl——gdwz )
(g) [g ¢ g Ja
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Multiply both sides by €%’ and rearrange to get

ekslsl o
d( = (kg + ogz)e"geﬁldt — Ol 25y .

8t /i

Note that since cov(dwy, s, dwy ) = 0 for all § < s, all the infor-
mation generated by the process x; up to time ¢, {wyy : § < t}, is
independent of future monetary shocks, dwj, s, for all s > ¢. Thus,

E, (ql) =F [gl | g,]. Then,

1 B s ngQg 14 ngeg t
sl e] = el ([l )14
8s ' 8e 8

E [e"ﬂeﬂs (/ (kg + aé)e"“eﬂzdﬁ
t

et 98 %!
— el(g g & de,[ + > |gt:|
»/; V& 8t

2
/cg—i—og

i e—/qﬁg(s— 1) +

_ kgl (s—1)
=2 o (1—e ). 6D

Substituting Equation (61) into Equation (60) and integrating the re-
sulting expression leads to Equation (36). With p > 0, k; > 0, 6, > 0,
and u}, > 0, the same sequence of steps also verifies the transversal-
ity condition that is required for interior optimum, that is, as 7" — 00,

e PTE, [ pclyr] — 0. Finally, applying Ito’s lemma to the price level in

Equation (36) gives the inflation dynamics in Equation (37). =

Proof of Theorem 5. Given the dynamics for y; in Equation (30),
we have

1 t+t t+t
Ve = yr et xexp |:<17y - —0'2) / Xeds + cry/ \/Edwx{| .
t 1

27

Substituting the log utility in Equation (21) into Equation (18) and
using the above expression, we obtain

b(t,t) = expl—p r]Ez< Jr )
Vit

= expl—pt — u,7l E

1 5 I+t +t
X {exp [— (ny — EO'},> /t Xeds — Oy/z «/Z‘dwx,s} }

expl—pt — p,7] b(t, 7).
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According to Richard (1978, p. 49, Equation (57)), this b(t,7) is a
solution to the following PDE [also see Friedman (1975) or Vasicek
1977l:

1 ~ ~ ~ ~
zo}?xtbxx + [Kx(ex - -xt) - O'xo-yxl] bx - bt - (ny - O-]%) Xt b=0.

Via a standard separation-of-variables technique, the unique solution
subject to the boundary condition, f)(l‘ + 1,0) = 1, is the real bond
price formula m Theorem 5. Equation (43) is then obtamed by takmg
7 = lim; 0 —= ln [b(t, 7).

Proof of Theorem 6. Substituting Equation (42) into Equation (22)
gives the desired expression for the nominal interest rate R,. From
Equation (19),

N(t 1) = o PTE [uc[yt+r7 mt+r] Ptc :|
) - t
uclyr, myl e
— o PTy P
= VW PCE, [7] : (62)
e yl+rPtc+r
By the result in Equation (306),
L a—@ei [(K +oh+ 2T ML]
Pio Ve 9o+ uh) (o + iy + kgby) 88 8+t
Substituting this into Equation (62), respectwely, for ‘v and ﬁ
t r+r =+r

and taking the conditional expectation of Q— as in the proof of Theo-
St

rem 4, we arrive at the desired expression for the nominal bond price.
[
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