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This article develops an asset allocation framework that incorporates prior beliefs
about the extent of stock return predictability explained by asset pricing models. We
find that when prior beliefs allow even minor deviations from pricing model implica-
tions, the resulting asset allocations depart considerably from and substantially out-
perform allocations dictated by either the underlying models or the sample evidence
on return predictability. Under a wide range of beliefs about model pricing abilities,
asset allocations based on conditional models outperform their unconditional coun-
terparts that exclude return predictability.

Financial economists have identified economic variables such as the
dividend yield and the term spread that predict future stock returns
through time. Subsequently, several studies have examined whether this
return predictability is explained by rational pricing or whether it is due to
asset pricing misspecification [see, e.g., Campbell (1987), Ferson and
Korajczyk (1995), and Kirby (1998)]. Studies such as these approach
finance theory by focusing on two polar viewpoints: rejecting or not
rejecting a pricing model based on hypothesis tests. However, such an
approach fails to capture many aspects of both the model and the data
that could be potentially useful for a decision maker [see, e.g., Pastor
(2000)]. This article studies return predictability from a different perspec-
tive. In particular, it incorporates pricing restrictions on predictive regres-
sion parameters as a reference point for a hypothetical investor’s prior
belief. The investor uses the sample evidence about the extent of predict-
ability to update various degrees of belief in a pricing model and then
allocates funds across cash and stocks. Pricing models are expected to
exert stronger influence on asset allocation when the prior confidence in
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their validity is stronger and when they explain much of the sample
evidence on predictability. Thus the investor’s asset allocation provides
a useful metric for assessing the economic significance of pricing model
misspecification.

Our design has enough flexibility to incorporate realistic constraints
on portfolio holdings. This feature is especially desirable given that U.S.
investors are not allowed to establish unlimited long and short positions
per Regulation T of the Federal Reserve Board. In the presence of port-
folio constraints, equilibrium expected returns need not be linear in factor
sensitivities. Thus it might be difficult to implement traditional asset
pricing tests such as that of Gibbons, Ross, and Shanken (1989). Indeed,
Hansen, Heaton, and Luttmer (1995) develop asymptotic tests for evalu-
ating asset pricing misspecification in the presence of portfolio con-
straints. Ours is a finite sample metric. In addition, our framework does
not attempt to deliver a binary (reject or not) decision about the validity of
an asset pricing model. Instead, it analyzes how the sample evidence about
model misspecification leads to updating of various degrees of prior belief
about model accuracy, as reflected in asset allocation decisions.

We apply the approach to examine the restrictions on return predict-
ability implied by the three-factor Fama and French model (1993; hence-
forth FF) and by two extended versions of FF. The first extension
accounts for momentum documented by Jegadeesh and Titman (1993).
The second follows Chen, Roll, and Ross (1986) in incorporating risk
exposures related to interest rates and credit conditions. Momentum is
captured by the winners-minus-losers portfolio (WML); interest rate risk
is proxied by the return differential between long- and short-term govern-
ment bonds (TERM); and risk related to credit conditions is captured by
the return differential between low- and high-rated corporate bonds
(DEF). We consider two sets of investable assets. The first set contains
cash, the value-weighted Center for Research in Security Prices (CRSP)
index, SMB (size premium), HML (value premium), WML, TERM, DEF,
and 25 portfolios sorted on size and book-to-market. The second replaces
the size and book-to-market portfolios by 25 industry portfolios. We first
analyze the economic significance of deviations from pricing model impli-
cations, then evaluate performance of asset allocations based on various
prior beliefs about the extent of predictability explained by asset pricing
models. We also compare performance of asset allocations based on
conditional pricing models versus unconditional ones that disregard con-
ditioning information. Such performance is studied under a wide range of
prior beliefs about pricing abilities of conditional and unconditional
models, ranging from perfect confidence to complete skepticism.

Our approach yields several insights about the influence of conditional
pricing models and the data upon financial decision making. For one, we
find that asset allocation is extremely sensitive to the imposition of model
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restrictions on predictive regressions. Indeed, an investor who believes
those restrictions are perfectly valid but is forced to allocate funds dis-
regarding model implications faces an enormous utility loss. Furthermore,
asset allocations depart considerably from those dictated by the pricing
models when the prior allows even minor deviations from the underlying
models. In the presence of short-sale constraints or the 50% margin
requirement per Regulation T of the Federal Reserve Board, the depar-
ture from model implications declines substantially, and sometimes dis-
appears, yet it often remains economically significant. On the other hand,
when the prior reflects a fairly skeptical view about model pricing abilities,
the resulting asset allocations could be much closer to those implied by the
model alone than to those implied by the sample evidence on predictabil-
ity alone. This suggests that pricing model implications for investment
decisions could be important even when the possibility of model mispric-
ing is recognized. We also demonstrate that asset allocations based on
conditional pricing models and the sample evidence combined are sensible
in that long and short positions are much less extreme than those obtained
when model implications are completely disregarded.

Ex post out-of-sample analysis gives further insights about asset alloca-
tion with conditioning information. We demonstrate that optimal portfo-
lios based on dogmatic beliefs in conditional pricing models deliver the
lowest Sharpe ratios. In addition, completely disregarding pricing model
implications results in the second lowest Sharpe ratios. Remarkably, much
higher Sharpe ratios are obtained when asset allocations are based on the
so-called shrinkage approach, in which inputs for portfolio optimization
combine the underlying pricing model and the sample evidence on pre-
dictability. Indeed, a shrinkage approach for asset allocation has been
entertained in earlier articles such as Black and Litterman (1992) and
Pastor (2000). None of these, however, accounts for expected return
variation, as we do. In fact, we show that asset allocations that reflect
such variation considerably outperform allocations based on models that
assume time-invariant expected returns. These performance-based find-
ings suggest that expected returns do indeed vary over time and that the
shrinkage approach to asset allocation helps performance even under
expected return variation.

In related work, McCulloch and Rossi (1990) develop a utility-based
metric to test asset pricing models. They assume that returns are unpre-
dictable, and they focus on two polar views about the usefulness of asset
pricing theories: perfect confidence versus complete skepticism. Our study
differs in that it accounts for predictability and entertains some intermedi-
ate views about model misspecification. Kandel and Stambaugh (1996)
investigate the predictive regression evidence from the perspective of a
Bayesian investor who allocates funds between a single risky security and
cash. Unlike their data-based approach, our multiple-security paradigm
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accounts for pricing model implications for predictive regressions. Pastor
and Stambaugh (1999, 2000) and Pastor (2000) suggest that finance theory
can be used to form informative prior beliefs in financial decision making.
In their framework, one uses the sample evidence to update different
degrees of prior belief in model mispricing. The idea of having various
degrees of beliefs in a pricing model has also been suggested by Shanken
(1987) in the context of testing portfolio efficiency. Shanken formalizes
model beliefs as prior beliefs about the ratio of an index’s Sharpe ratio
to the Sharpe ratio of the tangency portfolio. Relative to Pastor and
Stambaugh and Shanken, we account for expected return variation,
which, as noted earlier, considerably improves ex post portfolio perfor-
mance. Shanken and Tamayo (2001) examine the interaction between
data and prior beliefs about the source of market index predictability. In
this work we entertain prior degrees of belief about the usefulness of
pricing models in order to explain why expected returns are different
across securities and through time.

The remainder of the article proceeds as follows. Section 1 sets forth an
econometric framework to address asset allocation when a hypothetical
investor incorporates prior beliefs about the extent of stock return pre-
dictability explained by asset pricing models. Section 2 describes the data
used in the empirical analysis and Section 3 presents the findings. Con-
clusions and avenues for future research are offered in Section 4. Unless
otherwise noted, all derivations are presented in the appendix.

. Predictability and Finance Theory: An Investment Perspective

1.1 Pricing model implications for predictive regressions

Financial economists have shown that asset pricing models imply restric-
tions on the intercept, slope, and goodness-of-fit in a time-series predictive
regression. Under pricing models, the component of returns explained by
forecasting variables is attributed to changes in risk premia, risk expo-
sures, or both. Otherwise, return predictability is due to model misspeci-
fication, the extent of which may vary in response to changing economic
conditions. The approach developed here is to assess asset pricing mis-
specification using a utility-based metric. We derive and compare port-
folio decisions of three types of hypothetical Bayesian investors. The first
exhibits a completely skeptical view about the usefulness of asset pricing
theories. The second has some intermediate views. He neither takes a
pricing model as a dogma nor discards it as useless. The third has complete
faith in the accuracy of the asset pricing restrictions. These investors’
initial views are updated by the data, and portfolio decisions with estima-
tion risk are made on the basis of the updated beliefs. Optimal portfolios
are then mapped onto riskfree certainty equivalent returns. The difference
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between these returns constitutes a powerful metric for assessing the
economic significance of model mispricing, as reflected by both prior
beliefs and the sample evidence on predictability.

In the following, we develop the econometric framework. First, we
model excess returns (returns in excess of the one-month Treasury bill
rate) on N investable assets as

Vr:a(zt—1)+Bf;+“rr» (1)

a(zim1) =ap+ a1z, (2)

where f; is a set of K monthly excess returns on portfolio-based factors,
z,_1 1s an M-vector of predictive variables observed at the end of time
t — 1, oo stands for an N-vector of the fixed component of asset mispri-
cing, @ is an N x M matrix of the time-varying component, 8 isan N x K
matrix of beta, and u,, is an N-vector of a zero-mean security-specific
event whose variance-covariance matrix, denoted by Xz, is assumed
constant over time. Modeling « as a linear function of instruments goes
back to Rosenberg and Marathe (1979). Shanken (1990) and Ferson and
Harvey (1999) simultaneously model a« and B as linear functions of
information variables. In our framework, 8 is time invariant, as in
Campbell (1987), Connor and Korajczyk (1989), and Kirby (1998).
Earlier work [see, e.g., Ferson and Harvey (1991) and Evans (1994)]
shows that predictability is primarily driven by changes in risk premia
over time, whereas the impact of beta variation is second order. Ferson
and Harvey (1999), however, provide evidence of changes in beta, and
Tamayo (2002) allows beta variation. Of course, a pricing model implies
that a(z,_;) in Equation (1) is equal to zero. Below we derive the implica-
tions of this no mispricing for predictive regressions.

We model the evolution of factors and predictive variables using the
specifications

f[:)\(Z[_l)+uﬁ, (3)
AMzi1)=Ao+ A1z, (4)
L= a2+ Uz, (5)

where A(z,_;) is the expected value of f; conditioned on z,_;, u; is a
K-vector of zero-mean unexpected factor realizations with a variance-
covariance matrix, denoted by ¥z, that is assumed constant over time,
Ao is a K-vector, A1 is a K X M matrix, «. is an M-vector, and a. is an M X
M matrix. As noted earlier, in this work factors are portfolio based. Thus
the conditional expected value A(z,_;) stands for risk premia, or market
price of beta risks. Risk premia can vary over time if A; # 0. In addition,
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observe from Equation (5) that the predictive variables are modeled using
vector autoregression of order one. That specification has been used in an
investment context also by Kandel and Stambaugh (1996), Stambaugh
(1999), Barberis (2000), and Avramov (2002).

Now, a conditional version of an asset pricing model implies the
relation

E(re|zi-1) =BA(z1-1) (6)

for all z, where E stands for the expected value operator. The pricing
model in Equation (6) implies restrictions on parameters and goodness-
of-fit in the time-series predictive regression

Fe= o+ L1 Z-1+ Vi, (7

where wg is an N-vector and u; is an N x M matrix. In particular, note
that by adding to the right hand-side of Equation (7) the quantity
B(fi — Ao — Aiz,—1), subtracting the (same) quantity Bug, and decom-
posing the residual in Equation (7) into two orthogonal components
v, = Buy + u,, we reparameterize the return-generating process in
Equation (7) as

1= (o — BAo) + (g — BA1)zi—1 + Bfi + . (8)

Matching the right-hand side coefficients in Equation (8) with those in
Equation (1) yields
Mo = ao + BAo, 9)

wy =oaq + BA;. (10)

Equation (10) indicates that when a model fails to explain why average
returns differ across stocks and over time, that is, when a(z,_;) # 0 in
Equation (1), return predictability, if it exists, is due to the security-
specific model mispricing component (a; # 0) or the common component
in risk premia that varies (A; # 0). When mispricing is precluded, the
regression parameters that conform to asset pricing models are

H’O:B)\O’ (11)
MIZB/\I‘ (12)

The pricing restrictions of Equations (11) and (12) capture the fact that the
intercepts and slopes in a multivariate time-series predictive regression are
equal to beta times the intercepts and slopes in the regression of portfolio-
based factors on lagged forecasting variables.

Earlier studies [see, ¢.g., Campbell (1987) and Kirby (1998)] test pricing
restrictions on predictability using statistical procedures such as the
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general method of moments (GMM) of Hansen (1982). In essence, asset
pricing tests are founded on the two polar viewpoints of rejecting or not
rejecting a model. This work studies predictability from a different angle.
In particular Equations (11) and (12) serve as a reference point for
informative prior beliefs in an investment context. Our aim is to assess
the economic significance of deviations from pricing model implications
by comparing asset allocations based on various degrees of confidence in
the underlying model.

The metric developed here is attractive for several reasons. For one,
it applies to finite samples. In contrast, asset pricing tests with con-
ditioning information, like the GMM, are valid only asymptotically. In
addition, the proposed metric flexibly accommodates portfolio con-
straints. Most importantly, our framework is sufficiently general for
analyzing scenarios where an investor neither takes a pricing model as a
dogma nor discards model implications as completely worthless. Under
such prior beliefs, inputs for asset allocations are based on both the
pricing model and the sample evidence on predictability. Indeed, a
shrinkage approach to asset allocation has been suggested by Black
and Litterman (1992) and Pastor (2000). However, these studies assume
that expected return is constant over time. In this work, expected
return could vary due to time-varying risk premia and (potential) model
mispricing.

We note that this study focuses on a conditional version of beta pricing
models, whereas recent works [see, e.g., Lettau and Ludvigson (2001)]
have analyzed the empirical performance of asset pricing models using the
pricing kernel representation

§t+1:az+b;ft+1» (13)

where £ is the stochastic discount factor. The parameters ¢ and b in
Equation (13) are often modeled as linear functions of forecasting vari-
ables. Indeed, Kan and Zhou (1999) have shown that the beta pricing setup
is at least as efficient as the stochastic discount factor approach. In addi-
tion, we note that our constant beta framework is entirely consistent with
time-varying pricing kernel parameters. To illustrate, using the equivalence
[see Cochrane (1996)] between the representations in Equations (6) and
(13) yields

ar=1/ra(1 4+ M (z) S (20)), (14)

b= —1/raSp A (z), (15)

where 7 is the riskfree rate. Observe from Equations (14) and (15) that
variation in risk premiums or riskfree rates implies time-varying a, and b,
even when beta is constant over time.
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In what follows, it will be convenient to work with the multivariate
forms of the dynamics of excess returns, factors, and predictive variables.
These are given by

R=WT + Ug, (16)
F=XAr+ Up, (17)
Z=XAz+ Uy, (18)

where R = [r1, 72, ..., 17, W=[X,F],X = [vr, Z_1],vrisa T x 1 vector of
ones, Z_; = [z0,21,---,27-1)» Zo s an M x 1 vector of initial values of the
predictive variables, F = [f1,/5,....f7], Z = [z1,22,...,27], I = [a, BT,
a = [ag,a1], A = [Ao,A1], and A, = [az, a,]'. The dimensions of the
matrices are as follows: R and Uy are Tx N, F and Up are Tx K, Z
and Uy are TxM, X is Tx(M+ 1), Wis Tx(M+ K+ 1), I' is
M+ K+ 1)XxN,Apis(M + 1) x K,and Azis (M + 1) x M. We assume
that the system of residuals V = [Ug,Ur,U,] has the distribution
vec(V) ~ N(0, X ® I7), where vec(}') is the column-wise vectorization of
V, the symbol ® stands for the Kronecker product, and Irisa T x T
identity matrix.

The rest of this section proceeds as follows. Subsection 1.2 formulates
various degrees of prior belief about the validity of the asset pricing
restrictions in Equations (11) and (12). Prior beliefs are combined with
the data to produce posterior beliefs. Based on posterior beliefs one can
derive the so-called predictive distribution, introduced by Zellner and
Chetty (1965), as an input in computing asset allocation with estimation
risk. Subsection 1.3 describes the utility-based metric for analyzing model
mispricing.

1.2 Prior
1.2.1 Polar views concerning the validity of pricing restrictions on
predictive regressions. We consider two polar viewpoints. First, asset
mispricing is part of the parameter space, denoted by ® . Second, condi-
tional pricing models hold exactly, meaning that ao and «; are excluded
from the set of parameters, denoted by ® . The first specification could be
viewed as one where investors believe that pricing models do not explain
return predictability. The second reflects perfect confidence about pricing
model implications for predictability, as formulated in Equations (11)
and (12). Investors’ prior beliefs about ® ;; are represented by the standard
noninformative diffuse prior
N+K+M+1

POy)x|Z| 7 . (19)
Initial beliefs about all parameters in ®z are noninformative as
well. The appeal of the noninformative prior stems from the close
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correspondence that results between the posterior densities of the
unknown parameters and classical confidence intervals for the para-
meters. The noninformative prior has been used in several other studies
in financial economics including McCulloch and Rossi (1990) and
Barberis (2000).

1.2.2 Intermediate views. What if, prior to observing the data, inves-
tors believe that asset pricing restrictions on stock return predictability
could be useful, but that no pricing model is perfect? As proposed by
Pastor and Stambaugh (1999, 2000) and Pastor (2000) one can formu-
late prior beliefs about finance theory in a Bayesian framework. We use
two prior specifications of beliefs concerning the usefulness of finance
theory.

The first draws on Pastor and Stambaugh. Prior beliefs about time-
varying model mispricing are concentrated at zero, that is, a; = 0 in
Equation (2). Prior beliefs about « are

1 o2 -
P(ag | Zrr) o [Sre | eXP{—iaB(S_zZRR) 0‘0}’ (20)

where o indicates the degree of confidence about the pricing abilities of a
model, and s” is computed as the cross-sectional average of the sample
variance of the residuals in Equation (1). Note that the prior density
implies a positive relation between asset mispricing and the residual
covariance matrix. This relation is motivated by MacKinlay (1995) as a
means of reducing the probability of high Sharpe ratios. For priors that
treat asset mispricing and the residual covariance matrix as independent,
high Sharpe ratios could simply result from combining the test assets with
the benchmark portfolios.

The second specification entertains informative prior beliefs about « as
well. As in Kandel and Stambaugh (1996), we assume that an optimizing
investor observes a hypothetical prior sample of length 7, weighted
against return predictability. On the basis of the hypothetical sample,
regressing r, on one, z,_;, and f; yields a zero estimate for «, and regres-
sing f; on one and z,_; yields a zero estimate for A;. In addition, it is
assumed that the estimate of «g, like that of «;, is taken to be zero in
the hypothetical return regression. That is, not only is the hypothetical
prior sample weighted against return predictability, but it is weighted
against model misspecification, both fixed and time varying, as well.
As T, approaches infinity, risk premiums are constrained to be time
invariant and the fixed and time-varying asset mispricing components
disappear.

It is assumed that the mean and variance estimates of r,, f;, and z, based
on the hypothetical sample are equal to the actual sample counterparts,
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which are given by

1 T B 1 T lel
= — ‘s = — ty Z= — Zty 21
rT;rfT;sz; (21)
S A
= TZ(r, —F)(r —7), (22)
t=1
. 1 & _
Vi=+ (fi =D =1, (23)
t=1
. 1T71 - o,
VZ:T;(Z,—Z)(Z,—Z). (24)

Using sample statistics to specify some of the parameters of the prior
distribution is commonly termed an “empirical Bayes” approach [see,
e.g., Robbins (1955, 1964)]. Combining the noninformative prior in
Equation (19) with the hypothetical sample yields the prior densities

vec(I)|Srr ~ N(Vec(Fo),ZRR@)(W{)Wo)_l), (25)

Srr ~ IW(To(Vy — By ViBp). To— 1), (26)
1 1+2Vlz —zV!
vec(Ar)|Xpr ~ N vec(Ar), ?OEFF(X) - _ . (27)

Spp ~ IW(ToVy, To+ N — 1), (28)

where W, is the hypothetical sample analog of W = [X, F], IW is the
inverted Wishart distribution [see, e.g., Zellner (1971)], I'y = [On.ar+1, Bol’»
Apg= [f, 0K7M}', 0x,y denotes an x x y matrix of zeros, B is (following the
assumptions about the means of r and f) the slope in the zero-intercept
regression of r, on f,, and

1_’_2/[7;124_]?/ Affl’ _Z/AZ—I _f ;1
- 1 . N '
(WoWo) 1=70 . o 0 |. (9
17 -1
-Vf 0 Ve

This second prior specification has an interesting interpretation in terms
of shrinkage of the posterior means. To illustrate, consider the case where
A1, the sample estimate of Ay, is zero. Then, one can show that the poste-
rior means of « and B are weighted averages of prior means and sample
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estimates with weights +T and +T, respectively. That is, the posterior
mean of a is shrunk toward zero, a value implied by the pricing restric-
tions on predictability. When A\, # 0, the weight 7 +T = +T hold
approximately. In addition, the posterior means of Ay and A; are
shrunk toward f and zero, respectively. These values are implied by time-
invariant risk premiums.

How much asset mispricing is allowed in the second informative prior
specification? Obviously less is allowed when T is larger, but how much
less in absolute terms? To get a sense of the magnitude, we rely on the case
where returns are i.i.d. distributed. Following Pastor (2000), under the

. e . . ay
first prior specification the posterior mean of «y is equal to —1+ (5 sR)

where @& is the sample estimate of g and SR is the squared Sharpe ratio
of a tangency portfolio formed using benchmark assets only. Under exact
pricing, this Sharpe ratio is equal to that formed using both test and
benchmark assets. In the second prior specification, the posterior mean
of ay is equal to TTf‘;O. Matching the posterior mean of « under the two
prior specifications yields

S2

Ty=—(1+ SR?), (30)
which establishes the inverse relation between the mispricing uncertainty
and the hypothetical sample size. To illustrate, let s> = 0.0011, as in
Pastor (2000), and let SR* = 0.09. The values o = 1%, o = 0.5%, and
o = 0.1% correspond to Ty = 12, Ty = 48, and T, = 1200. The relation
in Equation (30) holds also under more general conditions where risk or
risk premiums or both are time varying but «; = 0. In particular, when
beta varies with the predictive variables, as in Shanken (1990), the largest
admissible Sharpe ratio is the one obtained based on both the K funda-
mental factors f; and the KM-scaled factors described by the Kronecker

product f, ® z,_;.

1.3 A utility-based metric

The investors considered in this work find historical evidence useful in
assessing investment opportunities. However, observing only a finite
sample, they do not know the true parameter values. As a result, part of
the risk they rationally perceive arises from parameter uncertainty. Invest-
ment opportunities in the presence of parameter uncertainty are expressed
by the Bayesian predictive distribution. The predictive distribution has
been extensively used in asset allocation in the context of both i.i.d.
distributed stock returns [Bawa, Brown, and Klein (1979), Pastor (2000),
Pastor and Stambaugh (2000), and Li (2003)] and time-varying expected
stock returns [Kandel and Stambaugh (1996), Shanken and Tamayo
(2001), and Avramov (2002)].
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The Bayesian predictive distribution integrates over the posterior
distribution that summarizes the uncertainty about the parameters given
the sample observed and given the model that generates stock returns,
factors, and predictors. The appendix derives the first two moments of the
predictive distribution under several prior beliefs about pricing model
implications for predictability. Specifically, Appendix A analyzes the
case where investors disregard asset pricing restrictions. Appendix B
studies the case where investors fully incorporate those restrictions.
Appendix C (D) addresses asset allocation under the first (second) infor-
mative prior specification. Under all these scenarios, predictive moments
with estimation risk obey analytic expressions.

Denoting the first and second predictive moments by E{rr.{|Dr} and
V(r741|Dz), where Dy stands for the data observed up to time 7, the
optimal portfolio w solves

max('E{rr[Dr} - S0 V(rra[Dr)o). (31)
where vy is the coefficient of relative risk aversion defined with respect to
the investor’s utility of terminal wealth. In the empirical examination that
follows, the optimization in Equation (31) is conducted under three
scenarios. In the first, no portfolio constraints are imposed. The resulting
portfolio is given by w= %V(r”l | DT)”IE(rTH | Dr). In the second,
short positions and leveraging are precluded. In the third, a 50% margin
requirement per Regulation T of the Federal Reserve Board is accounted
for. Specifically, Regulation T requires a margin of 50% for purchasing
securities using a loan given by the broker/dealers, and a margin of 150%
for short selling (of which 100% can come from the proceeds of the short
sale, with investors depositing the remaining 50%). Brokers are allowed to
set the margin even higher. When borrowing and lending rates are equal,
the constraint in the presence of ¢% margin is >N, |w;| <= %.

Although Regulation T permits limited short positions, the case of no
short selling is especially relevant. As Sharpe (1991) notes, many institu-
tional investors are prohibited from taking short positions either through
explicit rules or via the implicit threat of lawsuit for violating fiduciary
standards. Institutional investors account for a major fraction of equity
holding in domestic exchanges. According to the Federal Reserve Board
“Flow of Funds,” at the end of September 1999, institutional investors,
particularly pension and mutual funds, held 50.2% of outstanding equities
in the NYSE.

Next, we present the metric for analyzing the economic significance of
prior beliefs in the extent of return predictability explained by pricing
models. Let wg and w, denote asset allocations corresponding to two
distinct investors. The first has complete faith about the validity of pricing
models, that is, o = 0. The second has prior mispricing uncertainty o > 0.
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The case o — oo corresponds to complete skepticism about model
implications. Let CER, and CER, denote certainty equivalent returns
associated with o =0 and o > 0, respectively. Certainty equivalent
returns are

CERy = w)E{rr41 | Dr,o=0} — %wgV{rT_H | Dr.o=0}wy, (32)

Y

CERG- = w;E{rTJrl ‘ DT, g = 0} — Ew;V{rTH | DT, g = O}w(,. (33)

The proposed metric is the difference CERy — CER,,, which reflects the
utility loss perceived by a hypothetical investor who has complete con-
fidence that return predictability is entirely explained by asset pricing
models, but is forced to hold the allocation of one who recognizes the
possibility of model mispricing. Our metric builds on Kandel and
Stambaugh (1996). They propose using a single predictive distribution
to compute certainty equivalent returns of both portfolios instead of using
the portfolio-specific predictive distribution approach of McCulloch and
Rossi (1990).

. Data

The sample contains monthly observations of predictive variables and
excess returns on test and benchmark assets spanning 35.5 years from
July 1963 to December 1998. The investment universe consists of a
one-month Treasury bill, six benchmark assets, and 25 size and book-to-
market portfolios identified by a combination of letters and numbers
designating increasing values of size (S1,...,S5) and book-to-market
(B1,...,BS5). For instance, S1 (S5) refers to the smallest (largest) 20% in
terms of market capitalization. Following Lo and MacKinlay (1990), we
also examine an investment universe in which 25 industry portfolios
replace the size and book-to-market portfolios. Lo and MacKinlay argue
that if the test assets are formed on the basis of characteristics that have
been found to be related to average returns, then the hypothesis in favor of
the asset pricing model will be rejected too often due to data-mining biases.

The set of benchmark assets includes the market (MKT), size premium
(SMB), and value premium (HML) studied by Fama and French (1993).
We also examine the restrictions on predictability implied by two extended
versions of FF. The first extension accounts for documented momentum.
Following Carhart (1997), momentum is captured by the return differen-
tial between high- and low-momentum stocks (WML). The second
accounts for momentum and for risk exposures related to interest rates
and credit conditions. Interest rate risk is captured by the return differ-
ential between long- and short-term government bonds (TERM). Credit
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condition risk is captured by the return differential between low- and
high-rated corporate bonds (DEF). Chen, Roll, and Ross (1986) show
that a variable similar to DEF is a statistically powerful factor, and
TERM has some power as well. In contrast, Shanken and Weinstein
(1990) find that another estimate of the risk premium, the sample mean
of the factor, is insignificantly negative over the same sample period
studied by Chen, Roll, and Ross. TERM and DEF have also been
included in the time-series regressions of FF, who, in turn, conclude that
risk exposures related to interest rates and credit conditions are too small
to explain much variation in the cross section of expected stock returns.

We select five information variables. These are the dividend yield (Div),
the term spread (7erm), the default spread (Def), the one-month Treasury
bill rate (7hill ), and the excess return on the equal-weighted NYSE index
(Ret). Dividend yield is constructed as the total payment of dividends on
the value-weighted NYSE portfolio over the recent 12 months divided by
the contemporanecous level of the index. Term is formed as the yield
differential between long- and short-term government bonds. Def is
formed as the yield differential between Moody’s Baa and Aaa bond
portfolios.

The sources of data are as follows. Monthly returns on the NYSE index
and on the one-month Treasury bill are provided by the Center for
Research in Security Prices (CRSP) at the University of Chicago. Yields
on Moody’s Aaa and Baa bond portfolios are from the Federal Reserve
Bulletin. Term and default premia are from Ibbotson and Associates.
Kenneth French has generously provided the returns on 25 size and
book-to-market portfolios, the three FF factors, and returns on the
WML portfolio. Chris Kirby has generously provided returns on
25 industry portfolios.

Results

3.1 The statistical evidence on asset pricing restrictions

Table 1 summarizes the time-series multivariate predictive regression of
excess returns on 25 size and book-to-market portfolios on lagged values
of the five information variables: dividend yield, excess return on the
equal-weighted NYSE index, Treasury bill rate, default spread, and term
spread. Panel A reports intercept and slope coefficients. Panel B displays
the corresponding #-statistics. Regression parameters and #-statistics are
presented both for the case where return predictability is unrestricted by
asset pricing models and for the case where the three-factor FF model
explains return predictability. The former suggests that the intercepts and
slopes in the predictive regression in Equation (7) are the sample analogs
of the values described in Equations (9) and (10). Under FF restrictions,
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Table 1
Panel A—Predictive regression coefficients; Panel B—z-ratios

Intercept Div. Ret  Tbill Def Term Intercept Div. Ret  Tbill Def Term

Portfolio: Unrestricted regressions Restricted regressions

Panel A: Predictive regression coefficients

S1/B1 0.00 226 0.27 —18.11 —1.22 3.57 —-0.01 196 027 —14.77 —0.88 3.19
S1/B2 0.00 1.72 024 —13.26 —0.74 2.96 0.00 1.71 024 —12.83 —0.74 2.86
S1/B3 0.00 142 022 —12.16 —0.70 3.15 0.00 1.53 0.21 —11.48 —0.65 2.61
S1/B4 0.01 122 022 —11.07 —-0.62 2.76 0.00 142 0.20 —10.57 —0.58 2.43
S1/B5 0.01 127 0.26 —11.46 —0.66 2.80 0.00 146 021 —10.66 —0.58 2.47
S2/B1 0.00 1.78 0.16 —14.59 —0.88 3.33 0.00 1.71 0.22 —14.07 —0.82 3.24
S2/B2 —0.01 1.66 0.16 —12.33 —0.66 3.02 0.00 146 0.19 —11.78 —0.66 2.80
S2/B3 0.00 1.16 0.15 —10.27 —0.53 2.71 0.00 129 0.17 —10.38 —0.55 2.54
S2/B4 0.00 1.02 0.12 -843 —045 2.51 0.00 1.10 0.14 -9.09 —0.46 2.35
S2/B5 0.00 120 0.14 —10.19 —0.54 2.66 000 122 0.16 -9.73 —0.49 249
S3/B1 0.00 1.46 0.10 —12.65 —0.68 3.28 000 142 0.16 —12.46 —0.70 3.04
S3/B2 —0.01 133 0.10 —1091 —0.55 3.00 0.00 1.15 0.14 —10.11 —0.54 2.57
S3/B3 0.00 1.00 0.09 -9.03 —0.40 2.54 0.00 099 0.12 -873 —044 2.32
S3/B4 0.01 091 0.07 -891 —-0.44 249 0.00 0.84 0.09 -7.68 —0.36 2.16
S3/B5 0.00 1.16 0.11 -7.87 —0.39 1.67 0.00 099 0.12 -8.57 —040 2.37
S4/B1 0.00 1.17 0.06 —10.58 —0.60 2.85 0.00 1.04 0.10 —10.31 —0.55 2.73
S4/B2 0.00 1.07 0.06 -9.53 —0.43 2.70 0.00 0.86 0.08 -8.78 —0.43 2.49
S4/B3 0.00 084 0.03 -9.01 —0.47 2.83 0.00 0.75 0.07 -7.74 —0.35 2.31
S4/B4 0.01 083 0.00 -9.75 —0.52 2.85 0.00 0.65 0.06 —6.84 —0.28 2.13
S4/BS 0.00 090 0.04 -8.71 —042 275 0.00 0.80 0.08 -7.76 —0.33 2.35
S5/B1 0.02 0.11 0.02 -6.34 —034 242 0.01 045 0.00 —-6.85 —0.31 2.20
S5/B2 0.00 049 0.01 -5.78 —0.20 2.04 0.01 042 0.00 -6.36 —026 2.17
S5/B3 0.00 0.67 —0.03 —-5.60 —0.10 1.26 0.01 0.28 —-0.02 -5.16 —0.18 1.92
S5/B4 0.01 038 —0.06 —-6.30 —0.28 2.30 0.01 027 —-0.01 -4.76 —0.14 1.86
S5/B5 0.01 0.07 —-0.02 -5.38 —0.18 2.39 0.01 032 0.0l -4.73 —0.12 1.84
Panel B: #-ratios

S1/B1 0.08 392 391 -537 -395 270 —-0.30 352 400 -—-4.53 -295 250
S1/B2 —0.22 335 385 —443 -270 252 —0.27 343 394 —440 -2.75 2.0
S1/B3 —0.03 3.07 3.82 -—448 -282 296 —0.25 335 386 —4.30 —-2.64 249
S1/B4 041 278 421 —-431 -261 274 —-025 328 382 —4.17 -2.50 245
S1/B5 0.51 278 4.60 —-428 -2.69 2.66 —026 321 381 —4.01 -236 237
S2/B1 —0.10 3.15 230 -—-443 -292 258 —0.11 3.14 324 —442 -280 2.60
S2/B2 —-0.57 347 271 -—-442 -257 276 —0.11 3.13 333 —432 -2.62 262
S2/B3 020 264 272 —-401 -226 269 —0.08 3.01 323 —416 —242 2.60
S2/B4 -0.10 251 237 -3.53 -2.04 268 —0.01 276 283 —391 -2.14 257
S2/B5 020 2.68 2.55 -3.89 -224 259 -0.06 279 3.03 -3.81 -2.07 249
S3/B1 —-0.21 2.82 153 —4.19 -244 2.77 0.03 284 270 —427 -2.61 2.66
S3/B2 —-0.39 310 2.00 -4.35 -2.38 3.05 006 277 267 -—-4.14 -239 2.69
S3/B3 —0.03 254 1.85 -390 —1.89 2.80 0.09 260 251 -391 —-2.13 2.66
S3/B4 047 245 149 —-410 -220 2.92 0.17 233 215 -3.64 —1.84 2.62
S3/BS -0.07 270 2.03 -3.13 —-1.71 1.69 0.10 241 240 -3.56 —1.80 2.52
S4/B1 0.07 255 1.00 -395 -246 2.71 023 234 1.83 -397 -231 2.69
S4/B2 —-0.33 260 128 -395 —-1.96 2.85 030 2.18 1.65 -3.79 -2.01 274
S4/B3 035 216 0.56 —-3.95 -2.24 3.6 034 200 147 -3.55 —1.73 2.70
S4/B4 1.01 225 000 —4.50 -2.62 3.35 036 183 132 -330 —1.49 2.62
S4/B5 023 209 0.75 -346 —-1.82 2.79 027 198 1.66 -329 —1.50 2.55
S5/B1 1.50 028 043 -2.83 —1.64 2.75 061 122 0.01 -3.15 —1.57 2.58
S5/B2 0.09 131 0.12 -2.66 —0.99 2.40 0.65 1.17 0.00 -3.06 —1.34 2.66
S5/B3 —0.05 195 -0.72 -2.77 —-0.52 1.59 073 0.85 —041 -2.74 —1.01 2.60
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Table 1
(continued)

Intercept Div. Ret  Tbill Def Term Intercept Div. Ret Tbill Def Term
Portfolio: Unrestricted regressions Restricted regressions
S5/B4 0.89 1.14 —-136 —-3.19 —1.55 297 070  0.83 —0.28 —2.54 —0.79 2.53
S5/B5 .12 0.18 —0.49 —-2.43 —0.88 2.76 059 094 011 —2.40 —0.68 2.39

The table summarizes the time-series multivariate regression
re=py+ 21+ Ve,

where r, stands for excess returns on 25 size and book-to-market portfolios and z,_; contains lagged values
of dividend yield (Div), return on the equal-weighted NYSE index in excess of the return on the
one-month T reasury bill (Ret), one-month T reasury bill rate (Tbill), default spread (Def), and term
spread (Term). Panel A exhibits regression intercepts and slopes. Panel B displays t-ratios. The
unrestricted estimates are the sample analogs of

Mo = ao + BAo,
wy =ay+BA;.

The restricted estimates are the sample analogs of

o = BAo,

My =PA1.
The size and book-to-market portfolios are identified by a combination of letters and numbers designating
increasing values of size (S1,...,S5) and book-to-market (B1,...,B5). For instance, S1 refers to the

lowest 20% of the market capitalization, whereas S5 refers to the largest.

the intercepts and slopes in the predictive regression in Equation (7) are
the sample analogs of Equations (11) and (12). In particular, 8, a 25 x 3
matrix, denotes loadings on MKT, SMB, and HML, and Ay and Ay, a
3 x 1 vector and a 3 x 5 matrix, respectively, denote the intercepts and
slopes in the multivariate regression of MKT, SMB, and HML on lagged
predictive variables. The standard error associated with the z-statistics
under pricing model restrictions is derived in Appendix B. One caveat is
in order. Stambaugh (1999) shows a small sample bias in an ordinary least
squares (OLS) estimator of a predictive regression slope coefficient. Thus
the statistical evidence is merely suggestive.

Table 1 shows ample evidence in favor of in-sample predictability of
excess returns, as many of the z-statistics are greater (in absolute value)
than two. Ferson and Harvey (1999) find similar evidence. Also, it appears
that small stocks are more predictable than large stocks. To illustrate,
dividend yield, excess return on the NYSE index, and default spread do
not appear to be useful in forecasting returns on the largest size portfolio
(S5), having z-statistics less than two. However, these predictors appear to
be useful in forecasting excess returns on portfolios belonging to the
smaller size groups. Avramov (2002) finds similar cross-sectional disper-
sion in return predictability in a framework that accounts for uncertainty
about the return-forecasting model.
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Comparing the restricted and unrestricted regression parameters and
t-statistics, we note that the magnitudes are similar and the signs are
virtually identical. In particular, whether the pricing restrictions on pre-
dictability are imposed or ignored, higher dividend yield, higher excess
return on the NYSE index, and higher term spread are accompanied
by higher predicted returns. In contrast, a higher Treasury bill rate and
higher default spread are followed by lower predicted returns. In addition,
explanatory variables that are significant (insignificant) in the unrestricted
regression are, in most cases, significant (insignificant) in the regression
that conforms to FF.

3.2 The economic content of asset pricing misspecification
The pricing restrictions on return predictability formulated in Equations (11)
and (12) are used as a reference point for informative prior beliefs about the
intercept and slope parameters in the predictive regression in Equation (7).
Prior beliefs are updated by the data, which contain returns on test assets,
returns on benchmark assets, and predictive variables. The updated beliefs
are then used for asset allocation. Asset allocation thus reflects pricing
model restrictions and the sample evidence on predictability. Pricing
models are expected to exert stronger influence on asset allocation when
the prior confidence in their validity is stronger and when the sample
indicates that much of the evidence on return predictability is explained
by pricing models. Thus the investor’s asset allocation provides a useful
metric for assessing the economic significance of model misspecification.
In conducting the optimization in Equation (31), we choose a risk
aversion parameter of v = 10, the upper bound on relative risk aversion
estimates described by Mehra and Prescott (1985). We choose this value to
mitigate extreme long and short positions in risky assets and cash. We
note that when portfolio holdings are unconstrained, the risk aversion
level has no impact on the weights of risky securities in the tangency
portfolio. In particular, readers that are comfortable with other levels of
v, say, y =17, can multiply the unconstrained investments in risky secu-
rities and the corresponding certainty equivalent returns, presented below,
by %. In addition, the current values of the predictive variables (z7) take
on the actual values realized on December 31, 1998, the end-of-sample
period. Those values would be the natural choice of real-time investors
seeking sensible portfolio decisions when the signal z7 becomes available.

3.2.1 The evidence based on size/book-to-market portfolios. Tables 2
and 3 exhibit conditional mean-variance efficient portfolios as a fraction
of the total invested wealth when prior beliefs about the restrictions on
predictability implied by asset pricing models range from perfect confi-
dence (o0 = 0) to complete skepticism (00 = co). The intermediate case
(0<o <o) is based on the first prior specification formulated in
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Equation (20). Specifically, o = 0.1% implies that prior beliefs about «;
are concentrated at zero and uncertainty about «q is 0.1% per month.
Asset allocations are based on the conditional versions of FF (M), FF
augmented with momentum (M,), and FF augmented with momentum, a
term premium, and a default premium (M3;). The case of o = oo corre-
sponds to noninformative diffuse priors (NI), in which asset pricing
restrictions are completely disregarded by investors. Table 2 studies an
investment universe consisting of MKT, SMB, HML, WML, TERM,
DEF, and 25 portfolios sorted on size and book-to-market. In Table 3,
industry portfolios replace the size and book-to-market portfolios.

In Tables 2 and 3, negative asset allocations represent short selling,
CER is a certainty equivalent return computed using Equations (32) and
(33), and SR is a conditional Sharpe ratio. When the prior uncertainty
about model validity is 0%, 0.1%, or 5% per month, CER and SR are
computed using the predictive moments E{rr.,|Dr,o0 = 0, M,} and
V{rri1|Dr o = 0, M;}, where M; is the corresponding asset pricing
specification (M, M,, or M3). When o = oo, CER and SR are computed
using the moments E{rr, | | Dy, = 0, M3} and V{rr | | Dr,0 = 0, M3}.
That is, certainty equivalents and Sharpe ratios are computed from the
o = 0 perspective. There are three panels in Table 2. Panel A presents
unconstrained portfolios. Panel B excludes short selling and leveraging.
Panel C incorporates a 50% margin per Regulation T of the Federal
Reserve Board. Table 3 displays unconstrained portfolio holdings only.

Several interesting results emerge from Table 2. Notably, unconstrained
asset allocation is considerably sensitive to prior confidence about the
accuracy of pricing model implications for predictive regressions. With
complete confidence, the fraction of wealth invested in the market port-
folio is 80.99% (M), 79.81% (M5), and 122.05% (M3). When the prior
uncertainty about the fixed component of asset mispricing is o = 0.1% per
month, the corresponding quantities are —171.24%, —190.32%, and
—164.64%. In addition, we note that if asset pricing models explain return
predictability, the unconstrained asset allocation must involve the bench-
mark assets only. Some combination of the benchmarks delivers the
highest ex ante conditional Sharpe ratio. In particular, if the FF model
explains return predictability, the investment in risky securities other than
MKT, SMB, and HML must be zero. Table 2 shows that with even a small
degree of mispricing (o = 0.1%), there are substantial deviations from the
model implications. Long and short positions in nonbenchmark assets
considerably depart from zero, ranging between —67.82% (S1/B1) and
93.76% (S5/B1).

We map asset allocations onto certainty equivalent returns and com-
pute a utility loss. That loss is perceived by an investor, who believes asset
pricing restrictions on return predictability are perfectly valid but is forced
to hold the asset allocation of one whose prior mispricing uncertainty is
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o = 0.1%. The monthly utility loss appears to be economically mean-
ingful. It is 0.54% [1.12% — 0.58%] under M, 0.34% [1.19% — 0.85%)]
under M, and 0.37% [1.67% — 1.30%] under M3. The large loss under-
scores the economic significance of prior beliefs in the extent of predict-
ability explained by asset pricing models. The case where an investor with
o = 0 is forced to hold asset allocation based on prior beliefs that reflect
the recognition of uncertainty about time-varying asset mispricing as well,
that is, a; # 0, is analyzed in Section 3.2.4.

As described earlier, the weight on the market portfolio dramatically
changes when just a modest amount of model mispricing (o = 0.1%) is
allowed for in the prior. How can this change be explained? Under
o = 0%, asset allocation is based on pricing model restrictions, whereas
under o = 0.1%, asset allocation is impacted by both the model and the
data. Observe that model-based asset allocation differs greatly from its
data-based counterpart, that is, the case of o = co. The certainty equiv-
alent loss corresponding to these polar scenarios exceeds 7% per month
for all models examined. Under FF restrictions, for example, the utility
loss is 1.12% — (—=5.95%) = 7.07%.

Interestingly, asset pricing restrictions exert substantial influence on
asset allocation under o = 5%, let alone under o = 0.1%. Consider an
investor with mispricing uncertainty of 5%. If such an investor is forced to
hold asset allocation based on the model alone, she faces a monthly utility
loss equal to 1.59% [1.12% — (—0.47)] under M, 0.87% under M,, and
0.85% under Mj;. Instead, if the same investor is forced to hold
asset allocation based on the data alone, the corresponding losses are
5.48% [—0.47 — (—5.95)], 6.27%, and 6.77% — substantially larger. Simi-
lar utility losses are perceived also when certainty equivalents are com-
puted from the o = oo perspective. The evidence thus suggests that
asset allocation based on oo = 5% per month is much closer to that implied
by the model alone than to that implied by the data alone.

It also emerges from Table 2 that data-based optimal portfolios exhibit
extreme long and short positions unlikely to be adopted in reality by fund
managers. For example, a hypothetical investor takes an unrealistic short
position (769.78%) in the market portfolio. In addition, the investments in size/
book-to-market portfolios are rather extreme, ranging between —244.11%
(S3/B5) and 352.80% (S1/B5). On the other hand, optimal portfolios based
on the model and the data combined seem relatively more sensible. Focusing
on M| and o = 0.1%, the largest long and short positions in size/book-
to-market portfolios are 93.76% (S5/B1) and —67.82% (S1/B1).

Indeed, the idea of combining model and data to improve asset
allocation goes far back. It has been known that data-based portfolios
behave badly. For example, Jobson, Korkie, and Ratti (1979), Best and
Grauer (1991), and Green and Hollifield (1992) discuss the extreme
sensitivity of mean variance portfolios to variation in the mean and the
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covariance matrix. In response, Black and Litterman (1992) advocate
using Black’s (1972) version of the capital asset pricing model (CAPM)
as a benchmark for expected return. Recently Pastor and Stambaugh
(2000) and Pastor (2000) have proposed a Bayesian framework for com-
bining a model and data in deriving asset allocation. However, relative to
those important innovations, our framework allows risk premiums and
model mispricing to vary with the business cycle. We show below that
incorporating such time variation substantially improves ex post perfor-
mance of optimal portfolios.

Last, we demonstrate that model uncertainty, or uncertainty about
model mispricing and benchmark assets, is important. Consider an inves-
tor who must allocate funds across cash and stocks. To derive expected
returns, she can use any of the specifications. If the pair M; and o = 5% s
chosen, the monthly certainty equivalent is —0.47%. Instead, if the pair
Mj;and o = 0is preferred, the certainty equivalent is 1.67%. This suggests
that asset allocation is considerably sensitive to the model that generates
inputs for asset allocation. To incorporate model uncertainty one can use
bayesian model averaging, first computing posterior probabilities for each
model under consideration and then using the probabilities to average
across models. Avramov (2002) accounts for model uncertainty in a
predictive regression framework that disregards pricing model implica-
tions. Posterior probabilities have also been derived by Shanken (1987),
Harvey and Zhou (1990), and McCulloch and Rossi (1991) for testing
pricing models. In these studies, however, returns are assumed unpredict-
able. Recently Avramov and Chao (2003) derive posterior probabilities in
a conditional asset pricing framework. Their analysis could be a key step
toward incorporating uncertainty about common factors and lagged vari-
ables in a portfolio choice context.

3.2.2 Imposing portfolio constraints. We now analyze asset allocation in
the presence of portfolio constraints. Observe from panels B and C of
Table 2 that optimal portfolios are not well diversified, regardless of initial
beliefs in model validity. The notion is that there are many corner solu-
tions, in which most of the investments in risky securities are zero. Thus it
is not surprising that imposing portfolio constraints considerably reduces,
yet does not eliminate, the discrepancies between the various specifica-
tions. Focusing on the M; specification and no short selling, the differ-
ence in certainty equivalent returns corresponding to o = 0 and o0 = oo is
only 0.17% per month. Discrepancies between the views are considerably
larger when short positions are allowed subject to a 50% margin per
Regulation T of the Federal Reserve Board. In that case, the certainty
equivalent loss is 0.38% per month. Below, we examine the impact of
portfolio constraints on ex post performance of asset allocation under
various beliefs regarding pricing model validity.
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3.2.3 The case of industry portfolios. Table 3 exhibits portfolio decisions
for an investment universe that consists of 25 industry portfolios and the
six benchmark assets noted earlier. Qualitatively, the evidence based on
the industry portfolios does not differ that much from that based on size
and book-to-market portfolios. Thus we briefly describe unconstrained
portfolio holdings only. As in Pastor (2000), entertaining even mild prior
mispricing uncertainty yields asset allocations that depart considerably
from the model implications. Nonetheless, the pricing restrictions still
have substantial influence on portfolio selection. Consider an investor
with mispricing uncertainty of o = 5%. If this investor is forced to hold
the FF-based asset allocation, the resulting certainty equivalent loss is
1.58% [1.12% — (—0.46%)] under M. If, instead, the investor is forced to
hold data-based asset allocation, the loss is much larger, given by 5.49%
[5.95%—0.46%).

3.2.4 Informative prior beliefs: the second specification. We investigate
the economic content of changes in risk premiums and model mispricing
using the second prior specification noted earlier, which recognizes the
different economic roles of the fixed versus time-varying asset mispricing
components. That specification establishes an intuitive metric for under-
standing the roles played by changes in risk premiums and model mis-
pricing. One could simply ask: How large does the hypothetical sample
need to be to call into question the sample evidence about time-varying
risk premiums and model mispricing? To pursue the analysis we derive
asset allocation on the basis of the following hypothetical sample lengths:
To=T,Ty=2xT,To=5x%xT, Ty =10 x T, and T, = co. Restricted
(RE) and unrestricted (UN) optimal portfolios are reported in Table 4.
The unrestricted portfolios are based on the prior formulated in
Equations (25)—(28). The restricted analogs are based on a similar prior,
with the exception that ag and « are concentrated at zero. Appendix D deri-
ves predictive moments for both restricted and unrestricted asset allocations.

We first assess the sample evidence about variation in risk premiums.
Asset allocation derived when FF holds exactly and when risk premiums
can (cannot) vary over time is described in the first column of Table 2 (last
column of Table 4). When risk premiums can vary, investments in bench-
mark assets are 80.99% (MKT), —158.39% (SMB), and 108.27% (HML),
and the certainty equivalent rate, computed based on predictive moments
conforming to FF, is 1.12%. When risk premiums are fixed, the corre-
sponding investments are 47.65% (MKT), 4.94% (SMB), and 92.26%
(HML), and the certainty equivalent return is only 0.32%. Returns on
benchmark assets appear to be predictable. Nonetheless, entertaining a
hypothetical sample of length T, = T weighted against predictability calls
into question the sample evidence in favor of predictability in benchmark
asset returns. Specifically, under FF and T' = Ty, asset allocation is similar
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Table 4
Asset allocation under time-varying model mispricing
To=T To=2xT To=5xT To=10xT
RE UN RE UN RE UN RE UN Ty = oo

MKT 63.33 517.15 57.92 327.82 5270 179.20  50.38  117.49 47.65
SMB —66.24 —63.87 —41.21 —48.63 —17.68 -23.74 -732 -11.01 4.94
HML 98.69 —72.13 96.36 —25.86 94.24 27.79  93.33 53.97 92.26
WML 0.00 6.71 0.00 4.17 0.00 2.02 0.00 1.10 0.00

TERM 0.00 —112.18 0.00 —73.97 0.00 —-37.10 0.00 —20.35 0.00
PREM 0.00 —66.74 0.00 —44.63 0.00 —22.54 0.00 —12.38 0.00

S1/B1 0.00 —90.15 0.00 —57.65 0.00 —28.42 0.00 —15.52 0.00
S1/B2 0.00 —49.83 0.00 —34.31 0.00 —17.58 0.00 -9.69 0.00
S1/B3 0.00 —5.05 0.00 —2.40 0.00 —0.95 0.00 —0.50 0.00
S1/B4 0.00 166.40 0.00 109.57 0.00 54.82 0.00 30.03 0.00
S1/BS 0.00 105.49 0.00 71.95 0.00 36.61 0.00 20.12 0.00
S2/B1 0.00 5.61 0.00 4.19 0.00 2.24 0.00 1.25 0.00
S2/B2 0.00 —119.03 0.00 —79.07 0.00 —39.77 0.00 -21.82 0.00
S2/B3 0.00 75.07 0.00 50.07 0.00 25.23 0.00 13.84 0.00
S2/B4 0.00 —6.21 0.00 -2.18 0.00 —0.57 0.00 -0.25 0.00
S2/B5 0.00 —24.91 0.00 —14.78 0.00 —6.99 0.00 —3.78 0.00
S3/B1 0.00 —25.59 0.00 —15.68 0.00 —7.57 0.00 —4.12 0.00
S3/B2 0.00 —63.91 0.00 —42.28 0.00 —-21.25 0.00 —11.67 0.00
S3/B3 0.00 37.93 0.00 26.45 0.00 13.58 0.00 7.48 0.00
S3/B4 0.00 14.05 0.00 10.66 0.00 5.67 0.00 3.14 0.00
S3/B5 0.00 —134.21 0.00 —88.70 0.00 —44.46 0.00 —24.36 0.00
S4/B1 0.00 —68.18 0.00 —44.71 0.00 —-22.32 0.00 —12.22 0.00
S4/B2 0.00 —25.45 0.00 —16.20 0.00 —8.00 0.00 —4.38 0.00
S4/B3 0.00 49.21 0.00 33.26 0.00 16.89 0.00 9.29 0.00
S4/B4 0.00 67.04 0.00 45.45 0.00 23.09 0.00 12.70 0.00
S4/B5 0.00 —17.19 0.00 —10.95 0.00 —5.38 0.00 —2.94 0.00
S5/B1 0.00 —37.09 0.00 —19.79 0.00 -8.76 0.00 —4.66 0.00
S5/B2 0.00 —124.56 0.00 —80.59 0.00  —40.00 0.00 —21.88 0.00
S5/B3 0.00 —169.31 0.00 —109.79 0.00 —54.56 0.00 —29.84 0.00
S5/B4 0.00 —27.94 0.00 —15.44 0.00 —6.98 0.00 -3.73 0.00
S5/B5 0.00 72.18 0.00 49.22 0.00 25.07 0.00 13.78 0.00
CER 0.49 —1.41 0.39 —0.41 0.34 0.14 0.32 0.26 0.32

The table reports unconstrained mean-variance efficient portfolios under several scenarios in which a
hypothetical investor observes a prior sample of length T, weighted against predictability and asset
mispricing, and where the risk aversion parameter is 10. The universe of equity portfolios contains the
market (MKT), size (SMB), and value (HML) premiums, winners-minus-losers (WML) one-year
momentum, TERM, PREM, and 25 portfolios sorted on size and book-to-market. Negative
asset allocations represent short selling. CER is a certainty equivalent riskfree rate. All certainty
equivalent rates are computed from the o = 0 perspective. The current values of the predictive
variables (z7) are those realized on December 31, 1998.

to that obtained when risk premiums are constrained to be fixed
(Tp = 0), in that the difference in certainty equivalents is only 0.07%
[0.39% — 0.32%].

We next assess the utility loss perceived by an investor who believes the
restrictions on predictive regressions implied by FF hold exactly, but is
forced to allocate funds accounting for model mispricing. Table 4 shows
that such a utility loss is 1.90% [0.49 — (—1.41)] under Ty = 7, 0.80%
under 7o =2 x T, 0.20% under T, = 5 x T, and 0.06% under T, =
10 x T. In essence, when the prior sample size is equal to 7 or 2 x T,

726



Stock Return Predictability and Asset Pricing Models

asset allocation considerably departs from model implications. This
departure declines substantially, yet remains economically large when
To =5 x T, and virtually disappears when 7, = 10 x 7. Recall that
under the second informative prior specification, the weights on the
model and the data can be approximated by TOTﬁ 7 and Toi 7 Such weights
are about 80% and 20% under T, = 5 x T, suggesting that even when the
underlying model accounts for 80% of the overall weight, the resulting

asset allocation greatly differs from that dictated by the model.

3.3 Ex post out-of-sample outlook
This section takes on an ex post out-of-sample outlook to approach two
questions:

1. Does the shrinkage approach to asset allocation improve perfor-
mance when the possibility of return predictability is recognized?

2. Do conditional asset pricing models outperform their uncondi-
tional counterparts that exclude return predictability?

The first question is motivated by earlier evidence that shrinking the
sample mean return toward a grand mean [see Jobson, Korkie, and
Ratti (1979)] or values implied by asset pricing models [see Pastor
(2000)] improves asset allocation. Whether shrinkage helps in the presence
of time-varying expected return is an open issue. In asking the second
question, we aim to assess the gain from using forecasting variables in
asset pricing models. This is a natural question, given the fact that we have
documented in-sample predictability and have then analyzed pricing
model implications for predictability. Nonetheless, the fact remains that
some academics and practitioners believe that the documented in-sample
predictability is not evident out of sample or in real time.

To approach these two questions, we implement a rolling scheme.
(A recursive scheme yields similar results.) Specifically, we fix the estima-
tion window size and drop distant observations as recent ones are added.
Asset allocation is first computed using data from 1 to P, and is then
rebalanced using data from 2 to P + 1,..., and it is finally rebalanced
using data from 7'— P to T — 1. This produces a time series of 7' — P
“ex post” excess returns for various dynamic trading strategies that differ
with respect to the prior confidence about model validity. To illustrate, let
w,, be the tangency portfolio at time ¢ under mispricing uncertainty o,
and let r,; denote the excess return on investable securities realized at
time ¢+ 1. The realized excess return on the selected portfolio is
Four1 = Wl i 1. We then compute a Sharpe ratio by dividing the average
value of the T — P realized returns by the standard deviation.

Table 5 summarizes ex post out-of-sample performance. The first four
columns display Sharpe ratios when prior beliefs about the conditional
version of FF are expressed by o = 0, o = 0.1%, o = 5%, and o = cc.
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Table 5
Ex post Sharpe ratios

With predictability No predictability Second prior

c=00=01% 0c=5% 0= 0=00=01% =5 c=00 To=T To=2xT

Size B/M portfolios + FF + momentum + DEF + TERM
Unconstrained portfolios

P =108 0.28 0.33 0.38 029 0.16 0.27 0.31 0.30 0.26 0.26

P =216 033 0.47 0.54 0.62  0.28 0.48 0.47 0.47 0.63 0.63

P =324 033 0.46 0.50 0.63  0.32 0.52 0.50 0.50 0.65 0.65
50% margin

P =108 0.36 0.38 0.42 040 0.22 0.23 0.34 0.33 0.41 0.41

P =216 0.34 0.40 0.48 047  0.31 0.40 0.45 0.45 0.47 0.47

P =324 028 0.41 0.46 049 0.29 0.41 0.45 0.45 0.42 0.40

No short selling

P =108 0.32 0.33 0.34 032 0.18 0.25 0.36 0.36 0.38 0.39
P =216 0.34 0.40 0.43 0.44  0.28 0.46 0.51 0.51 0.59 0.60
P =324 0.30 0.40 0.42 044 032 0.53 0.56 0.56 0.62 0.65

Industry portfolios + FF + momentum + DEF + TERM

Unconstrained portfolios

P =108 0.28 0.30 0.35 021  0.16 0.20 0.29 0.28 0.19 0.19
P =216 0.33 0.37 0.46 035 0.28 0.36 0.41 0.41 0.37 0.39
P =324 033 0.38 0.47 047 0.32 0.44 0.46 0.46 0.49 0.51
50% margin
P =108 035 0.36 0.38 034 0.18 0.18 0.29 0.29 0.36 0.37
P=216 0.32 0.33 0.43 045 0.27 0.28 0.40 0.40 0.46 0.44
P =324 0.26 0.32 0.43 050 0.24 0.28 0.34 0.34 0.43 0.41
No short selling
P =108 0.34 0.34 0.35 028 0.18 0.20 0.30 0.30 0.30 0.29
P =216 0.31 0.33 0.38 035  0.27 0.34 0.45 0.45 0.44 0.46
P =324 0.28 0.32 0.39 039 0.32 0.41 0.45 0.45 0.50 0.48

The table reports ex post out-of-sample Sharpe ratios generated by dynamic trading strategies
corresponding to various degrees of prior belief about the validity of conditional (with predictability)
and unconditional (no predictability) versions of FF. Boldface figures denote the highest Sharpe ratios
within a row. Trading strategies are based on a rolling scheme. In particular, asset allocation is first
computed using data from 1 to P, and is then rebalanced using data from 2 to P + 1,..., and it is finally
rebalanced using data from 7— P to T — 1. This produces 7" — P “ex post” excess returns for various
dynamic strategies that differ with respect to the prior confidence about model validity. Sharpe ratios are
obtained by dividing the average value of the 7' — P realized returns by the standard deviation.

The next four columns correspond to the same beliefs in model validity, but
the beliefs pertain to the version of FF that does not use conditioning
information, as in Pastor (2000) and Pastor and Stambaugh (2000). The
last two columns describe Sharpe ratios perceived by an investor who
observes a hypothetical sample of lengths 7o = T and Ty = T x 2 as
formulated in Equations (25)—(28). Unconditional Sharpe ratios are
derived for unconstrained and constrained portfolio holdings (50% margin
requirement and no short positions in equities and cash), for the two sets of
investable securities, and for three cutoff points P = 108, P = 216, and
P = 324. Boldface figures display the highest Sharpe ratio per scenario.
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Focusing on the conditional case, we demonstrate that complete con-
fidence in asset pricing restrictions on predictive regressions yields the
lowest Sharpe ratios for 14 of 18 cases. In four other cases, the lowest
Sharpe ratios are attributed to data-based optimal portfolios. To illus-
trate, consider the first three rows of Table 5. When o = 0, Sharpe ratios
are 0.28, 0.33, and 0.33. The next lowest Sharpe ratios are 0.29, 0.47, and
0.46. Strikingly, intermediate views about model mispricing, entertained
either via specifying 0 < o < co or by considering a prior sample of
length T, weighted against asset mispricing and return predictability,
deliver substantially larger Sharpe ratios in all 18 cases. For example,
focusing on the first three rows of Table 5, the largest Sharpe ratios are
0.38, 0.63, and 0.65. The evidence thus suggests that shrinking the pre-
dictive moments toward values implied by asset pricing models consider-
ably improves ex post performance even when expected return could vary
over time.

In about half the cases examined, the second prior specification delivers
the largest Sharpe ratios. For example, when the investment universe
consists of 25 size/book-to-market portfolios and the benchmark assets
MKT, SMB, HML, WML, TERM, and DEF, and when portfolio hold-
ings are unconstrained, the largest Sharpe ratios based on the first four
columns (last two columns) of Table 5 are 0.38 (0.26), 0.62 (0.63), and 0.63
(0.65). These findings imply that ex post performance can be improved
when a hypothetical investor recognizes the possibility of time-varying
model misspecification.

We now assess the economic gain from using conditioning information
in forming optimal portfolios by comparing Sharpe ratios based on con-
ditional versus unconditional pricing models. We first compare Sharpe
ratios under scenarios where conditional and unconditional versions of
FF hold exactly. It is evident from Table 5 that in 15 of 18 cases Sharpe
ratios are larger in the presence of conditioning information. For example,
under 50% margin requirements, Sharpe ratios are 0.36, 0.34, and 0.28 in
the presence of predictability. The corresponding no-predictability quan-
tities are 0.22, 0.31, and 0.29. Strikingly, under all cases studied, substan-
tially larger Sharpe ratios are generated by optimal portfolios based
on conditional models. Thus there is a remarkable economic gain to
modeling asset mispricing, risk premiums, or both as linear functions of
conditioning information as described in Equations (2) and (4).

In sum, the shrinkage approach to asset allocation greatly improves ex
post performance under expected return variation. In addition, optimal
portfolios based on conditional pricing models substantially outperform
their unconditional counterparts that exclude predictability. These per-
formance-based findings are robust to the investment universe chosen and
inclusion of portfolio constraints. The gain of exploiting predictability is
obtained under a wide range of beliefs about model pricing abilities.
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. Conclusion

This article studies pricing model implications for stock return predict-
ability from an investment perspective. The analysis yields several insights
about the influence of conditional pricing models and the sample evidence
about predictability on financial decision making. For one, asset alloca-
tion is extremely sensitive to the imposition of pricing model restrictions
on predictive regressions. Indeed, an investor who believes conditional
asset pricing models are perfectly valid but is forced to allocate funds
disregarding model implications faces an enormous utility loss. In fact,
asset allocation departs considerably from model implications, even when
the prior allows only a small degree of model mispricing. Nonetheless,
when the prior reflects a fair amount of model mispricing, asset allocation
could still be much closer to that implied by the model alone than to that
implied by the data alone. This suggests that pricing restrictions on pre-
dictive regressions could have important implications for investment deci-
sions even when the possibility of model mispricing is recognized. Ex post
out-of-sample analysis shows that (i) optimal portfolios based on a pricing
model and the sample evidence on predictability combined outperform
allocations dictated by either complete dogma or complete skepticism
about model implications for predictability; and (ii) under a wide range
of prior beliefs about model pricing abilities, asset allocations based on
conditional models substantially outperform their unconditional counter-
parts that exclude predictability. These performance-based findings sug-
gest that expected returns do vary over time and that the shrinkage
approach to asset allocation helps ex post performance even under
expected return variation.

Our work suggests some avenues for future research. First, following
Merton (1973) and Fama (1996), one can study asset allocation patterns
of intertemporal CAPM (ICAPM) optimizing investors as opposed to
mean variance investors. In addition, this article studies pricing restric-
tions on return predictability when factors are portfolio based. Several
asset pricing innovations describe nontraded factors as having a pervasive
effect on portfolio consumption decisions. Major examples include the
consumption-based CAPM of Breeden (1979) and the discrete time
ICAPM of Campbell (1996). Future work could investigate the economic
significance of the restrictions on stock return predictability that these
asset pricing models imply.

Furthermore, our analysis deals with expected utility maximizing inves-
tors. Kahneman and Tversky (1979) argue that individuals systematically
violate the axioms of expected utility theory. Thus they advocate defining
utility over gains and losses relative to a reference point rather than over
the level of wealth, which is a focal point in expected utility theories. This
so-called prospect theory has motivated an alternative formulation of
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security price dynamics relative to traditional expected utility theories.
Recently Barberis, Huang, and Santos (2001) find that prospect theory
can resolve many of the so-called financial market anomalies documented
in earlier studies. It would be of interest to consider prior beliefs about the
dynamics of returns implied by prospect theory. One can then examine
how the sample updates such beliefs.

An important contribution of this article is to provide evidence that
conditional pricing models outperform their unconditional counterparts.
Indeed, it seems worthwhile to study the economic value of return pre-
dictability in a framework that accommodates single investable stocks
rather than portfolios, allowing stocks to enter and leave the sample
periodically. In that framework, one could examine whether modeling
beta as a linear function of predictive variables, as suggested by Shanken
(1990), could improve ex post performance relative to models where beta
is fixed. Beta could also be modeled as a linear function of security-specific
characteristics, such as size and book-to-market, which are potentially
correlated with expected return.

Finally, this article develops a conceptual framework for analyzing
time-varying expected returns when prior beliefs about parameters in a
predictive regression are informative. One can apply this framework to
investigate topics, such as event studies and fund performance, in which
benchmark assets are used to risk-adjust returns.

Appendix A: The Case of Unrestricted Predictive Regressions

First, we derive the likelihood function. It is useful to factor that function as
P(R,F,Z|O®y,z0)=p(R|F,Z,0y,20)P(F| Z,0Oy, z0)p(Z | Oy, zp). (34)

The first and second densities on the right-hand size are easily obtained using the processes of
Equations (16) and (17). To work out the third density, it is useful to partition the variance-
covariance matrix ¥ as

Yrr Xrr XRz
Y= |Xrr Xrr Xrz|. (35)

YXzr Yzr Yzz

The disturbances in Equations (16) and (17) are orthogonal. Thus Xzr = Xpr = 0. Lr~
(Xf£») is the conditional covariance between excess stock returns (factors) and contem-
poraneous values of the predictors, and ¥ is the conditional variance-covariance matrix
of the predictors. In addition, it is useful to reparameterize the vector autoregres-
sion specification for the predictive variables. Specifically, let W, = [X, Ug, Ug], let ® =
(4,2 2r S5k, S zrE k] > and let Vi = Uy — UpS Y rr— UrS kS rz. The vector autoregres-
sion in Equation (5) can be rewritten as Z = W ® + V. Note that the 7 rows in V are
orthogonal to the corresponding ones in Uy and Uy, and that vec(V,) ~ N(0,X 2 z r ® I7),
where X7z pr=X7z7 — ZZFE;}EFZ - EZREEQERZ. Now, let My, represent the unrestricted
specification, let Wy=[X,F,R], let Qu=1Ir— WW'W) "W, let Qy=1Ir—X
(X’X)’IX’, and let Qz=1Ir— VVZ(VVé WZ)’l W’Z. The probability distribution of Dt
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conditioned on the set of parameters and My is
L o< [Srel Fexp{—Hr[Ezp(R'Qw R+ (T =) W'W(T ~T))]}
X|Z | Fexp{ LS5t (F'QxF + (Ar — Ar) X'X (A5 — Ar)]}
exp{—btr[Sy) (21027 + (B - B WL WA(® - D))} (36)

X|Xzz.rF

where I'= (w' W)7l W’R,.;IF:(X’X)AX/F, and ® = (w, Wz)71 W Z. Posterior densities
are obtained by combining the likelihood of Equation (36) with the prior of Equation (19)

and using the relation || = |Zrg||Xrrl|X 2z & A- The posterior densities are
vec(T)|[Srr. Dy ~ Nlvec(I'), Srr @ (W' W)™, (37)
vec(AF)|Spr. Dr ~ Nlvee(Ar), Spr @ (X'X) 7], (38)
Sre|Dr ~ IW(RQwR, T —1), (39)
Spp|Dr ~ IW(F'QyF, T+N —1). (40)

We show below that the mean and variance of predicted future returns are
E{rr1|Dr, Mo} =ao+aizr +Blf + VeV (zr —2), (41)
V{rr1|Dr, My} =81Srr + (1 +8:)BErr B, (42)

where ag, &, and B are the corresponding partitions of I”,

T-1

N . ,

Vi:= 72(/’#1 =Nz -2), (43)
t=0

Srr= ! ROwR 44
RR — m QW ) ( )
. 1 ,

A Y SRR *)
S =14(1 +82)tr(2FF WZZ) +tr[(Aj;XTx/TA})(W/ W)il]’ (46)
8= %[1 +E—zn) V' E—21)), (47)

W?2 is the lower K x K block of the matrix (W' W)~!, and 21} =[Ins1 ,,zlp].
The predictive moments follow by representing excess returns as

rret =D Apxr + Bup rot + vy, (48)

where A}, = [Iy41, Ar]. In particular, the predictive mean is obtained by taking expectations
from both sides of Equation (48) conditioned on Dr. The predictive variance is

B{T" A3 x7xp AT | D} — T Al xpxly AT

V{rr1|Dr}= )
term

E{Busre1tf 718 Dr} E{vri1vr,,|Dr}
+ + :

term 2 term 3
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We solve each of the terms in Equation (49). By the law of iterated expectations, the (7, /)
element of the first factor in the first term is

UE{ A xrxp A Dy YO + S (i, )W W) ), (50)
where
g co e | O Onrx
E{Adpxrx7A%|Dr} = Aixrxp Ay + N . (51)
Ogm+1 O2XFF
Thus
term 1 = 5232[.‘[.‘[3’ + ERR{IT[(A;-/XTX%A;)(WI W)71 + 622[.‘[: WZZ]}. (52)
Applying the law of iterated expectations to the second term yields
term 2 =B3rB + Lre{tr(Ser W} (53)

The variance is obtained by substituting 3z (term 3), Equation (52), and Equation (53) into
Equation (49).

Appendix B: Imposing Asset Pricing Restrictions on

Predictive Regressions

When a multivariate predictive regression conforms to asset pricing restrictions, the predic-
tive mean and variance are (Mg stands for the restricted specification)

E{rr41|Dr, Mr}=BLf + ViV (zr —2), (54)
V{rri1|Dr, Mg} =8Zrr + (1 +8,)BErr B, (55)
where

B=RF(FF)™", (56)

- ROR
PR TN M1 7
Qr=I7 —F(F'F)'F, (58)
81 =1+ (1 +8)tr(Spr(F'F) ™) + tr[(Axrxp dp) (F'F) 7). (59)

The proof is similar to that shown in the unrestricted case.

In addition, we derive the mean and standard error of the intercepts and slopes in the
restricted multivariate predictive regression. The mean and a ratio obtained by dividing the
mean by the standard error are displayed in Table 1. Observe from Equations (11) and (12)
that under pricing restrictions the intercept and slope in predictive regressions could be
expressed jointly as Az8'. The posterior density of that product does not correspond to any
well-known density. Nevertheless, the posterior mean and standard error obey analytic
expressions. In particular, the posterior mean is

E{A4zB'|Dr}=(X'X)"'X'F(FF)"'FR. (60)
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With some algebraic manipulation, we obtain the following expression for the posterior
variance-covariance matrix of the ith column of 48’

tr[SpeBB) (X' X) ™" + Sre(i. i) (Ap(F'F) ™ Ay + e[S (F'F) (X' X) 7). (61)

Appendix C: Intermediate Views About Mispricing, the First Specification

Let A be a (K + M + 1)-vector whose first element is one and the rests are zero, let
Y:[AA';—;], and let H = [ip, F], where vy denotes a T-vector of ones. The prior of
Equation (20) can be rewritten as

Plao|Srr)x|Srel * exp{— e[Sk (I'YT)]}. (62)

Combining Equation (62) with the prior of Equation (19) and the likelihood of Equation (36)
yields the following posterior densities,

vec([ag, B])|Zrrs Dr ~ Nlvee(D), Srr @ (H'H+Y)™], (63)
Yre|Dr ~ IW[E, T + M), (64)

where
F=(H'H+Y)'HR, (65
E=RR-RHHH+Y)'HR. (66)

The mean and variance of predicted future returns are

E{rrs|Dr}=ao +BLf + ViV (21 - 2)], (67)
V{rra|Dr} = %E +(1+8)BS kB, (68)

where & = 1+ (1 +52)—|:tr(Z:)pp W2\ tr[(A* e xr Xy Ay (H H + Y) ™!, & and B are the corre-
sponding elements of T, W2 is the lower K x K block of the matrix (H'H + Y)!,
Ay = [ip41, AF), and iy is the first column of an identity matrix of order M + 1.

Appendix D: Intermediate Views About Mispricing, the Second
Specification

This part of the appendix analyzes two scenarios. The first, the unrestricted, is one where
prior beliefs are formulated in Equations (25)—(28). The second, the restricted, relies on a
similar prior, except that asset mispricing parameters are concentrated at zero. Focusing on
the unrestricted case, the posterior densities are

vec(T)[Srr. D7 ~ N[vee(T'), Srr @ (W' W + WiWe) '], (69)
Yrr|Dr ~ IW(Sg, T" - 1), (70)

y T 7y~
vec(Ar)|Srr, Dr ~ N |vec(4F), FEFF@(X X)), (71)
Ypp|Dr ~ IW(Sp, T+ N —1), (72)
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where

TA4=WW+WWwo) (W R+ WWyTy), (73)
T / =/ 7 ’ =

SR:TRR—F (W'W+ WyWo)T , (74)

. T . T

Ap = FAer %AF07 (73)
T

Sp= ?[FFfAF(X X)Ar), (76)

1 b ]/
WiWo=To|z V.+z2  zf' |, (77
le f/j +J?j/

and T" = T + T,.
Based on these posterior densities, the mean and variance of predicted future returns are

. (. T _
E{rr|Dr} =&+ &zr+ B |/ + 7 VeV (er - 2)) (78)
5 & =
V{rr+1|DT}:msk‘i‘(l‘i‘aﬁﬂszﬁ’: (79)
where

8, = 1+ (1+8)tr(Spr W) + te(ApxrxXyp A ) (W' W + Wy Wo) '], (80)

s Sk
BTN K2 (81

Ay =[Iys1, AF], and 2 is the lower K x K block of the matrix (W' W + WjW,)™".
When model mispricing is precluded, the predictive mean and variance are

B{rraDr) =B\ + = ViV (er =2)|. )
V{rr1|Dr} = LzR'QFR +(1+6,)B% B, (83)
T"~N+M—-1T
where
5,=1+ Tl (1+8:)tr(Zpr(F'F) ") + tr{(Apxr Xy dp) (F'F) ']} (84)
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