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Abstract

We use Bayesian model averaging to analyze the sample evidence on return predictability in the

presence of model uncertainty. The analysis reveals in-sample and out-of-sample predictability,

and shows that the out-of-sample performance of the Bayesian approach is superior to that of

model selection criteria. We find that term and market premia are robust predictors. Moreover,

small-cap value stocks appear more predictable than large-cap growth stocks. We also investigate

the implications of model uncertainty from investment management perspectives. We show that

model uncertainty is more important than estimation risk, and investors who discard model

uncertainty face large utility losses. r 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Although financial economists have identified variables that predict stock returns
through time, the ‘‘correct’’ predictive regression specification has remained an open
issue for several reasons. First, existing equilibrium pricing theories are not explicit
about which variables should enter the predictive regression. This aspect is
undesirable, as it renders the empirical evidence subject to data overfitting concerns.
In particular, Bossaerts and Hillion (1999) confirm in-sample return predictability,
but fail to demonstrate out-of-sample predictability. Second, the multiplicity of
potential predictors also makes the empirical evidence difficult to interpret. For
example, one may find an economic variable statistically significant based on a
particular collection of explanatory variables, but often not based on a competing
specification. Given that the true set of predictive variables is virtually unknown, this
paper proposes a Bayesian model averaging approach to analyze stock return
predictability.

In the context of predictive regressions, the Bayesian methodology is attractive.
For one, it explicitly incorporates model uncertainty, and is therefore robust to
model misspecification, at least within the universe of linear forecasting models. To
be precise, the Bayesian approach assigns posterior probabilities to a wide set of
competing return-generating models; it then uses the probabilities as weights on the
individual models to obtain a composite weighted model. This optimally weighted
model is then employed (i) to investigate the sample evidence on return predictability
and (ii) to explore implications of model uncertainty from investment management
perspectives. In one particular application of economic interest, we investigate how
model uncertainty affects asset allocation decisions.

When we apply our Bayesian characterizations to the post-war data, several
conclusions emerge about stock return predictability. First, we show that variables
could be significant based on individual predictive regressions, but need not be
significant when one appeals to the weighted forecasting model. In essence, taking
model uncertainty into account appears to substantially diminish the predictive
power of some explanatory variables. One interpretation of this evidence is that
ignoring model uncertainty could lead to erroneous inferences about the relevance of
predictive variables.

Next, the Bayesian methodology reveals the existence of in-sample and out-of-
sample predictability, even when commonly adopted model selection criteria (such as
adjusted R2) fail to demonstrate out-of-sample predictability (Bossaerts and Hillion,
1999). Moreover, the out-of-sample prediction errors generated by the weighted
model satisfy certain desirable properties. As we show, these prediction errors have
zero mean and are serially uncorrelated. In addition, the prediction errors are
essentially uncorrelated with predicted returns. In contrast, the out-of-sample
performance of prediction errors generated by model selection criteria is often
unsatisfactory.

Our posterior analysis finds that term premium (defined as the rate of return
differential between long-term and short-term treasuries) and the market
premium are useful predictors of future stock returns. On the other hand, the
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dividend yield and book-to-market, among others, have relatively small
posterior probabilities of being correlated with future returns. The posterior
analysis also detects strong cross-sectional differences in predictability among
size and book-to-market sorted portfolios. Posterior odds in favor of predictability
are substantially higher for small-cap value stocks relative to large-cap growth
stocks.

Based on model posterior probabilities, we find that trend-deviation-in-wealth
(Lettau and Ludvigson, 2001) displays an impressive predictive power only when the
shares of asset wealth and labor income (in total wealth) are based on data realized
subsequent to the prediction period. However, trend-deviation-in-wealth has poor
predictive power when constructed using quantities available at the time of
prediction. In fact, this variable is dominated by the traditional valuation ratios
such as book-to-market and earnings yield. The evidence thus suggests that the
strong predictive power of trend-deviation-in-wealth documented by Lettau and
Ludvigson (2001) could be due to a look-ahead bias.

Two metrics based on variance decompositions and certainty equivalent returns
are developed to judge the statistical and economic implications of model
uncertainty for investment management. In particular, in the presence of
model uncertainty, we show that investment opportunities can be represented
by a weighted Bayesian predictive distribution. This endogenously derived
distribution has the appealing property that it integrates out both the uncertainty
about the forecasting model, and the uncertainty about model parameters
(estimation risk).

Based on variance decompositions, the analysis shows that model uncertainty is
more important than estimation risk for short-horizon investors. Moreover,
asset allocations in the presence of estimation risk display sensitivity to whether
model uncertainty is incorporated or ignored. An investor who is forced to discard
model uncertainty, and instead hold a suboptimal portfolio relying on model
selection criteria, perceives a substantial loss in risk-free certainty equivalent returns.

This article is related to a strand of studies investigating mispricing uncertainty in
stock returns. In a fundamental contribution, Pastor (2000) and Pastor and
Stambaugh (1999, 2000) investigate the uncertainty about whether a given single
asset pricing model is valid. Mispricing uncertainty is also at the core of the
analysis in Brennan and Xia (2001) and Wang (2001). Our study departs along two
important dimensions. First, the general paradigm developed here encompasses a
vast set of return generating processes, and consolidates these processes into
a composite optimal-weighted forecasting model. Second, our analysis designs a
Bayesian model selection criterion, which exhibits robust out-of-sample forecasting
properties.

In their innovations, Kandel and Stambaugh (1996) and Barberis (2000) explore
an asset allocation problem when stock returns are potentially predictable and the
investment universe consists of an equity portfolio and the risk-free Treasury bill.
For example, Barberis studies multi-period asset allocations with future rebalancing.
Relative to these studies, the buy-and-hold investor considered here allocates funds
across multiple equity portfolios and incorporates the additional element of model
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risk. Our results therefore do not hinge on the validity of any single forecasting
model.1

The remainder of the paper proceeds as follows. Section 2 derives an analytical
result for posterior probabilities of competing return generating models. It also
derives three statistics for investigating the robustness of predictive variables in the
presence of model uncertainty. Section 3 develops an econometric framework (i) to
study sources of uncertainty about predicted stock returns and (ii) to analyze an
asset allocation problem under model uncertainty. In Section 4 we describe the
sample data. Section 5 contains empirical results on stock return predictability, and
Section 6 discusses variance decomposition and asset allocation. Conclusions and
ideas for future research are offered in the final Section 7. Appendix A presents all
mathematical derivations.

2. Predictability in the presence of model uncertainty

Suppose you want to predict future rate of returns on equity portfolios using a
linear predictive regression. When M explanatory variables are suspected relevant,
there are 2M competing regression specifications. Each of these obeys the form

r0t ¼ x0
j;t�1Bj þ e0j;t; ð1Þ

where rt is the N � 1 vector of continuously compounded returns on N portfolios in
excess of the continuously compounded Treasury bill rate and j is a model-specific
indicator. In Eq. (1), x0

j;t�1 ¼ ð1; z0j;t�1Þ; zj;t�1 is a model-unique subset, which contains
mj variables observed at the end of t � 1; and Bj is an ðmj þ 1Þ � N matrix of the
regression intercept and slope coefficients. The parameter mj ranges between zero
and M:When mj ¼ 0; returns are independently and identically distributed (iid). The
iid model discards all variables as worthless predictors. The all-inclusive specification
corresponds to mj ¼ M : For tractability of analysis, we assume that ej;t is normally
distributed with conditional mean zero and variance–covariance matrix Sj :

In what follows, we term uncertainty about the true set of predictive variables as
‘‘model uncertainty’’ or ‘‘model risk’’. Since the available time-series is often limited
model uncertainty is especially relevant. Indeed, in extremely large samples, all
potential predictors can be included in an all-inclusive specification. In this predictive
regression, irrelevant variables will have slope-coefficient estimates converging to
zero, their true value. However, in applications studying stock return predictability
there are many possible explanatory variables but only a limited number of

1After the writing of previous versions, I become aware of the work by Cremers (2000) who implements

a Bayesian approach in return predictability. While sharing the Bayesian feature, our work differs in

methodology and in the scope of empirical findings. Whereas he focuses on a posterior analysis only, we

conduct an extensive posterior and predictive analysis including variance decomposition, long horizon

asset allocation, and statistical tests of significance of variables in predictive regressions when model

uncertainty is explicitly incorporated. Moreover, his focus is on a single equity portfolio, as opposed to our

multi-asset paradigm.
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observations. The traditional single predictive regression paradigm thus offers little
help in identifying useful predictors.

Instead, we use Bayesian model averaging. This procedure computes posterior
probabilities for the collection of all 2M models. It then uses the probabilities as
weights on the individual models to obtain one composite weighted forecasting
model, which summarizes the dynamics of future stock returns. The weighted model
is employed (i) to investigate the sample evidence on predictability and (ii) to analyze
investment implications of model uncertainty.

Bayesian model averaging contrasts markedly with the traditional approach of
model selection. In the heart of the model selection approach, one uses a specific
criterion to select a single model and then operates as if the model is correct.
Implementing model selection criteria, the econometrician views the selected model
as the true one with a unit probability and discards the other competing models as
worthless, thereby ignoring model uncertainty. In contrast, we average over the
dynamics implied by the set of all 2M models.

The posterior probability computation necessitates eliciting prior distributions of
all the relevant parameters conditional on each possible model (e.g., Kass and
Raftery, 1995; Poirier, 1995). Our prior distribution for each of the model-specific
parameters ðBj ;SjÞ is based on a hypothetical prior sample weighted against
predictability, as suggested by Kandel and Stambaugh (1996). In that sample, the
slope coefficients in the regression of excess stock returns on a set of information
variables are equal to zero, and the means and variances of stock returns and
predictive variables are equal to the actual sample counterparts, which are given by:

%r ¼
1

T

XT

t¼1

rt; ð2Þ

#Vr ¼
1

T

XT

t¼1

ðrt � %rÞðrt � %rÞ0; ð3Þ

%zj ¼
1

T

XT�1

t¼0

zj;t; ð4Þ

#Vj;z ¼
1

T

XT�1

t¼0

ðzj;t � %zjÞðzj;t � %zjÞ
0; ð5Þ

where T is the actual sample size.
Using statistics from the actual sample to specify some of the parameters of the

prior distribution is commonly termed ‘‘empirical Bayes’’ (Robbins, 1955, 1964).
Based on the hypothetical prior sample, the prior for the regression coefficient Bj

conditional on Sj is given by the multivariate Normal distribution:

vecðBjÞjSjBN vecðBj;0Þ;
1

T0
Sj#

1þ %z0j
#V
�1

j;z %zj �%z0j
#V
�1

j;z

� #V
�1

j;z %zj
#V
�1

j;z

2
4

3
5

0
@
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A; ð6Þ
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where Bj;0 ¼ ½%r; 0j
0; 0j is an N � mj matrix of zeros reflecting the ‘‘no predictability’’
prior sample, T0 is the size of the hypothetical sample, and vecðdÞ denotes the vector
formed by stacking the successive transformed rows of the matrix. The marginal
prior for Sj follows Kandel and Stambaugh (1996, Eq. (B.6)) and obeys the inverted
Wishart distribution (Zellner, 1971):

SjBIWðT0
#Vr;T0 � mj � 1Þ: ð7Þ

The analysis depends upon T0; which determines the strength of the informative
prior. As an extreme, if T0 approaches infinity, the investor displays dogmatic beliefs
about no predictability. Any finite sample size cannot reverse such tight beliefs. Our
task is, therefore, to pick a reasonable value for the prior sample size. Kandel and
Stambaugh (1996) motivate such a value. Using Monte Carlo simulations, they show
that the implied priors of R2 in the regression of excess stock returns on lagged
predictive variables are roughly invariant to the number of predictors if the number
of hypothetical data entries per parameter is held fixed (50 observations per
parameter) as the number of parameters changes. Our analysis relies primarily on
this. Essentially, the hypothetical prior size increases as the model contains more
predictive variables. Therefore, we will denote the prior sample size with the model-
specific indicator, i.e., Tj;0:

Having determined prior distributions for each of the competing models, we are
ready to derive analytical expressions for the corresponding posterior probabilities.
The posterior probability of model j (denoted Mj) is given by

PðMj jDÞ ¼
PðDjMjÞPðMjÞP2M

i¼1 PðDjMiÞPðMiÞ
; ð8Þ

where D stands for the data, PðMjÞ is the prior probability of Mj ; which is at the
discretion of the decision-maker, and PðDjMjÞ is the corresponding marginal
likelihood. The marginal likelihood of Mj is given by

PðDjMjÞ ¼
LðSj ;Bj ;D;MjÞPðSj ;Bj jMjÞ

PðSj ;Bj jD;MjÞ
; ð9Þ

where LðSj ;Bj;D;MjÞ is the likelihood function pertaining to Mj and PðSj ;Bj jMjÞ
and PðSj ;Bj jD;MjÞ are the joint prior and posterior distributions of the model-
specific parameters, respectively.

We show in Appendix A that the log marginal likelihood is given by

ln½PðDjMjÞ
 ¼ �
TN

2
ln ðpÞ þ

Tj;0 � mj � 1

2
ln jTj;0

#Vrj

�
T�
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� �
 �

þ
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i¼1

ln G
T�

j � mj � i

2

 !( )
�

Nðmj þ 1Þ
2

ln
T�

j

Tj;0

 !
; ð10Þ
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where

*Sj ¼T�
j ð #Vr þ %r%r0Þ �

T

T�
j

ðTj;0½%r; %r%z0j 
 þ R0XjÞðX 0
j XjÞ

�1ðTj;0½%r; %r%z0j

0 þ X 0

j RÞ; ð11Þ

Xj ¼ ½xj;0;xj;1;y;xj;T�1
0; ð12Þ

R ¼ ½r1; r2;y; rT 
0; ð13Þ

T�
j ¼ T þ Tj;0;GðyÞ stands for the Gamma function evaluated at y; and jxj is the

determinant of x: For the iid model the marginal likelihood follows similarly except
that *Siid ¼ T�

iid
#Vr:

At this stage, the explanatory variables are deterministic, consistent with other
studies computing marginal likelihood (Kass and Raftery, 1995) and traditional
model selection criteria (Bossaerts and Hillion, 1999).

Having derived posterior probabilities, we propose three statistics to investigate
the robustness of explanatory variables in predictive regressions. The first is
cumulative posterior probabilities of the predictive variables. It is computed as A0P;
where A is a 2M � M matrix representing all forecasting models by zeros and ones,
designating exclusions and inclusions of predictors, respectively, and P is a 2M � 1
vector containing model posterior probabilities. The resulting quantity indicates the
probabilities that each of the predictive variables appears in the weighted forecasting
model.

To illustrate, if the iid model receives a posterior probability equal to unity, the
cumulative posterior probabilities are represented by an M � 1 vector of zeros. On
the other hand, if the all-inclusive model receives the entire posterior mass, the
posterior probabilities are represented by an M � 1 vector of ones. Let us also
consider a more representative example. Suppose that some predictive variable, say
dividend yield, receives a cumulative posterior probability of 45%. This suggests that
dividend yield should appear in the weighted return-forecasting model with a
probability of 45%.

The second statistic is a posterior t ratio. It is obtained by dividing the posterior
mean of each of the slope coefficients in the weighted model by its corresponding
posterior standard error. Based on Leamer (1978, pp. 117–118), the posterior mean
and its corresponding variance are given by

EðBjDÞ ¼
X2M

j¼1

PðMj jDÞ *Bj ; ð14Þ

VarðBjDÞ ¼
X2M

i¼1

PðMj jDÞ �
T *SjðX 0

j XjÞ
�1

T�
j ðT

n
j � 4Þ

þ ½ *Bj � EðBjDÞ
½ *Bj � EðBjDÞ
0
( )

;

ð15Þ

where

*Bj ¼
T

T�
j

ðX 0
j XjÞ

�1ðTj;0½%r; %r%z0j

0 þ X 0

j RÞ for j ¼ 1;y; 2M and jaiid; ð16Þ
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and *Biid ¼ %r:2 The mean in Eq. (14) follows by iterated expectations, conditioning
first on the model space. The variance in Eq. (15) follows by using properties of the
inverted gamma distribution (Zellner, 1971) and variance decomposition.

The posterior mean is merely a weighted average of slope estimates. The posterior
variance incorporates both the estimated variance in every entertained model and the
model-uncertainty component attributed to the dispersion in posterior means of the
regression slopes across the models. The posterior t statistic differs from the well-
known classical counterpart in that it explicitly accounts for model uncertainty.

Observe from Eq. (15) that the greater the uncertainty about the true forecasting
model, the greater the variance of slope coefficients in the weighted model.
Therefore, the greater model uncertainty the smaller the posterior t-ratio, or the less
likely is the predictor to be statistically significant.

The third statistic is a posterior-odds ratio obtained by dividing the sum of
posterior probabilities assigned to 2M � 1 models that retain at least one predictor
by the posterior probability of the iid model. Posterior odds have also been found to
be useful in testing portfolio efficiency, as noted by Shanken (1987). Specifically,
Shanken (1987) shows that using posterior odds leads to a particular inference about
mean variance efficiency that could substantially differ from the one obtained by the
traditional p value.

3. Model uncertainty and investment perspectives

Kandel and Stambaugh (1996) and Barberis (2000) show that predictive regressions
are useful in making portfolio decisions when investment opportunities are time-
varying and the investment universe consists of an equity portfolio and the risk-free
Treasury bill. Kandel and Stambaugh focus on a single period investor. Barberis
extends their setting to a multi-period problem, in which the investor dynamically
rebalances his portfolio. Both studies incorporate estimation risk but not model risk.
This section develops a framework for analyzing buy-and-hold investment decisions
in the presence of model uncertainty when the investment universe consists of
multiple equity portfolios and a risk-free asset. Investment opportunities are
expressed by the Bayesian weighted predictive distribution, as described below.

3.1. The Bayesian weighted predictive distribution

Let y0
j;t ¼ ðr0t; z

0
j;tÞ be the data-generating process corresponding to model j: We

assume that the evolution of yj;t is governed by the stochastic process

y0
j;t ¼ x0

j;t�1Fj þ u0
j;t; ð17Þ

2Here, we consider a multiple regression run separately for any risky asset. The multivariate student t

distribution follows by integrating out S from the multivariate normal distribution PðBjS;DÞ: Both *Bj and
*Sj are of equal dimension for any entertained model since slope coefficients of excluded variables are zero.

To illustrate, we rewrite *Biid as ½%r; 0
0 where 0 is a 1� M vector of zeros. Similarly *Siid is an ðM þ 1Þ �
ðM þ 1Þ matrix, all of which entries are zero, except for the first diagonal element, which is equal toPT

t¼1ðrt � %rÞ2:
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where Fj is an ðmj þ 1Þ � ðN þ mjÞ matrix whose first ðmj þ 1Þ � N columns is the
matrix of predictive regression coefficients, Bj ; and uj;t is an ðN þ mjÞ � 1 vector of
forecast errors. We assume that uj;tBiid Nð0;CjÞ: The data-generating process in
Eq. (17) nests a first order VAR for the dynamics of the predictive variables

z0j;t ¼ a0
j þ z0j;t�1Aj þ Z0j;t: ð18Þ

The assumption of a first-order VAR is not restrictive since a higher-order VAR
system can be re-expressed in a first order form (Campbell and Shiller, 1988a).

The Bayesian weighted predictive distribution of cumulative excess continuously
compounded returns averages over the model space, and integrates over the
posterior distribution that summarizes the within-model uncertainty about Fj and
Cj : It is given by

PðRTþK jDÞ ¼
X2M

j¼1

PðMj jDÞ
Z
Cj ;Fj

PðFj ;Cj jMj ;DÞPðRTþK jMj ;Fj ;Cj ;DÞ dFj dCj ;

ð19Þ

where K is the investment horizon and RTþK ¼
PK

k¼1 rTþk: To our knowledge, an
analytical solution for the integral in Eq. (19) is not feasible when K > 1: Therefore,
Monte Carlo integration is used in our empirical implementation.

Sampling from the Bayesian weighted predictive distribution is obtained by
three steps, drawing first from the discrete distribution of models. To be precise, a
model Mj is drawn with probability PðMj jDÞ: Second, the model-specific parameters
Fj and Cj are drawn from their joint posterior distribution (derived in Appendix A).
Third, given Fj and Cj ; an N � 1 random vector of cumulative excess
continuously compounded returns is drawn from the distribution of future stock
returns conditioned upon the model, its specific parameters Fj and Cj ; and the
sample data.

This conditional distribution is given by (see derivation in Appendix A)

RTþK jMj ;Fj ;Cj ;DBNðlj ;UjÞ; ð20Þ

where

lj ¼Kbj þ Cj½ððA0
jÞ

K � Imj
ÞðA0

j � Imj
Þ�1
zj;T

þ Cj ½A0
jððA

0
jÞ

K�1 � Imj
ÞðA0

j � Imj
Þ�1 � ðK � 1ÞImj


ðA0
j � Imj

Þ�1aj ; ð21Þ

Uj ¼ KSj þ
XK

i¼1

djðkÞYjdjðkÞ
0 þ
XK

k¼1

LjdjðkÞ
0 þ
XK

k¼1

djðkÞL0
j ; ð22Þ

djðkÞ ¼ Cj½ððA0
jÞ

k�1 � Imj
ÞðA0

j � Imj
Þ�1
; ð23Þ

bj and Cj are partitions of Bj corresponding to the intercept and slope coefficients in
the regression of excess returns on lagged predictive variables, i.e., Bj ¼ ½bj ;Cj
; Imj

is the identity matrix of order mj ; and Lj and Yj are partitions of the
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variance–covariance matrix Cj:

Cj ¼
Sj Lj

L0
j Yj

" #
: ð24Þ

Essentially, no predictability corresponds to Ciid ¼ 0; which yields liid ¼ Kbiid and
Uiid ¼ KSiid: The conditional mean and variance in an iid world increase linearly
with the investment horizon.

The third step, i.e., drawing from the conditional distribution of future
returns, differs from the algorithm proposed by Barberis (2000, Eqs. (18) and (19))
in that Barberis draws both returns and information variables from their
joint conditional distribution, whereas we sample directly from the distribution of
returns. Our algorithm is especially efficient when there is a large number of
predictive variables and/or the investment universe contains multiple equity
portfolios.

When investors are assumed to know the model and its specific parameters the
only information from the sample relevant to drawing from the distribution of future
stock returns would be the most recent observation of the predictive variables (zj;T ).
Such an assumption is made in the classical approach for asset allocation.
Accounting for both estimation and model risks, the perceived distribution of
future returns departs from normality, and may be affected by higher-order
moments such as skewness and fat tails.

It should be noted that the weighted predictive distribution makes use of posterior
probabilities computed based on the return generating process in Eq. (1). There are
several reasons to adhere to that practice. First, the full system in Eq. (17) requires
eliciting informative priors on a much larger parameter space, making prior
sensitivity more pronounced. Second, we attempt to investigate whether information
variables predict future returns, not whether they are correlated with their own
future realized values. Lastly, there is a potential feedback between model
misspecification in the dynamics of predictive variables and model posterior
probability.

3.2. Variance decomposition

Based on the weighted predictive distribution, one can show that future stock
returns over the investment horizon are subject to three sources of uncertainty: (i)
model uncertainty; (ii) a mixture of estimation risk; and (iii) a mixture of the within-
model forecast error. Appendix A shows that the variance of predicted stock returns
can be decomposed as follows:

varfRTþK jDg ¼
X2M

j¼1

PðMj jDÞ½EfUjg þ varfljg þ ðEfljg � *lÞðEfljg � *lÞ0
; ð25Þ

where EfUjg and varfljg are two variance components corresponding to the forecast
error and parameter uncertainty, respectively. By standard results (Leamer, 1978),
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the model uncertainty component is given by

X2M

j¼1

PðMj jDÞðEfljg � *lÞðEfljg � *lÞ0; ð26Þ

where *l ¼
P2M

j¼1 PðMj jDÞEfljg is the predicted mean of cumulative stock returns that
averages across model-specific predicted means using posterior probabilities as
weights. The empirical section quantifies each of the three risk components.

3.3. Portfolio choice in the presence of model uncertainty

What are the implications of model uncertainty for asset allocation decisions? The
optimization problem of a buy-and-hold investor with iso-elastic preferences who
allocates funds across N risky portfolios and the risk-free Treasury bill and who does
not know a priori the true set of predictors is given by:

on ¼ arg max
o

Z
RTþK

½ð1� o0iNÞexpðrf KÞ þ o0 expðrf KiN þ RTþK Þ
1�g

1� g

� PðRTþK jDÞ dRTþK ; ð27Þ

where the integral is taken over the Bayesian weighted predictive distribution derived
earlier. In Eq. (27), g is the relative risk aversion parameter, o is an N � 1 vector
denoting portfolio weights chosen for N risky portfolios at time T ; iN is an N � 1
vector of ones, and rf is the continuously compounded risk-free rate of return,
assumed constant over the investment horizon. Portfolio weights are restricted to the
unit interval, meaning that short selling and buying on margin are precluded;
otherwise, the expected utility would be equal to –N (as explained, for example, by
Barberis, 2000).

Our expected utility maximization is a version of the general Bayesian control
problem developed by Zellner and Chetty (1965). Bawa et al. (1979), Jobson and
Korkie (1980), Jorion (1985), Frost and Savarino (1986), Pastor (2000), and Pastor
and Stambaugh (2000) compute optimal portfolios in a one-period framework in
which returns are assumed iid. On the other hand, Kandel and Stambaugh (1996),
Barberis (2000), and Avramov (2001) analyze a portfolio decision when returns are
potentially predictable. In these studies the conditional distribution of stock returns
is integrated over the parameter space to account for estimation risk. Integrating
over both the model space and the within-model parameter space extends existing
frameworks.

The integral in Eq. (27) is approximated by generating 400,000 independent draws
for fR

ðgÞ
TþKg

G
g¼1 from the weighted predictive distribution using the algorithm

described above. A constrained optimization code is then used to maximize the
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quantity

E½UðWTþK ðoÞÞ
 ¼
1

G

XG

g¼1

fð1� o0iNÞexpðrf KÞ þ o0 expðrf KiN þ R
ðgÞ
TþKg

1�g

1� g
ð28Þ

subject to o being nonnegative, where G denotes the number of draws.

4. Data

The empirical examination uses monthly and quarterly observations on stock
returns and information variables over April 1953 through December 1998. The
investment universe consists of the six Fama and French (1993) portfolios, formed as
the intersection of two size (S,B) and three book-to-market (L,M,H) groups. Each of
the 2M competing models considered in the study retains a unique subset of the
following M ¼ 14 information variables (taking one lag):

1. dividend yield on the value-weighted NYSE index (Div),
2. book-to-market on the Standard & Poor’s Industrials (BM),
3. earnings yield on the Standard & Poor’s Composite (EY),
4. the winners-minus-losers one-year momentum in stock returns (WML),
5. default risk spread, formed as the difference in annualized yields of Moody’s Baa

and Aaa rated bonds (Def),
6. monthly rate of a three-month Treasury bill (Tbill),
7. excess return on the CRSP value-weighted index with dividends (RET),
8. default risk premium, formed as the difference between return on long-term

corporate bonds and return on long-term government bond (DEF),
9. term premium, formed as the difference between the monthly return on long-

term government bond and the one-month Treasury bill rate (TERM),
10. January Dummy (Jan),
11. monthly inflation rate (Inf),
12. size premium (SMB),
13. value premium (HML),
14. term spread, formed as the difference in annualized yield of ten-year and one-

year Treasuries (Term).

The source of data is provided in Appendix A.
In deciding which predictors to include, attention was given to those variables

found important in previous studies as well as those popular business cycle variables
for which there exist some theoretical motivations.3 The reasoning for including the
variables HML, SMB, and WML, mostly notable as economy-wide factors in asset

3Studies using subsets of the above-listed predictors include Brandt (1999), Ait-Sahalia and Brandt

(2001), Campbell (1987), Campbell and Shiller (1988b), Carhart (1997), Chen et al. (1986), Fama and

French (1988, 1989, 1993), Fama and Schwert (1977), Ferson and Harvey (1991, 1999), French et al.

(1987), Goetzmann and Jorion (1993), Keim and Stambaugh (1986), Kirby (1997), Kothari and Shanken

(1997), Lo and MacKinlay (1997), Pesaran and Timmermann (1995), Schwert, (1990), and Shanken

(1990).
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pricing models, follows Merton (1973) and Campbell (1996) whose intertemporal
CAPM does not distinguish between variables that predict market returns and
variables that explain the cross-section variation in expected return. Moreover, Liew
and Vassalou (2000) show that SMB and HML are useful in predicting economic
growth, making the inclusion of these variables of interest while examining stock
return predictability.

Table 1 exhibits slope coefficients (first rows) and their corresponding t-ratios
(second rows) obtained by regressing excess monthly returns on size book-to-market
sorted portfolios on an intercept and 14 lagged predictive variables described above.

Table 1

Multiple regressions of monthly excess continuously compounded returns on predictive variables

The table exhibits slope coefficients (first rows) and their corresponding t-ratios (second rows) obtained by

regressing excess returns on each of the size book-to-market portfolios on an intercept and 14 lagged

predictive variables described below. Also reported (third rows) are covariances between unexpected

returns and innovations in predictive variables, covtðetþ1; Z0tþ1). (January dummy does not evolve

stochastically and therefore such covariances are, by definition, equal to zero.) Excess returns are on six

portfolios formed as the intersection of two size (S,B) and three book-to-market (L,M,H) groups. The set

of predictors includes: dividend yield (Div); book-to-market (BM); earnings yield (EY); the one-year

momentum portfolio (WML); default risk spread (Def); the monthly rate of a three-month Treasury bill

(Tbill); excess return on the value-weighted index (RET); default risk premium (DEF); term premium

(TERM); January Dummy (Jan); inflation rate (Inf); size premium (SMB); value premium (HML); and the

term spread (Term).

Portfolio Predictive variables

Div BM EY WML Def Tbill RET DEF TERM Jan Inf SMB HML Term

SL �0.01 0.00 �0.07 0.08 �0.02 0.02 �6.80 0.02 0.43 0.32 0.02 �0.01 0.19 �0.11

�0.99 0.00 �1.64 2.55 �0.27 1.47 �3.11 0.25 1.60 2.55 2.43 �1.35 1.74 �0.96

�0.08 �1.15 �1.32 �0.32 0.06 �0.01 2.33 0.07 0.22 1.21 �2.21 1.05 �0.60 1.78

SM �0.01 �0.16 �0.03 0.06 �0.02 0.01 �3.97 0.04 0.33 0.34 0.03 �0.01 0.13 0.00

�1.01 �0.21 �1.09 2.32 �0.35 1.11 �2.28 0.72 1.51 3.46 3.69 �1.52 1.45 �0.02

�0.07 �0.95 �1.12 �0.34 0.11 �0.01 1.90 0.07 0.21 0.82 �1.80 0.84 �0.22 2.31

SH �0.01 �0.49 �0.01 0.05 �0.05 0.01 �3.12 0.08 0.25 0.29 0.04 �0.01 0.11 0.09

�0.73 �0.65 �0.42 2.21 �0.82 0.71 �1.80 1.22 1.14 2.99 5.50 �1.49 1.25 0.92

�0.07 �0.91 �1.10 �0.40 0.00 �0.01 1.84 0.08 0.21 0.59 �1.47 0.84 �0.04 2.52

BL 0.00 0.33 �0.07 0.04 �0.01 0.01 �4.08 �0.08 0.41 0.26 0.00 �0.02 0.07 �0.08

0.19 0.47 �2.20 1.95 �0.16 1.55 �2.53 �1.39 2.08 2.87 �0.60 �2.40 0.88 �0.91

�0.07 �0.99 �0.98 0.00 0.14 �0.01 1.87 0.02 0.30 0.70 �1.75 0.23 �0.52 1.48

BM 0.00 0.08 �0.05 0.04 0.03 0.01 �4.63 �0.10 0.35 0.30 0.01 �0.01 0.08 0.01

�0.09 0.12 �1.80 2.27 0.60 1.62 �3.28 �2.07 2.03 3.72 1.25 �1.36 1.07 0.16

�0.06 �0.84 �0.81 �0.05 0.24 0.00 1.63 0.03 0.29 0.71 �1.32 0.20 �0.20 1.81

BH 0.00 �0.13 �0.01 0.03 �0.03 0.01 �2.74 �0.06 0.21 0.22 0.03 �0.01 0.03 0.02

�0.30 �0.19 �0.41 1.41 �0.49 1.01 �1.80 �1.05 1.13 2.52 3.92 �1.74 0.34 0.30

�0.06 �0.85 �0.83 �0.18 0.13 �0.01 1.63 0.04 0.28 0.64 �1.41 0.28 0.08 2.04
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Also reported (third rows) are covariances between unexpected returns and
innovations in predictive variables, covðetþ1; Z0tþ1Þ: Such covariances are important
determinants of asset allocation decisions when investment opportunities are time-
varying (see Barberis, 2000). Table 1 exhibits ample evidence supporting return
predictability, as many of the information variables are significant at conventional
significance levels.

5. Empirical results on stock return predictability

Consideration of all linear data-generating processes in the presence of 14
predictive variables necessitates the comparison of 214=16,384 models. Eq. (10)
computes the marginal likelihood for every model, and Eq. (8) weights the marginal
likelihood by the model prior probability and normalizes the result to obtain the
model posterior probability. Prior probabilities are allocated equally across models.

5.1. Monthly observations

Table 2 reports results for the monthly sample. First rows display cumulative
posterior probabilities A0P for 14 predictors, as noted earlier. Second rows denote
the highest-probability compositions, represented by combinations of zeros and
ones, designating exclusions and inclusions of predictive variables, respectively.
Several aspects of results merit closer attention.

First, only one or at most two predictors are retained as useful in the highest-
probability models. Other predictive variables are discarded as worthless. Second,
the highest-cumulative-probability predictors are the market premium, term
premium, January Dummy, and inflation. The market premium is prominent in
predicting small-cap stocks regardless of their book-to-market classification.
However, it poorly predicts large-cap stocks. January Dummy better predicts
small-cap than large-cap stocks. This is consistent with Blume and Stambaugh
(1983) and Keim (1983), who trace much of the evidence on the size effect to the
month of January. January Dummy also better predicts high book-to-market
relative to low book-to-market stocks.

Next, among the traditional market ratios, i.e., dividend yield, book-to-market,
and earnings yield, the last receives the highest cumulative probabilities. Lastly,
although previous evidence has shown that SMB and HML are robust in predicting
contemporaneous stock returns (Fama and French, 1993) and future economic
growth (Liew and Vassalou, 2000), they are correlated only marginally with future
monthly returns.

Table 3 exhibits posterior means of slope coefficients in the weighted model, as
computed in Eq. (14), and two t-ratios. The first is obtained by dividing the posterior
mean by the posterior standard error corresponding to the first component in
Eq. (15), thereby ignoring model uncertainty. The second, the posterior t-ratio,
divides the posterior mean by the two sources of uncertainty, including model
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uncertainty that summarizes the dispersion in posterior means of slope coefficients
across the models.

The extra variance of slope coefficients in predictive regressions attributed to (ex
post) model uncertainty calls into question the apparent predictive power of many
economic variables. The market premium, term premium, January dummy, inflation,
and term spread can be significant based on t-ratios that ignore model uncertainty,
but often not when such uncertainty is taken into account. This shows that after
observing the sample data there is still a large amount of uncertainty about the true
return-generating model, leading to considerable uncertainty about the true values of
slope coefficients in the weighted model.

Table 2

Posterior probabilities of forecasting models based on a prior sample weighted against predictability

The first rows display cumulative posterior probabilities computed as A0P; where A is a 214� 14 matrix

representing all forecasting models by their unique combinations of zeros and ones and P is a 214� 1

vector including posterior probabilities for all models. The second rows denote the highest-posterior-

probability compositions represented by a combination of zeros and ones designating exclusions and

inclusions of predictive variables, respectively. The stock universe comprises six portfolios identified by

two letters designating increasing values of size (S,B) and book-to-market (L,M,H). Following are the

predictors spanning the information set: dividend yield (Div); book-to-market (BM); earnings yield (EY);

the momentum portfolio (WML); the difference in annualized yields of Moody’s Baa and Aaa rated bonds

(Def); the monthly rate of a three-month Treasury bill (Tbill); excess return on the value-weighted index

(RET); the difference between the return on long-term corporate bonds and the return on long-term

government bond (DEF); the difference between the monthly return on long-term government bond and

the one-month Treasury bill rate (TERM); January Dummy (Jan); inflation rate (Inf); size premium

(SMB); value premium (HML); and the difference in annualized yield of ten-year and one-year Treasury

bills (Term). Figures displayed below are computed when investors encounter a hypothetical sample

weighted against predictability.

Portfolio Predictive variables

Div BM EY WML Def Tbill RET DEF TERM Jan Inf SMB HML Term

SL 0.20 0.08 0.38 0.02 0.14 0.28 0.48 0.04 0.12 0.21 0.31 0.16 0.05 0.08

0 0 1 0 0 0 0 0 0 0 1 0 0 0

SM 0.12 0.06 0.16 0.02 0.10 0.09 0.40 0.06 0.54 0.77 0.15 0.12 0.02 0.19

0 0 0 0 0 0 0 0 1 1 0 0 0 0

SH 0.06 0.05 0.07 0.03 0.06 0.04 0.49 0.03 0.35 1.00 0.06 0.08 0.02 0.22

0 0 0 0 0 0 1 0 0 1 0 0 0 0

BL 0.12 0.05 0.14 0.04 0.14 0.13 0.05 0.07 0.20 0.03 0.69 0.05 0.05 0.15

0 0 0 0 0 0 0 0 0 0 1 0 0 0

BM 0.15 0.06 0.15 0.03 0.20 0.34 0.03 0.09 0.54 0.07 0.23 0.04 0.03 0.25

0 0 0 0 0 0 0 0 1 0 0 0 0 0

BH 0.07 0.06 0.06 0.03 0.09 0.09 0.02 0.03 0.17 0.92 0.21 0.02 0.02 0.47

0 0 0 0 0 0 0 0 0 1 0 0 0 1
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Table 3

Slope coefficients in the weighted model and posterior t-ratios

The first rows denote posterior means of slope coefficients obtained by averaging slope estimates across

models:

EðBjDÞ ¼
X2M

j¼1

PðMj jDÞ *Bj :

Second and third rows denote t-ratios unadjusted and adjusted to account for model uncertainty, respectively.

In particular, the former is obtained by dividing the posterior mean of each of the slope coefficients by its

posterior standard error corresponding to the first variance component in the following equation:

VarðBjDÞ ¼
X2M

j¼1

PðMj jDÞ
T *SjðX 0

j XjÞ
�1

Tn
j ðT

n
j � 4Þ

þ ½ *Bj � EðBjDÞ
½ *Bj � EðBjDÞ
0
( )

:

The latter divides the posterior mean by the posterior standard error corresponding to the overall variance,

including model uncertainty that summarizes the dispersion in slopes across models. The statistics are

computed separately for each of six equity portfolios formed as the intersection of two size (S,B) and three

book-to-market (L,M,H) groups. Following are the predictors spanning the information set: dividend

yield (Div); book-to-market (BM); earnings yield (EY); the momentum portfolio (WML); the difference in

annualized yields of Moody’s Baa and Aaa rated bonds (Def); the monthly rate of a three-month Treasury

bill (Tbill); excess return on the value-weighted index (RET); the difference between the return on long-

term corporate bonds and the return on long-term government bond (DEF); the difference between the

monthly return on long-term government bond and the one-month Treasury bill rate (TERM); January

Dummy (Jan); inflation rate (Inf); size premium (SMB); value premium (HML); and the difference in

annualized yield of ten-year and one-year Treasury bills (Term). Figures displayed below are computed

when investors encounter a hypothetical sample weighted against predictability.

Portfolio Predictive variables

Div BM EY WML Def Tbill RET DEF TERM Jan Inf SMB HML Term

SL 0.13 0.00 0.01 0.00 0.00 �0.96 0.08 0.01 0.02 0.00 �0.01 0.03 �0.01 0.00

0.99 0.22 1.79 �0.05 0.96 �1.53 2.01 0.23 0.72 1.05 �1.60 0.87 �0.28 0.50

0.43 0.11 0.69 �0.05 0.34 �0.55 0.85 0.14 0.32 0.47 �0.60 0.38 �0.17 0.25

SM 0.06 0.00 0.00 0.00 0.00 �0.22 0.05 0.02 0.12 0.02 0.00 0.02 0.00 0.00

0.75 0.38 1.04 �0.12 0.81 �0.77 1.93 0.46 2.37 2.89 �1.05 0.80 �0.04 1.10

0.32 0.19 0.39 �0.09 0.28 �0.28 0.74 0.21 0.97 1.54 �0.38 0.34 �0.04 0.44

SH 0.02 0.00 0.00 0.00 0.00 �0.09 0.07 0.01 0.07 0.03 0.00 0.01 0.00 0.00

0.44 0.39 0.57 �0.24 0.53 �0.47 2.22 0.24 1.77 4.69 �0.49 0.61 0.11 1.25

0.21 0.19 0.24 �0.14 0.20 �0.18 0.89 0.12 0.67 4.48 �0.21 0.26 0.08 0.48

BL 0.04 0.00 0.00 0.00 0.00 �0.24 0.00 0.02 0.03 0.00 �0.01 0.00 0.00 0.00

0.57 0.04 0.65 �0.10 0.77 �0.79 0.19 0.39 0.94 �0.06 �2.53 0.24 �0.18 0.74

0.30 0.02 0.33 �0.09 0.34 �0.32 0.14 0.21 0.43 �0.05 �1.26 0.17 �0.14 0.35

BM 0.06 0.00 0.00 0.00 0.00 �0.73 0.00 0.02 0.08 0.00 0.00 0.00 0.00 0.00

0.76 0.21 0.79 0.05 1.16 �1.68 0.00 0.51 2.04 0.36 �1.16 0.16 0.02 1.19

0.36 0.13 0.35 0.05 0.43 �0.62 0.00 0.25 0.93 0.21 �0.48 0.12 0.02 0.51

BH 0.02 0.00 0.00 0.00 0.00 �0.15 0.00 0.00 0.02 0.02 0.00 0.00 0.00 0.00

0.44 0.35 0.37 �0.10 0.63 �0.65 0.08 0.09 0.88 3.39 �1.16 0.09 0.06 1.91

0.23 0.20 0.19 �0.08 0.25 �0.26 0.07 0.07 0.40 2.36 �0.46 0.08 0.06 0.84
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As suspected, the cumulative posterior probabilities ðA0PÞ are related to the
posterior t-ratios. Focusing on small-cap portfolios, high cumulative posterior
probabilities for the market premium, January Dummy, term premium, and inflation
(Table 2) are followed by higher values of posterior t-ratios (Table 3). Focusing on
large-cap portfolios, smaller cumulative probabilities for RET, WML, and HML are
followed by smaller posterior t-ratios.

The third statistic undertaken to assess the sample evidence on predictability is the
posterior-odds ratio of predictability versus no predictability. Posterior odds for the
six size book-to-market portfolios are 550 (SL), 10,886 (SM), 1,040,000 (SH), 74
(BL), 121 (BM), and 1,249 (BH). These figures reveal prominent cross-sectional
differences in predictability. The evidence in favor of predictability is the strongest
for small value stocks (SH), the weakest for large growth stocks (BL).

Holding book-to-market fixed, posterior odds in favor of predictability are
substantially higher for small-cap stocks relative to large-cap stocks (550 versus 74
for low book-to-market stocks and 1,040,000 versus 1,249 for high book-to-market
stocks). Similarly, controlling for size, posterior odds are higher for high-versus-low
book-to-market stocks (1,040,000 versus 550 for small stocks and 1,249 versus 74 for
large stocks).

5.2. Quarterly observations

In a recent study, Lettau and Ludvigson (2001) introduce the trend-deviation-in-
wealth (henceforth cay) as a powerful predictor of quarterly returns at short and
intermediate horizons. We examine the predictive power of cay and the overall
evidence on predictability of three-month holding period returns using our Bayesian
framework. We first construct an additional set of information variables in which
cay replaces January Dummy.

Drawing on Campbell and Shiller (1988a), Lettau and Ludvigson (2001) argue
that cay summarizes expectations about future stock returns. The variable cay is
computed as ct � wat � ð1� wÞyt; where ct; at; and yt denote log consumption,
nonhuman wealth (or asset wealth), and labor income, respectively and w equals the
average share of nonhuman wealth in total wealth. Consumption, wealth, and
income data are released by the Federal Reserve Board within two months of the end
of a quarter, suggesting that the cay realization at quarter t is made known to capital
market participants at the subsequent quarter and hence can be used to predict
returns realized at or after quarter t þ 2:

Here are two points that must be noted about cay. First, the share of nonhuman
wealth in total wealth, w; is computed based on data realized after the time future
returns are predicted. This raises some difficulties in interpreting the trend-deviation-
in-wealth as a purely ex ante variable, at least from an investment perspective.
Second, the estimated weights on asset wealth (w) and labor income (1� w) do not
sum up to unity. Rather, the former is equal to 0.3054 and the latter to 0.5891,
thereby summing up to 0.8945 (Lettau and Ludvigson, 2001).

Using quarterly observations, we entertain a new benchmark value for the prior
sample size, T0: Leaving the prior sample size unchanged amounts to weighting
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priors against predictability to a stronger degree as the ratio T0=T would increase
three times. To maintain this ratio fixed across the monthly and quarterly
experiments, posterior probabilities for the new model space are computed with
T0 taking values equivalent to 17 prior observations per parameter.

Panel A of Table 4 exhibits cumulative posterior probabilities for the new set of
predictors. The variable cay indeed dominates dividend yield, the market premium,
default-risk spread, and term spread, predictive variables studied by Lettau and
Ludvigson (2001). The variable cay outperforms book-to-market, WML, HML, and
inflation as well. However, its notable challenger is the term premium, which, in
some cases (portfolios SH, BL, and BH) receives higher posterior probabilities. In
fact, averaging cumulative posterior probabilities equally across the six portfolios,
one finds that the average cumulative probability pertaining to cay is approximately
31%, smaller than 34%, the counterpart pertaining to term premium. Interestingly,
SMB better predicts quarterly versus-monthly returns on large-cap stocks, whereas
HML remains dismal for quarterly observations as well.

Lettau and Ludvigson (2001) address the concern arising due to the fact that the
shares of asset wealth and labor income in total wealth are estimated using the whole
sample. They run an analysis estimating cay every period, using only data available
at the time the forecast is made, thereby generating 122 out-of-sample observations.
We repeat our analysis incorporating these out-of-sample observations. Cumulative
posterior probabilities and highest-posterior-probability compositions are displayed
in Panel B of Table 4.

The analysis shows that the apparent forecasting power of cay crucially depends
upon whether its coefficients are estimated with or without the look-ahead bias.
Based on out-of-sample estimates, the predictive power of cay is dominated by many
of the other variables, including dividend yield, book-to-market, and earnings yield.
None of the highest-posterior-probability compositions retains the out-of-sample
cay. In contrast, term premium appears in four highest-posterior-probability
compositions (portfolios SH, BL, BM, and BH) and possesses the highest cumulative
posterior probabilities, ranging between 25% and 38%.

In the analysis that follows, results for the quarterly sample are based upon the in-
sample cay. In particular, Table 5 exhibits t-ratios unadjusted (second rows) and
adjusted (third rows) to account for model uncertainty. Again, model uncertainty
questions the relevance of economic variables in forecasting future returns. Term
premium and cay are close to significant or significant in forecasting quarterly
returns based on t-ratios that ignore model uncertainty, but not when such
uncertainty is incorporated.

5.3. The market and term premia

Why should term and market premia be correlated with future stock returns? The
ability of the market premium, essentially biased towards large-cap stocks, to predict
small-cap stock returns is closely related to the lead–lag pattern uncovered by Lo
and MacKinlay (1990). The notion is that current returns on small stocks are
correlated with past returns of large stocks.
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Table 4

Posterior probabilities of forecasting models using quarterly observations

In both panels, first rows display cumulative posterior probabilities computed as A0P; where A is a

214� 14 matrix representing all forecasting models by their unique combinations of zeros and ones and P

is a 214� 1 vector including posterior probabilities for all models. Second rows denote highest-posterior-

probability compositions represented by a combination of zeros and ones designating exclusions and

inclusions of predictive variables, respectively. The stock universe comprises six portfolios identified by

two letters designating increasing values of size (S,B) and book-to-market (L,M,H). Following are the

predictive variables: dividend yield (Div); book-to-market (BM); earnings yield (EY); momentum (WML);

the difference in annualized yields of Moody’s Baa and Aaa rated bonds (Def); the monthly rate of a three-

month Treasury bill (Tbill); excess return on the value-weighted index (RET); the difference between the

return on long-term corporate bonds and the return on long-term government bond (DEF); the difference

between the monthly return on long-term government bond and the one-month Treasury bill rate

(TERM); trend-deviation-in-wealth (cay), inflation rate (Inf); size premium (SMB); value premium

(HML); and the difference in annualized yield of ten-year and one-year Treasury bills (Term). The cay is

first estimated with the look-ahead bias using the full sample (Panel A) and then using one-quarter ahead

out-of-sample forecasts (Panel B).

Portfolio Predictive variables

Div BM EY WML Def Tbill RET DEF TERM cay Inf SMB HML Term

Panel A: cay is estimated using the full sample, i.e., with the look-ahead bias
SL 0.22 0.09 0.26 0.07 0.07 0.30 0.04 0.12 0.35 0.36 0.04 0.08 0.04 0.07

0 0 0 0 0 0 0 0 0 1 0 0 0 0

SM 0.18 0.08 0.15 0.07 0.09 0.14 0.06 0.14 0.40 0.47 0.04 0.11 0.04 0.13
0 0 0 0 0 0 0 0 0 1 0 0 0 0

SH 0.16 0.10 0.15 0.08 0.11 0.14 0.10 0.14 0.47 0.25 0.05 0.10 0.04 0.16
0 0 0 0 0 0 0 0 1 0 0 0 0 0

BL 0.12 0.06 0.08 0.05 0.08 0.22 0.06 0.13 0.33 0.21 0.06 0.23 0.04 0.13
0 0 0 0 0 0 0 0 1 0 0 0 0 0

BM 0.19 0.07 0.16 0.04 0.17 0.41 0.05 0.06 0.21 0.31 0.06 0.15 0.04 0.17
0 0 0 0 0 0 0 0 0 1 0 0 0 0

BH 0.12 0.08 0.09 0.04 0.15 0.21 0.15 0.09 0.26 0.25 0.08 0.21 0.04 0.22
0 0 0 0 0 0 0 0 0 1 0 0 0 0

Panel B: cay is estimated using one-quarter-ahead out-of-sample forecasts
SL 0.31 0.12 0.37 0.13 0.12 0.36 0.08 0.14 0.32 0.12 0.08 0.20 0.07 0.20

0 0 1 0 0 1 0 0 0 0 0 0 0 0

SM 0.28 0.12 0.32 0.12 0.18 0.21 0.08 0.14 0.32 0.11 0.08 0.21 0.07 0.35
0 0 1 0 0 0 0 0 0 0 0 0 0 1

SH 0.24 0.12 0.28 0.13 0.18 0.18 0.09 0.14 0.38 0.10 0.08 0.21 0.07 0.30
0 0 0 0 0 0 0 0 1 0 0 0 0 0

BL 0.14 0.11 0.15 0.09 0.13 0.15 0.10 0.18 0.30 0.18 0.09 0.21 0.09 0.16
0 0 0 0 0 0 0 0 1 0 0 0 0 0

BM 0.19 0.11 0.20 0.09 0.16 0.26 0.10 0.13 0.25 0.12 0.10 0.15 0.09 0.24
0 0 0 0 0 0 0 0 1 0 0 0 0 0

BH 0.14 0.10 0.14 0.10 0.23 0.14 0.11 0.13 0.29 0.10 0.10 0.26 0.08 0.23
0 0 0 0 0 0 0 0 1 0 0 0 0 0
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Table 5

Slope coefficients in the weighted model and posterior t-ratios: the case of quarterly observations

The first rows denote posterior means of slope coefficients obtained by averaging slope estimates across

models:

EðBjDÞ ¼
X2M

j¼1

PðMj jDÞ *Bj :

Second and third rows denote t-ratios unadjusted and adjusted to account for model uncertainty,

respectively. In particular, the former is obtained by dividing the posterior mean of each of the slope

coefficients obtained by averaging slope estimates across models by the posterior standard error

corresponding to the first variance component in the following equation:

VarðBjDÞ ¼
X2M

i¼1

PðMj jDÞ
T *SjðX 0

j XjÞ
�1

Tn
j ðT

n
j � 4Þ

þ ½ *Bj � EðBjDÞ
½ *Bj � EðBjDÞ
0
( )

:

The latter divides the posterior mean by the posterior standard error corresponding to the overall

variance, including model uncertainty that summarizes the dispersion in slopes across models. The

hypothetical no-predictability informative sample takes values equivalent to 17 observations per

parameter. The statistics are computed separately for each of six equity portfolios formed as the

intersection of two size (S,B) and three book-to-market (L,M,H) groups. Following are the predictors

constituting the information set: dividend yield (Div); book-to-market (BM); earnings yield (EY);

momentum (WML); default risk spread (Def); the three-month rate of a three-month Treasury bill (Tbill);

a quarterly excess return on the value-weighted index (RET); default risk premium (DEF); term premium

(TERM); trend deviation in wealth (cay); the three-month inflation rate (Inf); size premium (SMB); value

premium (HML); and the term spread (Term). Figures displayed below are computed when investors

perceive the events of predictability versus no predictability as equally likely prior to encountering a

hypothetical sample weighted against predictability.

Portfolio Predictive variables

Div BM EY WML Def Tbill RET DEF TERM cay Inf SMB HML Term

SL 0.45 0.00 0.02 0.01 0.00 �0.82 0.00 0.08 0.13 0.86 0.00 �0.01 0.00 0.00

1.03 0.30 1.24 0.28 0.31 �1.27 0.10 0.53 1.39 1.76 �0.09 �0.33 �0.08 0.29

0.42 0.16 0.42 0.16 0.14 �0.45 0.07 0.24 0.57 0.73 �0.06 �0.18 �0.07 0.16

SM 0.23 0.00 0.01 0.01 0.00 �0.22 0.00 0.08 0.13 0.98 0.00 �0.01 0.00 0.00

0.80 0.34 0.68 0.29 0.53 �0.66 0.21 0.64 1.63 2.15 �0.12 �0.45 �0.09 0.66

0.34 0.18 0.27 0.16 0.20 �0.25 0.12 0.27 0.66 0.92 �0.08 �0.22 �0.07 0.28

SH 0.18 0.00 0.01 0.01 0.00 �0.23 0.01 0.10 0.19 0.39 0.00 �0.01 0.00 0.00

0.68 0.43 0.62 0.32 0.62 �0.66 0.45 0.68 1.94 1.22 �0.12 �0.38 �0.07 0.79

0.31 0.22 0.27 0.18 0.23 �0.25 0.21 0.29 0.82 0.51 �0.08 �0.20 �0.06 0.33

BL 0.08 0.00 0.00 0.00 0.00 �0.29 0.00 0.06 0.08 0.20 0.00 �0.04 0.00 0.00

0.40 0.02 0.23 �0.02 0.31 �0.81 0.15 0.51 1.27 0.88 �0.20 �0.81 �0.04 0.58

0.21 0.01 0.13 �0.02 0.15 �0.35 0.11 0.25 0.56 0.41 �0.13 �0.38 �0.04 0.29

BM 0.18 0.00 0.00 0.00 0.00 �0.79 0.00 0.01 0.04 0.39 0.00 �0.02 0.00 0.00

0.82 0.16 0.74 0.04 0.97 �1.70 0.20 0.23 0.92 1.51 �0.24 �0.58 �0.08 0.87

0.34 0.09 0.29 0.04 0.34 �0.59 0.12 0.13 0.40 0.63 �0.13 �0.28 �0.07 0.37

BH 0.08 0.00 0.00 0.00 0.00 �0.36 0.02 0.03 0.06 0.28 0.00 �0.03 0.00 0.00

0.45 0.28 0.30 0.06 0.85 �0.99 0.67 0.40 1.18 1.16 �0.33 �0.77 0.01 1.08

0.23 0.16 0.16 0.05 0.29 �0.35 0.28 0.20 0.50 0.50 �0.17 �0.34 0.01 0.46
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Several studies attempt to explain that cross-autocorrelation pattern in stock
returns. For example, Chordia and Swaminathan (2000) find that high volume
stocks (mostly large-cap stocks) respond rapidly whereas low volume stocks (mostly
small-cap stocks) respond slowly to marketwide information. It should be mentioned
that those studies focus on short-horizon returns, e.g., weekly. Indeed, we show that
the market premium is robust in forecasting monthly but not quarterly returns.

The term premium captures exposures related to shifts in interest rates and
economic conditions that change the likelihood of default. This variable is related to
the degree of risk aversion embedded in pricing, and is nonexistent in a risk-neutral
world. In particular, under a rational equilibrium pricing with iso-elastic preferences,
the degree of risk aversion enters security prices via the approximation (e.g.,
Cochrane, 2001)

Et½ri;tþ1
EgtstðDctþ1Þrtðxtþ1; ri;tþ1Þ; ð29Þ

where stðDctþ1Þ and rtðxtþ1; gi;tþ1Þ are the conditional standard deviation of
consumption growth and the conditional coefficient of correlation between the
pricing kernel ðxÞ and excess return, respectively.

Observe from Eq. (29) that expected future excess return could depend upon a
time-varying risk-aversion parameter that the term premium proxies. Notice that
unlike the market premium, the term premium is robust in forecasting both monthly
and quarterly returns. Furthermore, it is expected to do a good job in forecasting
longer horizon returns since the investor attitude towards risk (gt) is more likely to
shift over longer horizons.

5.4. Bayesian model averaging: out-of-sample performance

Thus far, the analysis exhibits evidence supporting in-sample predictability of
monthly and quarterly returns on size book-to-market sorted portfolios. In a related
study, Bossaerts and Hillion (1999) confirm the presence of predictability using
several model selection criteria. However, they discover that those criteria perform
poorly out-of-sample. Is there out-of-sample stock return predictability based upon
Bayesian model averaging?

This section analyzes the properties of forecast errors generated by the weighted
model and other individual models that may have been selected otherwise. A good
forecasting model produces out-of-sample prediction errors satisfying several
important properties, including zero mean, zero serial correlation (if the prediction
is one-step-ahead), and zero correlation with the predicted values (efficiency). These
properties are tested using statistics advocated by West and McCracken (1998). They
develop robust regression-based tests corresponding to different schemes often
adopted in the forecasting literature in testing hypothesis about out-of-sample
prediction error.

Our examination is based upon two schemes. The first, the rolling (Akgiray, 1989),
fixes the estimation window size and drops distant observations as recent ones are
added. To illustrate, the model parameters are first estimated with data from 1 to P

(our P corresponds to the first one-third sample observations), next with data from 2
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to P þ 1;y; and finally with data from T � P to T � 1: The second scheme, the
recursive (Fair and Shiller, 1990), uses all available data in the sense that the model
parameters are first estimated based on data from 1 to P; next with data from 1 to
P þ 1;y; and finally with data from 1 to T � 1: Due to the high dimensionality of
the model space, the out-of-sample examination focuses on a single risky asset, the
value-weighted CRSP index.

Table 6 displays several statistics, as explained below. We use these statistics to
analyze the properties of out-of-sample forecast errors generated by several

Table 6

Bayesian model averaging: external validity

The table displays several statistics examining the properties of out-of-sample monthly forecast errors

generated by several return-generating processes and the weighted forecasting model. The former set

includes the all-inclusive model (All), the iid model (iid), and five models selected by adjusted R2; AIC,

SIC, FIC, and PIC, all of which are described by Bossaerts and Hillion (1999). We examine three prior

specifications corresponding to a hypothetical sample size equal to 50, 100, and 25 observations per

parameter. MPE is the mean forecast error. Efficiency stands for the estimated slope in the regression of

forecast errors on predicted one-period-ahead returns. Serial correlation expresses the estimated slope in

the regression of current on lagged forecast errors. The quantities t-statistic’s are the corresponding

statistics testing the equality of the forecast errors, of the correlation between forecast errors and future

predicted returns (efficiency), and of serial correlations to zero. MSE is the mean squared error in percent.

We adopt two different schemes having distinct asymptotic properties. The rolling scheme fixes the

estimation window size and drops distant observations as recent ones are added. The recursive scheme uses

all available data. The bottom part of the table displays mean squared errors for the quarterly sample

corresponding to three prior scenarios, in which the number of hypothetical observations is equal to one

third of the monthly counterparts, i.e., T0 ¼ 17; 33; and 8.

T0 ¼ 50 T0 ¼ 100 T0 ¼ 25 All iid Adj R2 AIC SIC FIC PIC

The rolling scheme—monthly sample

MPE 0.0006 0.0007 0.0003�0.0006 0.0007�0.0002 0.0000�0.0023 0.0001�0.0003

t-Statistic 0.4225 0.4944 0.2368�0.3874 0.5126�0.1551 0.0176�1.5588 0.0365�0.2117

Efficiency �0.0563�0.0287 �0.2335�0.7874�0.4371�0.7642�0.7919�0.9454�0.8709�0.7926

t-Statistic �0.1788�0.0863 �0.8557�7.8065�1.3761�7.4691�6.9512�7.9715�7.4193�7.2763

Serial correlation 0.0397 0.0499 0.0323�0.0284 0.0684�0.0043�0.0051 0.0274�0.0185�0.0269

t-Statistic 0.6676 0.8326 0.5494�0.4856 1.1288�0.0738�0.0895 0.5024�0.3167�0.4659

MSE 0.2137 0.2141 0.2139 0.2333 0.2155 0.2309 0.2298 0.2319 0.2339 0.2312

The recursive scheme—monthly sample

MPE �0.0003�0.0004 �0.0003 0.0005�0.0010 0.0007 0.0012 0.0013 0.0028 0.0020

t-Statistic �0.1049�0.1659 �0.1421 0.1847�0.3924 0.3018 0.5103 0.5099 1.1455 0.8152

Efficiency �0.2357�0.1047 �0.4018�0.6708�0.4500�0.5959�0.5804�0.7953�0.7319�0.7300

t-Statistic �0.6675�0.2572 �1.3455�3.0407�0.9504�2.8158�2.7292�3.7994�3.0175�2.9242

Serial correlation 0.0401 0.0489 0.0372 0.0036 0.0706 0.0144 0.0143 0.0417 0.0144 0.0120

t-Statistic 0.6728 0.8079 0.6320 0.0655 1.1414 0.2597 0.2572 0.7386 0.2663 0.2194

MSE 0.2133 0.2133 0.2143 0.2231 0.2155 0.2197 0.2189 0.2260 0.2237 0.2239

MSEs for the quarterly sample

Rolling 0.7546 0.7577 0.7651 0.9333 0.7777 0.9041 0.8629 0.8570 0.9286 0.9347

Recursive 0.7757 0.7678 0.7930 0.8312 0.7781 0.8163 0.8233 0.8952 0.8170 0.8337
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individual models and by the weighted forecasting model. We study three
prior scenarios corresponding to sample size equal to 25, 50, and 100 hypothetical
observations per parameter. The set of individual forecasting models consists
of the all-inclusive model (All), the iid model, and five models selected by adjusted
R2; AIC, SIC, FIC, and PIC, all of which are described by Bossaerts and Hillion
(1999).

The primary focus is on monthly observations. The quarterly sample
produces virtually identical results, and conveys no additional insights. We report
only mean squared errors for the quarterly sample corresponding to three prior
scenarios, in which T0 is equal to one third of the monthly counterparts, i.e., T0 ¼
8; 17; and 34.

The out-of-sample statistics are MPE, efficiency, serial correlation, and MSE.
MPE is the mean prediction error. Efficiency stands for the estimated slope in the
regression of forecast errors on predicted one-period-ahead returns. Serial
correlation expresses the estimated slope in the regression of current on lagged
forecast errors. MSE is the mean squared forecasting error in percent. Mean square
errors for a one-period forecast are also computed by Keim and Stambaugh (1986).
The quantity ‘‘t-statistic’’ is the corresponding statistic testing the equality of
forecast errors, of correlations with future predicted returns, and of serial
correlations to zero.

The out-of-sample forecast errors of models selected by the traditional criteria
(along with the all-inclusive model) display undesirable properties. Forecasts
are not efficient, in the sense that the coefficient in the regression of forecast
errors on forecasted future returns is negative and statistically significant.
Moreover, focusing on the monthly sample, the MSEs for the iid model
based on the rolling and recursive schemes are both equal to 0.2155. The
MSE associated with the optimally selected models is higher. It ranges between
0.2298 and 0.2339 based on the rolling scheme and between 0.2189 and 0.2260 based
on the recursive scheme. Similar results are obtained for quarterly observations as
well. In sum, model selection criteria detect no out-of-sample predictability and
display poor out-of-sample performance, consistent with Bossaerts and Hillion
(1999).

In contrast, the analysis shows that Bayesian model averaging has an
impressive out-of-sample performance. In most cases, it produces zero
mean forecasting errors, zero correlations between forecast errors and
predicted future returns, and zero serial correlations. Perhaps the most striking
result in Table 6 is that for every prior scenario, for every scheme examined,
and for both the monthly and quarterly samples, Bayesian model averaging
produces mean squared errors smaller than those corresponding to the iid
model. These superior results are consistent with out-of-sample return
predictability. Specifically, focusing on the monthly sample, mean squared errors
generated by Bayesian model averaging range between 0.2137 and 0.2141 based on
the rolling scheme and between 0.2133 and 0.2143 based on the recursive scheme.
Those are the smallest mean squared errors across the various forecasting models
examined.
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6. Variance decomposition and asset allocation

6.1. Variance decomposition

We perform the variance decomposition of predicted future stock returns into the three
components: model risk, estimation risk, and uncertainty attributed to forecast errors.
The decomposition is based on current values of predictive variables (zT ) equal to actual
end-of-sample realizations. We examine both the monthly and quarterly samples. For
each sample, we analyze three prior specifications noted earlier. Table 7 displays results.

Based on monthly observations and T0 ¼ 50; we show that for a single-period
investor, the average (across portfolios) contributions of the three components to the
overall uncertainty about predicted returns are 3.5%, 2.7%, and 93.8%, respectively.
Based on quarterly observations and T0 ¼ 17; such results are 9.5%, 6%, and
84.5%, respectively. Model uncertainty is larger than parameter uncertainty. Similar
results are obtained for the other prior specifications.

Our conclusion about the importance of model uncertainty differs from the one
suggested by Pastor and Stambaugh (1999). They estimate cost of equity capital and show
that uncertainty about which asset pricing model to use is less important, on average, than
within-model parameter uncertainty. In their exercise, Pastor and Stambaugh (1999)
identify a large uncertainty about the equity premium, which inflates their within-model
uncertainty. In this study no premium is estimated. The uncertainty about the equity
premium can play a potentially important role in explaining the difference in conclusions.

What drives the magnitude of model uncertainty? As shown in Eq. (25), model
uncertainty becomes more prominent the greater the dispersion of forecasted
conditional expected returns across the models. This dispersion crucially depends
upon the deviation of most recent values of the predictive variables from their
historical means. As an extreme example, if such values are equal to their historical
means, conditional expected returns are identical across models, and the model
uncertainty component becomes nonexistent.

At the end-of-sample period the current values of variables perceived as indicators
of fundamental values, such as book-to-market, dividend yield, earnings yield, and
trend-deviation-in-wealth, deviate substantially from their sample means, giving rise
to the greater impact of model uncertainty. To be precise, the current values of those
variables are between 1.57 (earnings yield) and 3.03 (cay) standard deviations away
from their corresponding sample means.

What are the implications of the sample size for both model and parameter risks?
Higher frequency data provides substantially more information about the variance.
Therefore, with fewer observations both parameter and model risks are expected to
increase, and they do.4 To illustrate, based on monthly observations, model and
parameter risks account altogether (on average using T0 ¼ 50) for only 6.2% of the total

4To illustrate the impact on parameter uncertainty, consider the case where stock returns follow the iid

process, i.e., rt ¼ mþ ut with utBNð0; s2Þ: The total variance of each period return is given by

varðrtÞ ¼ varðmÞ þ s2: Standard results imply that the parameter uncertainty component, varðmÞ; is equal to
s2=T : Parameter uncertainty increases at increasing rates with any reduction in the sample size.
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uncertainty about future stock returns, whereas based on the quarterly counterpart, they
account (on average using T0 ¼ 17) for a considerably larger fraction, 15.5%.

What are the implications of the investment horizon for model-versus-parameter
risks? Parameter uncertainty increases with the investment horizon, as shown by
Barberis (2000). In longer horizons, predictive variables revert to their long-run
means, making conditional expected stock returns look similar across the various

Table 7

Variance decompositions

The table exhibits the marginal contribution of each source of uncertainty about predicted stock returns,

i.e., model risk, estimation risk, and uncertainty attributed to forecast errors (denoted For. error), to the

overall uncertainty about predicted returns. The variance components are given by

varfRTþ1jDg ¼
X2M

j¼1

PðMj jDÞ½EfUjg þ varfljg þ ð*l� EfljgÞð*l� Efljg
0Þ
:

where RTþ1 is the next-period excess return, PðMj jDÞ is the posterior probability of model j;EfUig and

varfljg are the forecast error and parameter uncertainty components corresponding to model j;
respectively. The model uncertainty component is given by

P2M

j¼1 PðMj jDÞð*l� EfljgÞð*l� EfljgÞ
0 where

*l ¼
P2M

j¼1 PðMj jDÞEfljg is the predicted mean of the next-period excess return that incorporates model

uncertainty. The decompositions are performed separately for each of six equity portfolios formed as the

intersection of two size (S,B) and three book-to-market (L,M,H) groups, and are presented for both

monthly and quarterly samples. For each sample, we examine three specifications of the prior sample size

T0:

Portfolio Monthly observations Quarterly observations

Estimation risk Model risk For. error Estimation risk Model risk For. Error

T0 ¼ 50 observations per parameter T0 ¼ 17 observations per parameter

SL 0.02 0.05 0.93 0.06 0.09 0.85

SM 0.03 0.08 0.89 0.07 0.11 0.82

SH 0.04 0.02 0.94 0.06 0.10 0.84

BL 0.02 0.01 0.97 0.05 0.06 0.89

BM 0.02 0.02 0.96 0.06 0.10 0.84

BH 0.03 0.03 0.94 0.05 0.11 0.84

T0 ¼ 100 observations per parameter T0 ¼ 34 observations per parameter

SL 0.03 0.05 0.92 0.08 0.09 0.83

SM 0.03 0.09 0.88 0.08 0.12 0.80

SH 0.04 0.03 0.93 0.08 0.10 0.82

BL 0.02 0.02 0.96 0.07 0.07 0.86

BM 0.03 0.02 0.95 0.07 0.10 0.83

BH 0.04 0.05 0.91 0.08 0.11 0.81

T0 ¼ 25 observations per parameter T0 ¼ 8 observations per parameter

SL 0.02 0.04 0.94 0.05 0.09 0.86

SM 0.03 0.07 0.90 0.06 0.11 0.83

SH 0.03 0.02 0.95 0.05 0.08 0.87

BL 0.01 0.01 0.98 0.04 0.04 0.92

BM 0.01 0.02 0.97 0.05 0.10 0.85

BH 0.03 0.02 0.95 0.04 0.09 0.87
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forecasting models. The total predictive variance attributed to model uncertainty
will, therefore, converge to a fixed quantity. Consequently, the annualized predictive
variance, obtained by dividing the fixed quantity by the horizon length, will diminish
with an increasing horizon. One can therefore expect that short investment horizons
provide a lower bound on the ratio obtained by dividing parameter uncertainty by
model uncertainty.

6.2. Asset allocation

Using the framework developed in Section 3, we compute asset allocations when
the current values of predictive variables (zT ) are equal to the actual end-of-sample
realizations. We focus on the monthly sample (the quarterly provides no additional
insights) and study three prior scenarios corresponding to 25, 50, and 100
hypothetical observations per parameter. We also examine asset allocations when
the current values of predictive variables are equal to historical means, focusing on
T0 ¼ 50: The buy-and-hold investment horizons range between one and ten years.
As in Stambaugh (1999), the relative risk-aversion coefficient is equal to seven.
Table 8 exhibits allocation to six size book-to-market portfolios, total allocation to
equities (Total), and a utility loss.

This utility loss provides an economic metric for gauging the effect of ignoring
model uncertainty. This metric is inspired by several recent studies, including Kandel
and Stambaugh (1996) and Pastor and Stambaugh (2000). It summarizes the loss
perceived by investors who are forced to ignore model uncertainty and, instead,
allocate funds based on individual models that are selected otherwise. The set of
individual models consists of the all-inclusive model and five other models selected
by adjusted R2; AIC, SIC, FIC, and PIC, all of which are described by Bossaerts and
Hillion (1999). A utility loss is computed as the difference between two risk-free
certainty equivalent returns CE� � CEMj ; where

CE� ¼ fð1� gÞE½UðWTþK ðo�ÞÞ
g1=Hð1�gÞ; ð30Þ

CEMj ¼ fð1� gÞE½UðWTþK ðoMj ÞÞ
g1=Hð1�gÞ; ð31Þ

H is the horizon length in years, E is the expected value operator taken with respect
to the weighted predictive distribution, o� and oMj are optimal allocations to
equities based on the weighted model and each of the above-described single models,
respectively.

Asset allocations under model uncertainty deliver three interesting observations.
First, given short-sell constraints investors allocate funds only to small-cap value
stocks and large-cap value stocks. Second, investors do not allocate more to
equities the longer their horizons. Focusing on zT equal to sample means, one-year
and ten-year buy-and-hold investment horizons correspond to 65% and 64%
of wealth invested in equities, respectively. Third, the utility loss is economically
significant. Focusing on T0 ¼ 50 and zT equal to end-of-sample actual realizations, it
ranges between 1.75% and 4.37% based on the all-inclusive model, between
1.23%and 2.13% based on adjusted R2; and between 1.71% to 3.71% based on SIC.
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Centering zT around sample means should considerably mitigate the impact
of model uncertainty, and it does. Based on this scenario, expected returns
are forced to be constant across models and along the investment horizon

Table 8

Asset allocation and the economic loss of ignoring model uncertainty

The table exhibits asset allocations to six size book-to-market portfolios as percentages of the total

invested wealth using three prior scenarios corresponding to a hypothetical prior sample size equal to 25,

50, and 100 observations per parameter. Asset allocations are derived for investment horizons of one, two,

four, six, eight, and ten years, for relative risk-aversion coefficient (g) equal to seven, and for current values

of predictive variables (zT ) equal to actual-end-of-sample realizations. We also examine asset allocation

when the current values are equal to historical means focusing on T0 ¼ 50: The table exhibits allocation to

individual portfolios, total allocation to equities (Total), and a utility loss. Utility loss is computed as the

loss in an annual certainty equivalent risk-free rate perceived by investors who are forced to ignore model

uncertainty and, instead, allocate funds based upon several return-generating processes. The latter includes

the all-inclusive model (All), and models selected by adjusted R2; AIC, SIC, FIC, and PIC, all of which are

described by Bossaerts and Hillion (1999).

Horizon Asset allocation Utility loss

SL SM SH BL BM BH Total All Adj R2 AIC SIC FIC PIC

T0 ¼ 50 observations per parameter, and zT=end-of-sample realizations

1 0.00 0.00 0.36 0.00 0.00 0.31 0.67 4.37 1.23 1.71 1.71 3.71 2.33

2 0.00 0.00 0.32 0.00 0.00 0.33 0.65 4.07 1.95 2.56 2.61 3.41 3.13

4 0.00 0.00 0.30 0.00 0.00 0.33 0.63 3.90 2.09 2.63 2.65 2.55 2.73

6 0.00 0.00 0.29 0.00 0.00 0.34 0.63 3.00 1.83 2.27 2.25 1.79 2.08

8 0.00 0.00 0.28 0.00 0.00 0.35 0.62 2.23 1.56 1.89 1.91 1.29 1.63

10 0.00 0.00 0.27 0.00 0.00 0.35 0.62 1.75 1.37 1.59 3.71 0.98 1.35

T0 ¼ 100 observations per parameter, and zT=end-of-sample realizations

1 0.00 0.00 0.31 0.00 0.00 0.34 0.65 3.99 1.00 1.45 1.45 3.35 2.03

2 0.00 0.00 0.29 0.00 0.00 0.35 0.64 3.83 1.78 2.36 2.41 3.19 2.91

4 0.00 0.00 0.27 0.00 0.00 0.36 0.63 3.68 1.94 2.46 2.47 2.38 2.55

6 0.00 0.00 0.27 0.00 0.00 0.36 0.63 2.94 1.79 2.22 2.20 1.75 2.04

8 0.00 0.00 0.28 0.00 0.00 0.34 0.62 2.20 1.54 1.87 1.89 1.27 1.61

10 0.00 0.00 0.27 0.00 0.00 0.34 0.61 1.72 1.34 1.56 3.64 0.95 1.32

T0 ¼ 25 observations per parameter, and zT=end-of-sample realizations

1 0.00 0.00 0.41 0.00 0.00 0.27 0.69 4.81 1.49 2.00 2.00 4.11 2.66

2 0.00 0.00 0.34 0.00 0.00 0.31 0.65 4.26 2.07 2.69 2.75 3.58 3.28

4 0.00 0.00 0.31 0.00 0.00 0.32 0.63 3.97 2.14 2.68 2.70 2.60 2.78

6 0.00 0.00 0.29 0.00 0.00 0.33 0.62 3.05 1.86 2.30 2.28 1.82 2.12

8 0.00 0.00 0.28 0.00 0.00 0.34 0.61 2.22 1.54 1.88 1.90 1.27 1.62

10 0.00 0.00 0.27 0.00 0.00 0.33 0.60 1.69 1.31 1.53 3.66 0.92 1.29

T0 ¼ 50 observations per parameter, and zT=sample means

1 0.00 0.00 0.29 0.00 0.00 0.36 0.65 0.15 0.17 0.27 0.27 0.10 0.15

2 0.00 0.00 0.29 0.00 0.00 0.35 0.64 0.18 0.20 0.32 0.33 0.08 0.14

4 0.00 0.00 0.29 0.00 0.00 0.36 0.64 0.17 0.21 0.28 0.26 0.05 0.08

6 0.00 0.00 0.28 0.00 0.00 0.34 0.63 0.14 0.19 0.25 0.25 0.04 0.06

8 0.00 0.00 0.28 0.00 0.00 0.33 0.62 0.15 0.19 0.22 0.25 0.04 0.09

10 0.00 0.00 0.29 0.00 0.00 0.35 0.64 0.24 0.30 0.33 0.32 0.08 0.21
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within any model. However, even when current values are equal sample
means, the annual utility loss is nonnegligible. It ranges between 0.15% and
0.24% based on the all-inclusive model and between 0.27% and 0.32%
based on SIC. When expected future returns are forced to be equal across models
the utility loss is attributed primarily to second moments, which differ across the
models.

We document no horizon effect, whereas Barberis (2000) shows that investors do
allocate substantially more to stocks the longer their horizon. Holding expected
returns constant over the horizon, Barberis (2000, pp. 244–245) shows that a
necessary (not sufficient) condition for the horizon effect is a negative covariance
between unexpected returns and innovations in dividend yield. This could lead to a
diminishing predicted variance over the investment horizon, thereby making stocks
more attractive. Barberis proposes a strong economic intuition for such mean
reversion when returns are predictable.

To understand the absence of horizon effect in our study, we refer the readers to
Table 1. The evidence shows that covariances between unexpected returns and
innovations in predictive variables are negative for dividend yield and several other
economic variables. However, these ‘‘negative covariance’’ variables are not among
the highest-posterior-probability predictors. Rather, the weighted model is biased in
favor of term premium and market premium. Both variables exhibit positive
covariances, leading to an increasing perceived variance of future returns over the
investment horizon, thereby making equities appear less attractive for longer-
horizon investors.

The disappearance of the horizon effect documented here is consistent with
Heaton and Lucas (2000) and Ameriks and Zeldes (2000) who show that
older people (probably shorter horizon investors) could hold more in stocks than
younger cohorts. Interestingly, Ameriks and Zeldes (2000) also show that almost
half of their sample members made no active changes to their portfolio
allocation, i.e., those are buy-and-hold investors similar to the ones examined in
our study.

7. Conclusion

In this article, we implement a Bayesian model averaging approach to analyze
the sample evidence on return predictability incorporating model uncertainty.
Furthermore, we study the implications of model uncertainty from investment
perspectives. We obtain the following general results. First, a model that averages
across various return generating processes displays robust properties. Specifically, it
produces zero mean out-of-sample forecast errors that are serially uncorrelated over
time.

Second, the evidence supports both in-sample and out-of-sample return
predictability. However, our results show that incorporating model uncertainty
can substantially weaken the predictive power of economic variables. Third,
our analysis suggests that the predictive power of term and market premia is superior
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to that of other predictors. In particular, trend-deviation-in-wealth is a robust
predictor of quarterly returns only if the shares of nonhuman wealth and
labor income are computed based on quantities observed after the prediction is
made.

In contrast, the feasible version of trend-deviation-in-wealth (calculated using data
available only at the time of prediction) works poorly, suggesting that the impressive
predictive power of that variable could be due to a look-ahead bias. Fourth, model
uncertainty appears more significant than estimation risk. Finally, model uncertainty
is also shown to be important to a Bayesian investor, whose utility losses are large if
such uncertainty is ignored.

There are several natural extensions to our analysis. First, it can be used to
examine return predictability in the context of international pricing models. It can be
modified to study predictability of future economic activity. One can also examine
the extent to which bond market returns are predictable. Second, our Bayesian
approach is sufficiently flexible to examine the performance of nonnested models.
For example, one can compute the posterior probabilities for the GARCH model
and the stochastic volatility model, and arrive at an optimal composite model. Third,
while not done here, the normative implications of asset allocation decisions under
model uncertainty deserves further research. The Bayesian framework is especially
suited for addressing this issue. Finally, it can be argued that investors will require an
extra premium to compensate for model uncertainty. Studying the equity premium
in a framework that accommodates model uncertainty can be a worthy objective.
Much more work needs to be done on model uncertainty.

Appendix A. Proof of results and data description

A.1. Marginal likelihood

All quantities based on the hypothetical sample, denoted by the subscript 0, are
expressed in terms of quantities observed from the actual sample. Specifically (the
model-specific-subscript is suppressed for notational clarity)

1

T0
ðX 0

0X0Þ ¼
1

T
ðX 0X Þ ¼

1 %z0

%z %z%z0 þ #Vz

" #
; ðA:1Þ

X 0
0R0 ¼ ðX 0

0X0ÞB0;

¼
T0

T
ðX 0X Þ

%r0

0

" #

¼ T0
%r0

%z%r0

" #
: ðA:2Þ

The joint posterior distribution of B and S based on the hypothetical sample
constitutes the prior distribution for the primary sample. Assuming the standard
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noninformative prior PðB;SÞpjSj�ðNþ1Þ=2 before observing the hypothetical sample,
we obtain

LðB;S;D0ÞpjSj�ðT0þNþ1Þ=2exp �
1

2
tr½S0 þ ðB � B0Þ

0X 0
0X0ðB � B0Þ
S�1

� �
;
ðA:3Þ

where

S0 ¼ ðR0 � X0B0Þ
0ðR0 � X0B0Þ

¼ ðR0 � iT0 %rÞ
0ðR0 � iT0 %rÞ

¼ T0
#Vr; ðA:4Þ

and iT0
is a T0 � 1 vector of ones. Standard results (e.g., Zellner, 1971) imply that S

obeys the inverted Wishart distribution with a parameter matrix S0 and T0 � m � 1
degrees of freedom. Conditional on S; the vector b¼ vecðBÞ is multivariate normally
distributed with mean b0¼ vecðB0Þ and variance S#ðX 0

0X0Þ
�1: The priors for B and

S can be expressed as

PðbjS;D0Þ ¼ ð2pÞ�Nðmþ1Þ=2jS#ðX 0
0X0Þ

�1j�1=2

� exp �
1

2
ðb � b0Þ

0½S�1#X 0
0X0
ðb � b0Þ

� �
; ðA:5Þ

PðSjD0Þ ¼ c0jS0jðT0�m�1Þ=2jSj�ðT0þN�mÞ=2exp �
1

2
tr½S0S�1


� �
; ðA:6Þ

where

c0 ¼ 2ðT0�m�1ÞN=2pNðN�1Þ=4
YN
i¼1

G
T0 � m � i

2

� � !�1

: ðA:7Þ

The likelihood function (the one that integrates to unity) of normally distributed
data constituting the actual sample obeys the form

LðB;S;DÞ ¼ ð2pÞ�TN=2jSj�T=2exp �
1

2
tr½S þ ðB � #BÞ0X 0X ðB � #BÞ
S�1

� �
; ðA:8Þ

where

S ¼ ðR � X #BÞ0ðR � X #BÞ; ðA:9Þ

#B ¼ ðX 0X Þ�1X 0R: ðA:10Þ

Combining the likelihood in Eq. (A.8) and the prior in Eq. (A.3) and completing
the square on b yield

PðbjS;DÞ ¼ ð2pÞ�Nðmþ1Þ=2jS#ðX 0
0X0 þ X 0X Þ�1j�1=2

� exp �
1

2
ðb � *bÞ0½S�1#ðX 0

0X0 þ X 0X Þ
ðb � *bÞ
� �

; ðA:11Þ

PðSjDÞ ¼ cj *Sjn=2jSj�ðnþNþ1Þ=2exp �
1

2
tr½ *SS�1


� �
; ðA:12Þ

D. Avramov / Journal of Financial Economics 64 (2002) 423–458452



where

*b ¼ vecð *BÞ; ðA:13Þ

*B ¼ ðX 0
0X0 þ X 0X Þ�1ðX 0

0R0 þ X 0RÞ; ðA:14Þ

*S ¼R0R þ S0 þ R0
0X0ðX 0

0X0Þ
�1X 0

0R0 � *B
0
ðX 0

0X0 þ X 0X Þ *B; ðA:15Þ

c ¼ 2nN=2pNðN�1Þ=4
YN
i¼1

G
nþ 1� i

2

� � !�1

; ðA:16Þ

n ¼ T0 þ T � m � 1: ðA:17Þ

Computing the log marginal likelihood is as follows. Take logs from both sides of
Eq. (9) and then substitute for the prior, likelihood, and posterior densities the
corresponding quantities given in Eqs. (A.5)–(A.17).

A.2. The joint posterior distribution of F and C

To derive the posterior distribution of F and C; we follow Kandel and Stambaugh
(1996) and assume that the prior sample produces the same values as the actual
counterpart for the statistics corresponding to r and *z; where

r ¼
1

T

XT�1

t¼0

ðzt � %zÞðztþ1 � %zÞ0 ðA:18Þ

is the matrix of autocorrelation and cross autocorrelation of m predetermined
variables and *z ¼ ð1=TÞ

PT
t¼1 zt: The joint posterior distribution of F and C is given

by

vecðFÞjCBNðvecðF0Þ;C#ðX 0
0X0Þ

�1Þ; ðA:19Þ

CBIWðC0;T0 � ðN þ mÞ � 1Þ; ðA:20Þ

where

F0 ¼ ðX 0
0X0Þ

�1ðX 0
0Y0Þ;

¼ ½B0; ðX 0
0X0Þ

�1ðX 0
0Z0Þ
; ðA:21Þ

X 0
0Z0 ¼ T0

*z0

rþ %z*z0

" #
; ðA:22Þ

C0ET0

#Vr V

V #Vz þ *z*z0 � 1
T0

Z0
0X0ðX 0

0X0Þ
�1X 0

0Z0

" #
: ðA:23Þ

The approximation becomes equality if the first and last observations of the
predictive variables are equal. The off-diagonal matrix V is assumed zero.
Combining the joint prior distribution in Eqs. (A.19) and (A.20) with normally
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distributed data constituting the primary sample, the posterior distributions for f ¼
vecðFÞ and C are obtained as

fjC;DBNð *f;C#ðX 0
0X0 þ X 0X Þ�1Þ; ðA:24Þ

CjDBIWð *C;T þ T0 � ðN þ mÞ � 1Þ; ðA:25Þ

where

*f ¼ vecð *FÞ; ðA:26Þ

*F ¼ ðX 0
0X0 þ X 0X Þ�1ðX 0

0Y0 þ X 0Y Þ; ðA:27Þ

*C ¼ Y 0Y þC0 þ Y 0
0X0ðX 0

0X0Þ
�1X 0

0Y0 � *F
0
ðX 0

0X0 þ X 0X Þ *F: ðA:28Þ

A.3. The conditional distribution of future stock returns

Partitioning Eq. (17) yields

ðr0t; z
0
tÞ ¼ ð1; z0t�1Þ

b0 a0

C0 A

" #
þ

et

et

 !0

; ðA:29Þ

where

et

et

 !
BN 0;

S L

L0 F

" # !
: ðA:30Þ

It follows from Eq. (A.29) that

rTþ1 ¼ b þ CzT þ eTþ1; ðA:31Þ

zTþ1 ¼ a þ A0zT þ eTþ1: ðA:32Þ

The cumulative excess log return over the investment horizon is computed as

RTþK ¼
XK

k¼1

rtþk

¼ Kb þ C
XK

j¼1

zTþj�1

 !
þ
XK

j¼1

eTþj ; ðA:33Þ

where zTþj is obtained by iterating over Eq. (A.32). In particular,

zTþJ ¼ ½ðA0ÞJ � Im
ðA0 � ImÞ
�1a þ ðA0ÞJzT þ

XJ

j¼1

ðA0ÞJ�jeTþj : ðA:34Þ
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Substituting Eq. (A.34) into Eq. (A.33) for J ¼ 1;y;K � 1 yields

RTþK ¼Kb

þ C½A0ððA0ÞK�1 � ImÞðA0 � ImÞ
�1 � ðK � 1ÞIm
ðA0 � ImÞ

�1a

þ CððA0ÞK � ImÞðA0 � ImÞ
�1zT þ

XK

j¼2

Xj�1

i¼1

CðA0Þj�i�1eTþi þ
XK

j¼1

eTþj ;

ðA:35Þ

for KX2: The desired result follows immediately.

A.4. Variance decomposition

Based on Leamer (1978), decomposing the predictive variance VarfRTþK jDg with
respect to the model space and using the law of iterated expectations yield

VarfRTþK jDg ¼
X2M

j¼1

PðMj jDÞ½VarfRTþK jMj ;Dg þ ðEfljg � *lÞðEfljg � *lÞ0
:

ðA:36Þ

Decomposing the within-model variance yields

VarfRTþK jMj ;Dg ¼ EfVar½RTþK jMj ;D;F;C
g þ VarfE½RTþK jMj ;D;F;C
g

¼ EfUjg þ Varfljg: ðA:37Þ

The three variance components are obtained by substituting the two components
of within-model uncertainty into the corresponding quantity in Eq. (A.36).

A.5. Data

Data used to compute dividend yield, Treasury bill rate, and market premium are
from the Center for Research in Security Prices (CRSP) at the University of Chicago.
Inputs for calculating book-to-market are obtained from the Standard & Poor’s
publication: ‘‘Security Price Index Record—Statistical Service’’. Inputs for comput-
ing default risk spread are obtained form Citibase. Data on term premium and
default risk premium are from Ibbotson and associates. Returns on size book-to-
market portfolios, size premium, and value premium are from Kenneth French. The
winners-minus-losers portfolio is from Mark Carhart. Earnings and inflation data
are from Robert Shiller. Earnings yield is formed by dividing the most recent twelve-
month earnings by the contemporaneous value of the S&P 500 index. Treasury yields
are taken from the Federal Reserve Board. In the quarterly sample, the trend
deviation in wealth replaces January Dummy. In-sample and out-of-sample trend-
deviation-in-wealth are from Martin Lettau and Sydney Ludvigson.

Table 9 presents descriptive statistics based on the actual sample spanning 549
months from April 1953 to December 1998 for continuously compounded returns on
six equity portfolios and 13 predictors. One can see that dividend yield, book-to-
market, earnings yield, default spread, Treasury-bill rate, and term spread display
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persistence, whereas WML, excess return, default risk premium, term premium,
inflation, size premium, and value premium possess lower or no autocorrelation.
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